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Equazioni a derivate parziali. — The energy method for a class 
of hyperbolic equations. Nota <•) di ENRICO JANNELLI, presentata dal Cor-
risp. E. D E GIORGI. 

RIASSUNTO. — In questa nota viene introdotto un nuovo metodo per ottenere 
espressioni esplicite dell'energia della soluzione dell'equazione iperbolica 

C) (—Y u + S *,.} (t) (±\ (±)' u = 0 . 
\ 3 ' / |v|+y<« \ W \ 3 * / 

}<m—1 

Stimando opportunamente queste espressioni si ottengono nuovi risultati di buona 
positura negli spazi di Gevrey per l'equazione ( # ) quando questa è debolmente iperbolica 

§ 1. INTRODUCTION 

Let us consider the following Cauchy problem 

LM = ( | ) % + i ^ v , ( 0 ( £ ) V ( | - y ' , = = 0 on R»x[0,r] 

u (OyX) = cp! (x) 0) 

. \TJ< 
)<m—1 

/ 9 X™-1 

\dt) u (°'^ = ^m W 

We assume that equation (1) is hyperbolic, in the sense that the principal 
symbol 

(2) Pm(t;xA) = ^m+ 2 8 ( ' ) ^ ' (* ; 5) € [0,TJ X R? 
|v|+y=w 
)<m—1 

(*) Pervenuta all'Accademia il 5 ottobre Ì985. 
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has only real roots rh (t ; £). More precisely, if we define 

(3) X = inf \n(t ; £ ) — T i ( * \l) 
151 = 1 

te[o;T] 
i+j 

then we shall say that equation (1) is strictly hyperbolic if X > 0 and weakly 
hyperbolic if X = 0. 

Throughout this work we shall suppose that avj (t) belong to L°° ([0 , T]) 
if |v | + / <m — 1; as regards the coefficients aV)j(t) of the principal part 
(|v | -fy = m), we suppose for the moment that they belong to C1 ([0 , T]). 

We want to obtain suitable « a priori » estimates on u(t, x), depending on 
the coefficients avj(t) and on the initial data <Pi ( # ) . . . cpOT (#). 

To this aim, we introduce the Fourier transform of u (t, x) (with respect 
to x) and of yh(x) (h = 1 . . . m) 

(4) v (t ; I) = lu (t ; x) e~i{*^ dx ; 

(5) (?h (£) = <?h (x) e~i{l>x) Ax h=l .. .m 

Rn 

Then we define 

(6) 

(7) 

(8) 

V(*;£) 

(i I I I)"*"1 v 

« ' 5 1 ( 1 ) ' 
m —vector ; 

H»-i (*•>$ = — 2 . « v . * ( « ) | T 
|v| = m-j ' ^ 

(*Qv 

A (t ; I) = 

0 1 0 0 

0 0 1 0 . . . . 0 

0 0 1 

Hm Hm_i . . . . H2 Hx 

mX m matrix ; 
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(9) 0 ( 5 ) : 

9 i ( S ) 

?*(5) 

m —vector 

Now problem (1) may be transformed into a family of first order ordinary 
differential systems, parametrized by £, as follows (here and in the following, 

if F is any function, vector or matrix, we shall denote — F by F') : 

(10) 
V ' (* ; ! ; ) = f | S | A ( * ; Ç ) V ( * ; i ; ) + B ( t ; Ç ) V ( * ; Ç ) 

m > l ; * e [ 0 , T ] 

. V ( 0 ; ! ; ) = * (S) 

where B (2 ; £) is a bounded m X m matrix (we remark that we confine ourselves 
to consider only | £ | > 1). 

In view of the Paley-Wiener theorem, we are interested in estimating the 
growth of | V (t ; £) | as | Ç | -* -J- oo; now, as the eigenvalues of A (t ; £) are 

the roots *zh f t ; -y-r ] of the principal symbol Pw f t ; -^— j , we see that, in 

the strictly hyperbolic case, the matrix A (t ; £) may be uniformly diagonalized ; 
this is the classical method used to obtain estimates on | V (t ; £) | and, there­
fore, on u (t, x) (see, for instance, [6]). 

On the other hand, in the weakly hyperbolic case A (t ; £) is no longer dia-

gonalizable; moreover, the roots T^ 
('••M 

may not be regular in t. 

Nevertheless, we shall perform an energy method which will be useful 
both in strictly and weakly hyperbolic cases, and will lead us to obtain explicit 
expressions for the energy of V (t ; £), which will be written only in terms of v, 
its derivatives, the dual variable \ and the coefficients avj (t) of the principal 
part of equation (1) (| v | + j = m). This energy method, as we shall see later 
on, will allow us to get some new results of Gevrey well-posedness for equa­
tion (1) in the weakly hyperbolic case; these results will appear in [5], 

§2. T H E ENERGY METHOD 

Let us consider problem (10). Let Q (t ; £) be any symmetric non negati­
ve real-valued m X m matrix of C1-class in t. 

We set (here and in the following ( , ) denotes the usual bracket in Cm) 

(11) E(fA) = {Q(t;Z)V(t;l) , V ( t ; i ; ) ) 

and we call E (t ; Ç) an energy for V (t ; £). Obviously, we must carefully 
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choose the matrix Q. In fact, deriving (11) with respect to t and taking into 
account (10), we easily get 

(12) E' = (Q'V , V) + i \l I ((QA —A*Q) V , V) + ((QB + B*Q) V , V ) 

where A* is the transposed of A (which is real-valued) and B # is the transposed 
conjugated of B. 

Now, in view of the Paley-Wiener theorem, we require that E (t ; £) has, if 
possible, the same behaviour as E (0 ; £) with respect to £ when | £ | -> + oo; 
if we want to obtain this fact, it is clear from (12) that we must try to find a non­
zero matrix Q (t ; £)' such that QA = A # Q. This is just what we have obtain­
ed; more precisely, the following theorem holds: 

THEOREM 1. Given the hyperbolic operator L with principal symbol Pm, 
there exists a symmetric real-valued m X m matrix Q (t ; £) having the following 
properties: 

(13) the entries of Q (t ; E) are polynomials of m variables, whose coefficients 
depend only on m, calculated in the m-tuple (H t . . . Hm) defined by (7) ; 

(14) Q (t ; £) is weakly positive defined if L is weakly hyperbolic, and it is 
strictly positive defined if L is strictly hyperbolic; 

(15) Q (t ; I) A (t ; Ç) = A* (t ; I) Q (* ; I) for any (t ; I). 

Before we go on, let us consider a few examples. 

EXAMPLE 1. (The case m = 2). 

it L is a second order operator, then 

(16) A(':e> = G U ) -

In this case, the matrix Q given by Theorem 1 is 

(17) Q < ' ^ ) = ( 2 H - H 1
H Î ~ 2 H l ) 

For instance, if we consider the equation 

62 a2 62 

(18) LM = ~ 2 M - « ( o ^ M - M O ^ = o 
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then we have (see (7)) 

(19) H1(«;Ç) = *(*)|-|-i 5 n2(t;l) = a(t) 

Hence 

(20) Q (* ; I) • 
2a(t)+b*(t) H^JJ] 

and 

(21) E (t ; I) = ( QV , V ) = (2 a(t) + b* (*)) Ç» | v |" + 2 | v' |« -

— 2Ç6(*) im(©"ë ' ) . 

We remark that, when è (£) == 0, equation (18) reduces to a wave-type 
equation and the energy E (t ; £) reduces (save a multiplicative constant) to 
the well-known energy E (t ; £) = « (t) £2 | A |2 -f- | */ |2. 

EXAMPLE 2 (the case m = 3). 

If L is a third order operator, then 

(22) A (*;£) = 
0 1 0 
0 0 1 
H3 H2 Hj 

In this case, the matrix Q given by Theorem 1 is 

(23) Q (t ; I) : 
H ! - 2 H 1 H 3 

Hx H2 + 3 H3 

- H , 

HiH2 -f 3 H3 

2 H* + 2 H2 

— 2H, 

- H a 

— 2H, 
3 

For instance, if we consider the equation 

83 0s 

(24) L« = — „ _ « ( * ) — T r u - b ( t ) 
dt- dH dx dt d2x 

M - C Wà? t t = 0 

then we have 

(25) H1(f)l-) = a(t)j^; H , (< ;l) = b{t); H , (*; Ç) ==*(*) y | -
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Hence 

(26) E (* ;Ç) = ( Q V , V ) = 

= (b*(t)-2a(t)c{t))Z* \v \* + 

+ 2 (^ (0 + £ (OK21 *>T + 3 K ' | 2 -

— 2 (a (*) b(t) + 3c (t)) Is Im (TO') + 

+ 2b(t) l* Re (TO ") + 4 a (t) £ Im (©' ô " ) . 

It is clear that in the strictly hyperbolic case, when Q is strictly positive 
defined, any estimate regarding E (t ; £) obviously corresponds to an estimate 
on V(t ;Ç). 

The situation is much more complicated in the weakly hyperbolic case, due 
to possible degenerations of Q (t ; £); however, we shall take advantage, in this 
case, of the fact that Q (t ; £) has the same regularity (in t) of the coefficients 
avj (t) of the principal part: in fact, if avJ (t)e O a ([0 , T]), so it is for H .̂ (t ; 
Ç) (k — 1 . . . m) and then for Q (t ; £). In this sense, we see that the loss of 

regularity of the characteristic roots Th ( t ; - y ; j is not an intrinsic difficulty. 

When L is weakly hyperbolic, we shall consider some perturbed energies 
Ee (t ; £) = ( (Q + Fg) V , V ), where Tg is a suitable diagonal matrix with 
constant coefficient such that Q + r s is strictly positive defined, and a key-
point of our construction will be made up by the evaluation (as a function of s) 
of the ratio ( Q' V , V ) / ( (Q + Te) V , V ), to estimate which we shall use 
the regularity in t of Q (t ; Ç) together with some consequences of the following 

IyEMMA 1 ([5]). Let f(t) : [0 , T] - > R be a O a function, with f(t) > 0. 
Then there exists a constant C = C ( | | / | | l a ) such that 

(27) 
r f(t) "ia/i+a 

On the other hand, if the coefficients av j(t) of the principal part of (1) 
are only holder continuous, we shall consider some suitable perturbations 
Qe (t ; 5) of Q (t ; £) in such a way that Q + Ts is regular in t and strictly po­
sitive defined; obviously, we shall estimate the error terms so introduced. 

By means of the techniques exposed here, we get the following 

THEOREM 2 ([5]). Let us consider the operator L in (1). We suppose that 

(28) L is weakly hyperbolic, i.e. X = 0, where X is defined by (3). 
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Let k be the greatest multiplicity of the roots rh (t ; Q of the principal symbol 
¥m (t ; T , £) defined by (2). Obviously, k is an integer such that 2 < k < m. 
Then 

i) if the coefficients ayj(t) of the principal part of L, (\v \ + j = m) 
belong to C0>a ([0 , T]), the Cauchy problem (1) is well-posed in the Gevrey 
spaces y£> for 

(29) 1 < s < 1 + 
(a + 1) (* — 1) + 1 — oc ' 

ii) if the coefficients avj(t) of the principal part of L (| v | • + / = m) 
belong to C1>a ([0 , T]), the Cauchy problem (1) is well-posed in the Gevrey 
spaces y£> for 

(30) 1 < s < 1 + l + a 

2 (k — 1) 

We recall that a function f(x) : R^ -> R belongs to y\s
o\ if for any K com­

pact subset of R there exist Ak and A7c such that 

(31) | D « / ( * ) | < A , A W (| a I ! ) ' xeK. 

We point out that the results of Theorem 2, in the cases <zv j (f) e C0,1 ([0 , 
T]) or a^j(f)e C1,1 ([0 , T]) (| v | +j = m), have been already obtained, using 
quite different techniques, by T. Nishitani, who has considered in [8] the case 
of coefficients depending also on x. 

Moreover, the results of Theorem 2 generalize some previous results regard­
ing second order equations, which have been obtained in [2]. 

We remark that, if we suppose in Theorem 2 that k = 1 (i.e. strict hyper-
bolicity), thenf by (29) we get that problem (1) is well-posed in y ^ for 1 < s < 
< 1/(1 — oc); this result has already been proved in the general case of regularly 
hyperbolic systems with coefficients depending on x and t (see [3] and [4]), 
while the same result had been previously obtained in some particular cases at 
first in [1] and then in [7]. 

Let us also observe that we deduce by (30) that, if the coefficients av j (t) 
of the principal part belong to C1,1 ([0 , T]), then problem (1) is well-posed in 
y$c for 1 < s < kj{k — 1), and this result is not improvable, because, if s > 
> k\(k — 1), problem (1) is not well-posed in y^, even in the case of constant 
coefficients. 

9. — RENDICONTI 1985, vol. LXXIX, fase. 5 
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