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Meccanica dei solidi. — Analysis of a discrete model for the contact
problem between a membrane and an elastic obstacle®. Nota di ALpo
Macer1 (**) ¢ FRANCO MACERI (***) presentata *#*++) dal Corrisp. E. G1an-
GRECO.

RiassunTo. — In questo lavoro viene risolto il problema del contatto tra una
membrana ed un suolo od ostacolo elastico con una approssimazione lineare a tratti della
soluzione. Sono date alcune formulazioni equivalenti del problema discreto e se ne di-
scutono le corrispondenti proprietd computazionali.

1. Let us denote by Qe Z®-! [1] the open, bounded region of R? occupied
by a plane membrane. The membrane is fixed at the boundary points of Q,
is transversely loaded by distributed forces fe L2(Q) orthogonal to its plane
and positive in the wxz-axis direction, and is uniformly stretched in its plane
by a stress € ]J0, 4+ co[. Furthermore, the membrane is stretched (or con-
strained) by an elastic body. We describe the body shape by a function
¢ e L2 (Q), and we assume its reactions on the membrane to be parallel to the
xg-axis (frictionless contact) and to have the form @ — A (u— ¢)*, where
he L*(Q), h > 0ae. on Q, and the membrane’s deflection, u = u (x, , x,), is
positive in the xg-axis direction.

The problem is to find the membrane’s equilibrium configuration, i.e. to
solve

ProBLEM 1:

ue Hy(Q MH2(Q):Au+h(u—o)t=f ae on Q

02 02
A=—1 (ax‘g + axg> '

In [2], [3] the proof that Problem 1 has a unique solution # is given. Now,
we set

where

(e o e |y
a(u,v)-tj(axlaxl+axzax2>dx V (u,9)e (H;(Q))
Q
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(1) We let v+ = max {v, 0} .
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r

(F,v)zj,fvdx voe L (Q)

Q

E, (v) = -;— f h[(0 —g)+]? dx voe L2 (Q).

In [3] it is proven that Problem 1 is equivalent to the total energy mini-
mum problem

ProBLEM 2:
ue H;(Q):% a(u,u)—(F,u)—l—Eg(u)S% a(v,v)—

—(F,v)+Ey(v) Voe H{(Q)
and to the mixed type variational inequality
PrOBLEM 3:
ue Hg(Q) :a(u,v—u) + E;(v) —E; () —(F,o—u) >0  Voe Hj(Q).

Let us now recall a discrete model of the membrane contact problem, as
given in [3].

Let ne N. Let T, be a finite family of closed triangles of R? such that,
vTe T,, T < Q and meas (T) > 0 and such that, VT,,Tye T,, T,N'T,
is empty or equal to { @} where a is a vertex of T, and of T, or is an edge of
T, and of T, Moreover, we let Q,= U T,[,= sup diam (T),

TeT, TeTy
s,= sup diam (T)/sup { diam (C) : C closed circle < T}, InL {xe Q:x
Te T.
is a vertex of Te T,}, T,={xel,:xe0Q,}, T,={TeT,: a vertex
of TedQ,},Q,= U T and suppose lim [,=0, 3¢e]0,+ oof
TeT, n—>+ 00

:Vme N s, <¢, V COl;lpaCt WecQ 3ve N :+W c Q,Vm>v. Let us
introduce the space P; given by not greater than 1st degree polynomials of R?
and let us denote with ¢, ..., A, the elements of T,. Moreover, we denote
vie {1,...,m,} with g, the element of C°(Q) such that < g, (a;) =1,
gni(@)=0Vael,—{a;}, gulre P, VI'e T, and we introduce the sub-
space H, of Hj(Q)

- mn

)LZ Xign : X;€ R}.

P

Furthermore, Voe C° (Q), let us denote with r, v the element of H, such

that 7, v (x) = v (x) Vxe 1,. Moreover, we let

€, =max { [¥*, meas'* (Q — Q,), meas'* (Q))},

My
cPnzrnje,, *<P=‘2Qm:gm"

1=1
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1 mn 2 My :
Eon (vn) = _2_ J h [Z (Vi — g'n'i)+‘§'m):| dw Vo, = Z Vi gni€ Hy
o 1=1 =1
and consider the mixed type variational inequality
ProBLEM 3 a:

u,€ H, : a (u, , v, —u,) + Ey, (v,) —E,, (w,) —(F,0,—u,) >0 Vo, H,.

Now, let us notice with u, the unique solution [3] of Problem 3 a. We
have [3]

lim | up—u g =0
n—>+ o0

2. Let ne N. To compute u,, we give now some alternative formulations
of Problem 3a. We let

- Ogni %nj | O8ni Onj
Vi, je{l,...,m S~=1JA<_.__.'1’—|— M Z5n7 ) da

jet ) N Ox;, Ox, Ox; Oux,

Visie{1,...,m) Lij:fhgnjgmdx, D,:ffgmdx
Q Q

S =[Sy, L=[Ly], D=[Dj],
and, VV=(V;,..., an) e R™, we still denote with V the column vector
I ‘VI ]
“V’ﬂl”— .

S and L are symmetric; moreover

VWeR™ {0} VTSV >0
(1)
vVe R™ VILV >0.

Now we consider the @

(2) VW = (Wy, ..., W,) eR" we denote with W+ the element (WT{ e, WhH
of R™
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ProBLEM 3 b:

Ue R™ : (V—U)T(SU — D) + —12- [(V—2)TL (V—2)* +
_-;—[(U-@)ﬂTL(U—grzo vVe R™

Obviously, if U=(U,,..., U, ) is solution of Problem 3, then u,=

My
Z U, g,; is solution of Problem 3 a and vice versa. As a consequence
=1

Problem 3 b allows a unique solution.
Let us now introduce, ¥V e R™:

Ji(V)= 5 VTSV —VTD,

Jo(M)= 5 [V—2)ITL(V —0)"

](V):JL(V) + Jz(v)~

The functional J, isn’t Gateaux differentiable, but it is convex ®,
After that, we consider the minimum problem

ProBLEM 2 b:
Ue R™:J(U) < T (V) vVe R™ .

We have

TrEOREM 1. The following statements are equivalent :

1) U ds solution of Problem 3 b.
2) U is solution of Problem 2 b.

Proof. 1) =2). Is sufficient to observe that, because of (1), it results

VTSU < ;

UTSU—l- VTSV

(3) For every U,VeR™ and veelo, 1) LEU+(1—9V) <
< - fh{s[ Z (Um - an)+gn1,] + (1 -—S)[ Z(Vm, - gni)+gni]}2 dax SSJ2(U) +
(l—e)Ig(V)
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2) = 1). Let U be a solution of Problem 2 5 and Ve R™. We observe that

veel0,1[ JU)<J(U+(1—¢V).

We put
Ty, my
vn:ZVigm‘ ’ un:ZUigm‘
=1 1=1

and we obtain, taking into account that J, is convex
1
vee]0,1[ €], (U)+ (1—¢) ]2(V)—]2(U)—|—7a(a Uy + (1 —e)v,,cu, +
(U ) 0) — @ s ) — (B ety (1 ) 0 — ) 20

from which

Vee 10, 1] ]Z(V)——]z(U)—}—-—21—(1—s)a('vn,7)n)——%(1 + €) a(uy,u,)+
+ca(uy,,v)—(F,o,—u,)>0.
As a consequence, we get
J:(V) =T (U) + (V—=U)T(SU —D) =] (V) — ]2 (U) — a (un, u,) +
+ @ () — (F,0,— ) 0. m

As is well known, some methods exist [4] to solve the convex minimum
Problem 2b. However, for the purpose of numerical computations, more

suitable formulations can be given, involving continuously Gateaux differen-
tiable functionals.

To this aim, let us observe that, if #=0 a.e. on Q,, we have
L”:O Vi,je{la""mn}

and then Problem 2 b is solved by classical algerithms.
Thus, in the following we suppose

meas {xe Q, :h(x) >0} >0.
Now, for every ze {1,...,m,} we put

" T={TeT,:a;isavertexof T}, Q;= U T.

T € Tpi
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Moreover, let us denote with 7, ...,#m, the elements of {1,...
such that
Vae {1,...,M,} meas {xe Q;, :h(x)>0}>0.
Clearly
(2) vi,je{l,...,m,} @Ge{s,...,im, ) = Liy;=0).

Thus, we put
Lo =1L, Va,be {1,...,M,}, L=[L,].
Obviously, . is symmetric and we get
Vae {1,...,M,} Loy >0.
As a consequence, we obtain
Lemma 1. For every Ye RM»— {0}
YTLY >0.

Proof. First of all we observe that

mn 2
VYe R™ YTﬁyth@Yagma) dx > 0.
1=1
Q

Let Ye RM»— {0} such that YTLY=0. Then Jae{1,..

such that Y,7% 0. Moreover

Mn
2 Y, 80, =0 ae. on {xeQ; :h(x) >0}
b=1

and from this condition, taking into account that Y, 0, the thesis follows.

Now, for every Ve R™ we put

Vz(Vil,...,ViM”).

From (2) we get

my, M, - L
VYG Rmn YT LY = 2 Y’i Linj - 2 Yia Lab Yib — YT LY .

1,7=1 a.b=1

M}
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Finally, ¥V e R™"™# we notice with V, the element of R™ whose compo-
nents are the first m, components of V and with V, the element of RM» whose
components are the last M, components of V, and we let ¥Ve R™™Mn

- 1 o
Jz(Vz):—Z—VEva,

.T (V)=J1 (V'.-) ‘|‘T2 (Vz)’
K={VeR™™n .V, —g—-V,<0, V,>0}.

Obviously, K is a non—empty, closed and convex set, and the quadratic
functional | is strictly convex.

We consider the problem
ProBLFM 2 c:
UeK:J(U)ZT ) vVe K.

Clearly, if U, is a solution of Problem 24, then the element of R™»™Mn
whose first m,, components are U, and whose last M,, components are (U, — &)*
is a solution of Problem 2¢. Furthermore, if U is a solution of Problem 2 ¢,
then U, is a solution of Problem 2 & and U, = (U; — &)*. Thus, to approxima-
te the solution of Problem 1 it is sufficient to solve Problem 2 ¢. For this
purpose, because of properties of K and J, many well-known quadratie
programming algorithms for the computation of U apply [4], [5].

Let us now notice YV e K with Gy the element of R*™ whose first M,
components are V,— & — V, and whose last M, components are — V,.

Moreover, we introduce the Lagrangian of Problem 2¢, i.e.
|

Vv (U, X)e R™*™™Mn x [0, 4 oo [*Mn £ (U,X)=7 (U)+ XTGy
and we consider the saddle point problem
ProBLEM 2 d:
(U,X)e R™*™Ma xx [0, + co[™Mn: 2(U,Y) <
<2(U,X)<2(V,X) V (V,Y)e R™™Mn x [0, 4 oo [*Mn,
Kuhn-Tucker’s Theorem ensures that if (U,X) is the solution of
Problem 2d then U is the solution of Problem 2c¢. Moreover, if U is the

solution of Problem 2 ¢, then X e [0, -+ oo [®» exists such that (U, X) is the
solution of Problem 2 d.

8. — RENDICONTI 1986, vol. LXXX, fasc. 3
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Furthermore, Problem 2 d is equivalent to the complementarity problem

PROBLEM 2 e:
[ 0%
ouU;

(U,X)=0  Vie{l,..,m,+M,}
(U, X)e R™*May [0, 4 oo [*Me; ¢ g;(—?(U,X)go vie {1,..,2M,}

05 ,
‘, Xzéz(U , X)=0 wvie{l,..,2M,}.

Now, for every X € R*™n we notice with X, the element of RM” whose com-
ponents are the first M,, components of X and with X, the element of RM» whose
components are the last M,, components of X. Moreover, VH ¢ RM” we notice
with H the element of R™ whose components are

0 if ie{i,... i)
vie{l,...,m,} Q=
H,if e {4, ..., im,} -

Because of the following expression of the Lagrangian

L
2

1 - - -
+ - UFLU + XJ (0, —5 — Uy —XT U,

v (U,X)e R™*Mn 5 [0 4 oo [*Mn £ (U,X)=—UTSsU,—UTD +

Problem 2e can be written as

PROBLEM 2 e:

(U, X)e R™™Mny [0, - oo [2Mn;

Xf(ﬁl"‘é —Uy)=0

XT U, =0.

Finally, we consider the following reduced form of Problem 2 e, in which
Ue R™ only is involved
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ProBLEM 2 f:
SU—D <0

SU—D +L(U—g)>0
Ue R": :
[(U— )T (SU—D + L (U — 2)*)=0

(SU—D)T[(U—g)*—(U—g)]=0.
Taking into account that
VWeR™  LV—LV

and that if U is solution of Problem 2 ¢ then U,= (U, — &)+, it is easy to
prove that Problem 2 f and Problem 2 b are equivalent ©,

REFERENCES

[1] J. Necas (1967) — Les méthodes directes en théorie des équations elliptiques, Masson.

[2] R. GuipoBaLpI and R. Toscano (1976) — Une disequazione variazionale connessa ad
un problema di elasticita, « Ric. di Mat.», 25 (2), 229-245.

[3] A. Macgr1 (1984) — A discretization method for the problem of a membrane constrained
by elastic obstacles, « Rend. Acc. Naz. dei Lincei», serie VIII, 77, 111-124.,

[4] J. Cea (1971) — Optimization, Dunod.

[5] D.G. LUENBERGER (1969) — Optimization by vector space methods, Wiley.

[6] R. GLowiNskI, J.L. LioNs and R. TREMOLIERES (1976) — Analyse numérique des iné-
quations variationnelles, Dunod.

[7] R. GuipoBaLpl and R. Toscano (1977) — Proprieta della soluzione di un problema
unilaterale di Dirichlet con vincolo elastico, « Ric. di Mat.», 26 (1), 85-102,

[8] V. KarmaNov (1977) — Programmation mathématique, Editions MIR.

[91 D. KinDErRLEHRER and G. StamPAccHIA (1980) — An introduction to variational ine-
qualities and their applications, Academic Press.

[10] R. Temam (1973) — Numerical analysis, Reidel.

[11] R. Toscano and A. Macer1 (1978) — Un problema di contatto tra membrane, « Rend.
Acc. Naz. dei Lincei», serie VIII, 65, 69-77.

[12] P. ViLLaccio (1981) — The Ritz method in solving unilateral problems in elasticity,
« Meccanica», 3, vol. 16.

[13] R. Toscano, A. Macerl and F. Macgr: (1983) — Numerical analysis of a contact
problem in membrane theory. «Int. J. of Modelling and Simulation », 2, vol. 3, 114-
118.

(4) We notice that if U is solution of Problem 2f then
Vie{l,...,m} — {i, ..., iz} (SU—-D); =0.

In fact, if i e{1,...,m,} — {4,...,4ip,}, because of (2) it results [L (U —

— @)*]; = 0; consequently in the case U; — &; = 0 and in the case U; — &;> 0 we
have (SU — D); = 0. The case U; — @i < 0 is obvious.



