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Calcolo delle variazioni. — Integrals with respect to a Radon
measure added to area type functionals : semi-continuity and relaxation *),
Nota di MIicHELE CARRIERO **), ANTONIO LEacI ***) e EpuarpO
PascaLt %), presentata ****) dal Corrisp. E. DE GIORGI.

RiassuNTo. — Diamo condizioni sulle funzioni f, g e sulla misura ¢ affinché il
funzionale

F)=[f@,u,Dids+ g, u)ds
Q Q

sia L (Q)-semicontinuo inferiormente su W1.1(Q) N C° (£2).
Affrontiamo successivamente il problema del rilassamento.

INTRODUCTION

In this Note we present some results that deal with L (Q) - lower semi-
continuity (Ls.c.) and with the relaxation problem for the functionals

(1) F(u)sz(x,u,Du)dx—]—fg(x,u)dp,

on Wi1(Q) "\Co(Q).

It is well known that such functionals occur in many questions of Calculus
of variations (Plateau’s problem ([4], [9], [10], [11], [12]) and problems of ob-
stacles ([1], [3], [8])).

Several Authors (see [7] and quoted references) have investigated condi-
tions that ensure the L (Q) —Lls.c. of the functional

%) u—»ff(x,u,Du)dx.

(*) The authors have been partially supported by funds from the Italian Ministry
of Education (M.P.I. 409).
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(****) Nella seduta del 13 aprile 1985,
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Here, under the assumption that the functional (2) is L (Q) — Ls.c., we
intend to study the following problems (see also [5]):

(P 1) If uis a Radon measure on R” to determine conditions on g which imply
that the functional (1) is L'(Q) —Ls.c. on W1 (Q) N C° (Q).

(P 2) If the functional (1) is not L' (Q) — Ls.c., to find conditions on f, g and
p. under which a function vy exists such that

ff(x»u’Du)dx-l-[Y(x,u)dp,

is the greatest L (Q) —Ls.c. functional smaller than (1) on W1 (Q) "\ Co (Q)
(henceforth sc— (L*(Q)) F).

The scheme of the paper is as follows:

1) Measure-theoretic preliminaries.
2) Construction of a measure connected with functional (1).
3) Results on semi-continuity and relaxation.

§ 1. LetZ be a c-algebra of subsets of a non empty set X and let o and
B be two countably subadditive set functions on .

We shall denote by « A B the greatest countably subadditive set function
smaller than, or equal to, both « and B.

It is easy to check that if « and B are measures on % then also a A B is a
measure on .

The following characterization also holds: for Be #
(& A\ 8) (B) —inf {« (B N L)+ B (B\L); Le #}.
Let now « and B be measures on%#, with § finite.

ProprosITION 1. There exists ) : X — [0, 0o] F -measurable such that :

) (aAp@)(B)=f<x(x>Ap>ds(x> for all o >0,Be 7;
B
(i) «(B)=rdB
J

for every Be F such that B = {A < + oo}.
Henceforth we shall adopt for A the symbol da/dp.

§2. We now introduce a new measure associated with functional (1);
this generalizes De Giorgi’s geometric measure (see [4], [6], [2], [12]).
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Let ¢ : R» —— R be a function such that

b =0;
¢ is convex;

Y@p)=1t|4(p) forall te R, pe Ry o
alp| <Vv(p) for some a > 0 and for every pe R~

3)

If Q is an open set in R*, we define, for ¢ > 0, the following set function:
ot (E; Q):inf{fQJ(Du)dx—l—;f]u |de ;ue WL1(Q),
Q Q

u ls.c. on f},uglonEﬂﬁ},

where E is an arbitrary subset of R”;
moreover let '

¥ (E; Q)=1limc? (E; Q)=sups?(E; Q).

=0t e>0

PropoSITION 2. 6% (- ; Q) is an outer measure ; ¥ (- ; Q) is a measure on
the Borel sets in R™ I

Example 1. If ¢ (p)=1|p|, Q2=R" and S is a portion of a smooth
hypersurface, then

ot (S ; Re) =2 Hr-1(8),

where H"! is the (# — 1)-dimensional Hausdorff measure.

Example 2. If { verifies (3), if Q is a bounded open set of R” sufficiently
smooth, if y is given by u (B)=H"*(B M 9 Q) for every Borel set B in R,
and if, finally, v (x) is the unit vector normal to & Q at x, then we have

0 if xe¢oQ

4 (W)=
du Yo @) if xedQ.

§ 3. Henceforth we shall denote by Q a bounded open set of R”; by p a
Radon measure on the Borel sets of R™.

Let f: QX R XR*—>[0, -+ co) be a Carathéodory function and ¢ :
R” —R a function satisfying (3), such that

Y@P)=f(x,s,p) forall xeQ, peRrsecR.
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We shall assume

u——»-J‘f(x,u,Du)dx

L*(A) —Ls.c. on W1 (Q) for every open set A = Q.

Semi-continuity Theorem.

Let Q,f, ¢ and y be as above.

Ifg:Q XR—[0, -+ oo] is a Barel function such that g (x,-) is Ls.c. for
every x€ Q,

G\U
lg(xau)—g(x,v)lﬁ%‘;(x)lu—v

v
or every u,ve R and p —a.a. xe Q such that do” %) < -+ oo, then the func-
® i

tional

we Wi (Q) O OO@) —F (=7, u, Dyt + [ g (v, 0)

is LY (Q) —Ls.c. .

. . dg*
Taking into account the function (—ig‘
o

problem (P 2).

, we give also a first answer to the

If f=f(x,p) is a Carathéodory function such that
V@) =f(x,p) for all xe Q,pe R,
fE,p+a)=f(x,p)+ () forall xe Q,p,geR",

u ———rj‘f(x , Du) dx is L (A) —Ls.c. on W1 (Q) for every open set A < Q,
A
and if, moreover, Q is sufficiently smooth, then the following theorem holds:

Relaxation Theorem.

Let f,V and Q be as above.

Ifg: QX R—[0,+ o) is a Carathéodory function such that g (x,s) <
<a(x) ©(s|) with ac L*(dy), ® increasing, then we have :

s (L1(Q) [jf(x,Du)dx—l—Jg(x,u)dy.] =Jf(x,Du)dx+fy(x,ujdp,,
Q a Q )
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where

. do¥ .. de¥
inf {g(x,t)+d_u(x)|s—t1} 0 () < + oo,

teR

7'(x ’s):::

\ W
g(x,s) if%%(x)z—l—oo.

Example 3. The relaxation formula just given can, for instance, be used
for the functional

A= T TDufds+ g, d
Q

Q

that one meets when studying Plateau’s problem.
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