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RENDICONTI 
DELLE SEDUTE 

DELLA ACCADEMIA NAZIONALE DEI LINCEI 

Classe di Scienze fisiche, matematiche e naturali 

Seduta del 15 dicembre 1984 

Presiede il Presidente della Classe GIUSEPPE MONTALENTI 

SEZIONE I 

(Matematica, meccanica, astronomia, geodesia e geofisica) 

Teoria dei gruppi. — A note on the minimal normal Fitting class. 
Nota di MARCO BARLOTTI, presentata (#) dal Socio G. ZAPPA. 

RIASSUNTO. — Un gruppo finito ciclico-per-nilpotente appartiene alla minima classe 
di Fitting normale se e solo se è nilpotente. 

1. INTRODUCTION 

All the groups considered in this paper are supposed to be finite and so­
luble. A Fitting pair (see [6]) is a pair (A , d) where A is an abelian group and 
d assigns to each group G a homomorphism dG of G into A such that (1) when­
ever G , H are groups and a : G -> H is a normal embedding, do = adn and 
(2) for every a e A there exist a group G and a g G G such that gdG = a . The 
class of all the group G such that GdG ~ 1 is called the kernel of the pair (A , d) 
and is a normal Fitting class. 

Blessenhol and Gaschutz introduced in [1] Fitting pairs built upon per­
mutation representations and upon the determinants of the linear maps induced 
by conjugacy on certain chief factors; these constructions have been afterwards 

(*) Nella seduta del 15 dicembre 1984. 
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generalized by many authors. Transfer Fitting pairs were introduced by Laue, 
Lausch and Pain in [5] and have been used in a more elaborate version by Ber­
ger ([2]) to give a description of the unique minimal normal Fitting class @#. 
We use a special case of the transfer Fitting pairs to prove that a cyclic-by-
nilpotent group (i.e., a group G which possesses a cyclic normal subgroup N 
such that G/N is nilpotent) is in <5# if and only if it is nilpotent; note that the 
group ( x , yjx^ = 1 , y2 = 1 , yxy = #_1 ) seems to belong to the kernel of 
all the possible Fitting pairs defined in the track of [1]. Then we give a con­
struction which shows that some generalizations of the main theorem are not 
possible. 

The notation is conventional: see, e.g., [3] and [4]. The basic information 
on normal Fitting classes can be found in [1] and in [3]. 

2. T H E FITTING PAIR (S , d**) 

Let p be a prime, and let q be a prime dividing p — 1 ; let Zp be the cyclic 
group of order p, and let S be the Sylow ^-subgroup of Aut (Zp). We now 
assign to every group G a homomorphism d^M: G -> S . Since we are describ­
ing a special case of the Fitting pairs defined by Berger, for the proof that all 
the mappings involved are well defined and that (S , dp<q) fulfils the require­
ments for a Fitting pair the reader is referred to [2] or, better, to [3]. 

Let G be a group, let X be a subnormal subgroup of G of order p and let 
N be the normalizer of X in G . Choose an isomorphism ^ : X -* Zp, and 
define as follows an homomorphism <£• : N -^ Aut (Zp): for any y e N , y§ is 
the automorphism of Zp which maps the element z to (3;-1 (s^ -1) y) ty. Now 
choose a Sylow ^-subgroup Q of N , and denote by VG_^Q t n e transfer of G into 
Q/Q' . We define a mapping &x : G - * S thus: if g e G and gv G_*Q = Q' y > 
then g&x = y$ • Finally, let qe be the exponent of S and let t (X) be an integer 
such that t (X) | N : Q | = 1 (mod qe) . 

We now define the homomorphism à^q . If G has no subnormal sub­
groups of order p , then à^Q maps G onto the identity subgroup of G. Other­
wise, let PCJ , . . . , [XJ be the distinct conjugacy classes which make up the 
set of the subnormal subgroups of G of order p; for any g e G we define gà^q= 

= n (^x.y(x°. 

3. PROOF OF THE THEOREM 

THEOREM Let G be a cyclic-by-nilpotent group which is not nilpotent. Then 

G e e , . 
Proof. Let G be a minimal counter-example ; then there exists an element 

x of G such that ( x ) <\ G and G/( x ) is nilpotent, G is not nilpotent and G 
belongs to @#. 
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Take a chief series of G to which ( x ) belongs; since G is not nilpotent, 
there exist a chief factor H/K of this series and an element y of G such that y 
does not centralize H/K; and, since G/( x ) is nilpotent, it must be H = ( xi ) 
for a certain positive integer i (and K = ( xip } for a certain prime p). Write 
the period of x as iph , and let X = ( xih ) ; X is a normal subgroup of G of 
order p. It must be y-1 xi y = xim with m ^ 1 (mod >̂) , whence ^ - 1 *:^ j> = 
= jy-1 (x^11 y ~ (xim)h = (xih)m^ xih and we have proved that y does not cen­
tralize X. Now write y as a product of elements whose order is a power of a 
prime : these elements cannot all centralize X, so there exists an element y1 

of G, whose order is a power of a certain prime q, which does not centralize 
X; since y1 induces a ^-automorphism in X , q divides p — 1 (and, in particu­
lar , q^p) . 

We want to prove that y1 d^'Q^ 1 , whence G does not belong to the kernel 
of the Fitting pair (S , dp'V) defined in section 2 , and this contradicts the assump­
tion that G e @# . 

The subgroup ( x , yx ) is not nilpotent; it is clearly cyclic-by-nilpotent, 
and it belongs to @# because it is subnormal in G (by the nilpotency of G/(-x}) 
and G e <S# . So by the minimality of G we must have G = ( x, yx ) : this 
yields that X is the unique subgroup of G which has order J ) , hence to prove 
that yx d^>Qy£ 1 we only have to show that ^ - B ^ : ^ 1 or, which is equivalent, 
that if Q is the chosen Sylow ^-subgroup of G and yx VG_^Q = Q' g thenar does 
not centralize X . 

Since Q can be any Sylow ^-subgroup of G , we choose it to contain yx . 
Let {ti, . . . , tw} be a complete set of right coset representatives of Q in G; 
since G = ( x,y yx ) with ( x ) <J G , each ^ can be written as a\ Xi where a^e 
e ( yx ) < Q and a^e ( x ) (1 < / < « ; ) : hence {xx, . . . , xw} is a complete set of 
right coset representatives of Q in G all of whose elements belong to ( x ) . 
For every ie { 1 , . . . , w} there exist a g^ e Q and a j (i) e {1 , . . . , w} such 
that Xi y1 =gi Xjd) and by definition of the transfer homomorphism we have 

w w 

y I^G-^Q = Q' IT Si = Q' H (*i yi xxh) • 

zv 

Let g = II (xiyx x^jy) . Clearly g acts on X (by conjugacy) in exactly 
i=l ' , •'•. 

the same way as y™ does; but, since w is prime with q , ( y™ ) = ( yx ) whence 
y™ induces on X a non-trivial automorphism, and so does g . 

COROLLAKY. The <Sm-radical of a cyclic-by-nilpotent group is its Fitting 
subgroup. 

Proof. By the previous theorem, the @#-radical of a cyclic-by-nilpotent 
subgroup (being itself cyclic-by-nilpotent) is nilpotent, hence contained in the 
Fitting subgroup. Since the reverse inclusion is true for every group, the 
corollary is proved. 
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4. FINAL REMARKS 

We conclude with a result which limits the possible generalizations of the 
previous theorem. 

THEOREM. Let G be a group. Suppose that there exist subgroups N 0 , N , 
A of G such that 

(a) G = N 0 N A ; 

(b) N 0 , N < ! G ; 

(c) N0 > N G <S# and A is abelian ; 

(d) N , n N = A n N = A n ' N , = l ; 

(e) there exists an isomorphism 9 : N0 -* N such that for any a e A and 
for any n0 e N0 (a - 1 n0a) 9 = a (w0 9) a - 1 . 

7 W G G @# . 

Proof We give a sketch of the proof, leaving the details to the reader. 
Let D be the direct product of two isomorphic copies of NA, and let a , (3 be 
isomorphisms which map NA onto the direct factors of D ; then D is the inter­
nal direct product of (NA) a and (NA) (3 . Note that N a and N [3 are normal 
subgroups of D, whence by (c) they are contained in the ©^-radical D 6 of D. 
Let H = {d e T>jd = (a a)-1 (a p) with a e A} ; by Lemma 2.3 of [6] , H < D 6 # . 
Now let K = (N a) (N [3) H; clearly K < D s # and (since A is abelian) K < D , 
whence K e @ # . Finally, for any n0e N0 put n0r\ = w 0 9 a ; for any WG N put 
n Y] = n p; and for any a G A put a Y) = (a a ) - 1 (a (3) . We have thus defined 
a map Y] from N 0 U N U A to K which extends to a homomorphism YJ of G onto 
K; since G and K are easily seen to have the same order, vj is in fact an isomor­
phism and we have proved that G e 6 # . 

To obtain groups which satisfy the hypotheses of this theorem, take any 
group N in @# and let A be an abelian group such that there exists a non-trivial 
homomorphism S of A into Aut (N) ; let & be the automorphism of A which 
inverts every element and let N0 be an isomorphic copy of N . The group 
we want is the semidirect product of N X N0 by A with respect to S for the 
action of A on N and to &S for the action of A on N 0 . 

In particular, take N to be cyclic of prime order and A to be cyclic: this 
example shows that in the condition " cyclic-by-nilpotent " of the theorem in 
section 3 " cyclic " cannot be replaced by " elementary abelian " nor can " nil-
potent " be replaced by " supersoluble ". 
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