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Meccanica dei solidi. — A discretization method for the problem
of a membrane constrained by elastic obstacles *). Nota **) di ALDO
MAcERT ) presentata dal Corrisp. E. GIANGRECO.

RiassunTo. — In questo lavoro sono dati alcuni modelli matematici per il pro-
blema di contatto tra una membrana ed un suolo od ostacolo elastico. Viene costruita
una approssimazione lineare a tratti della soluzione e, tramite una disequazione varia-
zionale discreta, se ne da il corrispondente teorema di convergenza.

1. Many contact mathematical problems between elastic and non-elastic
bodies were recently analyzed. Such models of some physical systems fre-
quently encountered by engineers were deeply examined in connection with the
growing development of the convex analysis and of the variational inequalities
theory.

In particular, some membrane contact problems, involving second order
differential operators, have been widely discussed. The case of a membrane
constrained or forced by a rigid obstacle is a classical one [1]. The contact bet-
ween two membranes transversely loaded was also examined, both from the
point of view of existence, uniqueness and regularity of the solution [2], and
of its numerical analysis [3].

The problem posed by an “ elastic” (in some elementary sense) obstacle
bounding the displacements of a membrane was analyzed in [4], [5] as far as
existence, uniqueness and regularity of solutions were concerned, and in [6],
to give a computational procedure for simple cases.

This paper is devoted to the analysis of the contact problem of a membrane
stretched by an elastic obstacle (in particular, constrained by a subgrade, elastic
in the Winkler’s sense), which appears to be still not completely studied. We
give first some mathematical models of the continuous problem, and we discuss
their equivalence. A finite element discretization procedure of a variational
non-linear model is then described, and we prove its convergence.

(*) Financial support from the Ministry of Education of Italy (M.P.I.) for
this work is gratefully acknowledged.
(**) Pervenuta all’Accademia il 19 settembre 1984.
(**%*) Istituto di Scienza e Tecnica delle Costruzioni della Facoltd di Architettura
di Roma.
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2. Let us consider a plane membrane, and let us denote by Q the region
of R? occupied by the membrane. We assume that Q is open, bounded and
of class # W) [7].  The membrane is fixed at the boundary points of Q, is tran-
sversely loaded by distributed forces fe L2 (Q), orthogonal to its plane and
positive in the xz—axis direction, and is uniformly stretched in its plane by a stress
te j0, 4+ ool .

Let us denote as u (x; , x,) the membrane’s deflection, positive in the x,—
axis direction, and let us assume # to be ‘“ small ”’ in the usual sense. Further-
more, the membrane is stretched (or constrained) by an elastic body. We
describe the body shape by a function ¢ € L*(Q), and we assume its reactions
on the membrane to be parallel to the x,-axis (frictionless contact) and to have
the form ® — A (u — @)+, where he L™ (Q), A >0 a.e. on Q. In particular,
¢ = 0 corresponds to the case of a Winkler’s subgrade.

The problem is to find the membrane’s equilibrium configuration, i.e., let

o2 o2
A=t (B4 2
ox; ox;
Problem 1

ue R (QQMH2(Q): Au+t+h(u—o)t=f a.e. on Q.

This contact problem can also be formulated in a different way. In fact.
it is easy to show that the complementarity problem

Problem 2
Au—f<0 a.e. on Q

ue HE (Q M H2(Q):{Au+h(u—e¢)—f<0 ae on Q
| Au—f)(Au+h(u—9¢)—f)=0 ae. on Q

is satisfied by each solution of Problem 1) and vice versa.

In [4], the proof that Problem 2) has a unique solution # is given. Mo-
reover, a regularity Theorem [5] ensures that ue H>? (Q) if f,9e L? (Q),
p >2, and that ue H>? (Q) under stronger hypotheses on f,¢,4, Q.

But, both previous statements of the mechanical problem are nearly useless
for the purpose of numerical computations. To this aim, the use of variational
formulations appears to be more adequate. Then, let us set

a(u,v):tf<fl‘93+%a_”>dx V (u, 9)e (H (Q)?
A Ox, Ox, = Ox, Ox,

(1) We let v* —=max {v,0}.
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(F,9) =ff'vdx Voe L2(Q)

Ez(v):%fh[(v—cp)ﬂ“]zdx Vove L2(Q).
Q

Obviously, 3¢, € ]0, + oo such that
(1) a(v,v) =c v lfnao) vV ve Hy(Q).

Moreover [8], the functional E, is convex and Gateaux differentiable in
EHIOR

Let us consider now the total energy minimum problem

Problem 3

ue H},(Q):%a(u,u)——(F,u)+E2(u)§'71-a(v,‘v)—(F,v)—l—

+E:(v)  vwee Hy(Q)

and the (virtual work) variational equation

Problem 4
ueH})(Q):a(u,v)+fh(u—@)+vdx—(F,v)=0 Vv ve H} (Q)
Q

and the mixed type variational inequality

Problem 5
ueHy(Q):a(u,v—u) + Ey;(v) —Ey(w) —(F,o—u) >0 VoveH(Q).

To prove that these problems are variational formulations of Problem 1,

we need a regularity result. Therefore, for every 8§ > 0 welet Sy ={ye R?:
[y 1 <8, Zs={(01,y2)€ S5 :5: >0}, H@)={veL*(Z):33,€]0,3[
such that (|y | > 3,) = (v (y) =0) a. e. on Z;} and we notice with s5 the cur-
vilinear measure on d X5 [7]. Furthermore, we consider the bilinear integrodif-

ferential form & (u,v)= Y, f bsD'uDrody V(u,v)e (H!(Zs)* where
[r]<1
Isl<1%s

b,e L™ (Z5). By 'proceeding as in [8], we prove
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Lemma 1. Let us suppose

bye CO(Z5), ue HI(Z5), u=0 ss—ae. on {(y;,ys)€ s : y, =0},

3626]0,—1—00[:17(1),1))202[((%)
1
Zs

e 10, + 0o[ : [5(u,0) | <csllv ey Yoe H(Z) M H().

>2+ (%Z)j dy vve Hj () N H(3),

Then
(8"€ 10, 8]) = (ue H2(Zy)) .
Now we can prove

TuEOREM 1. The following statements are equivalent

u 1s solution of Problem 1;
u is solution of Problem 3;
u is solution of Problem 4 ;

u s solution of Problem 5.

Proof. 1t is sufficient [9] to prove that every solution of Problem 4) be-
longs to H?(Q).

Let e 0Q. Then [7] an open neighbourhood Z of z, a 3¢ ]0, + oof
and an invertible application V' = (¥, , ¥';) of S; onto Z exist such that ¥e

€ CUI(Sy), Wie C11(Z), ¥ () — Z+ were Z+ — @ (1 Z, | 2LE 0 Fe) (-
Oy |

=1Vy€Ss

For every (v,w)e (H}(Z;))?, if we letv—vo¥P-tand w=—w o ¥, we
have [9]

ov ow ov ow - - - -
b — E ] €] o —
tf(@xl ox, + Oy 8x2> dx ;azzg bug (y) DP v (y) D*w () dy = b (v , w)
VAl Bi<1zs

where b,5 € C1(Z;) is independent from (v , ).
Now we observe that, if v € H (Z;) M H (8) and we let v =10 o ¥~ on Z+*
and v =0 on Q —Z*, because ve H} (Q) and

Ef[Dr?;[zdygc4 | |Droj2dx,
lr|=1 |
8

lrj="
"
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where ¢, € ]0, + oo[ does not depend on @, we have
b (5,%):2 thsv(x)D’v(x)dx:a(v,v)zcl Z J]D'v |2 doe >
1 lr=1Z+

lr]=
[ " -
2—; | Do |2dy.
€y fal=1
8

lsl=1 7+
Moreover Vove Hl(3;) "H(3), by putting u=u¥,v=00¥-1on
Z+, v=0 on Q—Z+, because a(u,v):(F,v)—ff(u——cp)Jrvdx, we
Q

have

1o, 2) < (If e + 12 IL%w || (# — @) lL2 ) 1|0 llLaczhy < ¢ l|@ I 2z

where ¢; € 10, + oo[ does not depend on v.

As a consequence, by using Lemma 1, ¥ 8¢ 10, 8[ u € H2 (Z;,) . Regula-
rity on the boundary then follows. Interior regularity being known [10], we
have ue H®*(Q).

The last three equivalent formulations appear to be very useful to generate
discrete models of the membrane contact problem, mainly because of their need
of a very simple functional space, H} (Q) . This will be made in the next sec-
tion, with a particular reference to the approximation of Problem 5.

3. Letne N. LetJ, be a finite family of closed triangles of R? such
that, VT e7,, T < Q and meas (T) > 0, and such that VT, , T,e 7, T, NT,
is empty or is {a} where a is a vertex of T and of T, or is an edge of T,
and of T,. Moreover, welet Q, =T ,[,= sup diam(T),s,= sup

T In TeTn - TeTn
diam (T)/sup {diam (C) : C closed circle =< T}, I,={xe Q:x is a vertex
of a TeT}, 1, —={xel, :x¢0Q,},

F,={TeT, avertexof TedQ,},Q,=UT
Te Fy
and suppose
(2) lim [,=0;
n—> 400

;€ ]0, + oof : Yme Ns,, < ¢;; VW compacts Q ve N: W < Q, Vm>v.

Last two hypotheses imply

3) lim meas (Q — Q,)=:0,lim meas (Q,) =0.

n—> 400 n—>+00
Let us now introduce the space P, given by not greater than Ist de-
gree polynomials of R* and let us denote, with a,, ..., a,, the elements of
I,. Moreover, we denote Vie {1,...,m,} with g,, the element of Co (Q)
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such that &ni (ai) =1 » Eni ((l) =0 Vae In— {ai} s 8ni |Te Pl vT 6.7-,,, and we
introduce the subspace H, of H}(Q)

My
{ E Xig”,,;:Xie R}.
i=1

After that, Yoe C°(Q), let us denote with r,v the element of H, such
that 7, v () =ov (x) Vxe I,. Moreover, we let

“4) en = max {{J* , meas' (Q — Q,), meas'/4 (Q.) },
(pﬂ - r;l Jan *
and recall [7] that J, * ¢e C* (R?) and

(5) lim [[J, %o —¢ | Laey =0.

n —> + 00

Finally, we let

Z (Dmgm ’

i=1

1 Mn 2 7’f‘n
B @)= 5 | #] 3 (Voi— @) g0 (9] [ x vo, — 3 Vosguie 1,

2 i=1 =1
; Q
and consider the mixed type variational inequality

Problem 5’
u,€ Hy, :a(uy, v,—u,) + Eyy (v,) —E, () — (F L0, — u, ) > 0 Vo, H,

We have
THEOREM 2. Problem 5' allows a unique solution.
Proof. Uniqueness is obvious. About the existence, because

lim {a (v,9) +— f [ Z (Vi — @)+ gm:l dx —

veHy, i=1
lloj]= 4
H1(Q)

1T : -
— 1] 2 <I>m->+gnf] dx}u ? [l = + 0,
Q

1 =1

it is sufficient [11] to prove that

1 "no 2
©) : Ean — 7 f Bl X (— q’m)+gm:| dx
Q

1=1

is weakly lower-semicontinuous. Because H, has finite dimension, for every
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my, My
convergent sequence { > Vi gm} whose limit we notice with 2 Vi &ni »

t=1 i=1

we have
My My
lim ' Z (ij' - q)ni)+ 8ni — Z (Vm - q)'ml)-*— ni =0.
j—> + o i=1 i=1 L)

As a consequence,

t=1

Voe R {veHn:Ezn(v)—~;_J [2(_ ) gm] dx<p.}

is closed in H'(Q) and this result implies (6).

Let us notice with u, = 2 Uy; gn; the solution of Problem 5. Before

i=1
proving that {u,} is convergent towards the true solution u of Problem 1, we
establish some Lemmas.

Levma 2. It results

i) lim (J. *¢)? dx =0
n— -+ o0

Q-q,

.. . " . )
ii) ¥ne N and vie {1, 2} max | 9%_(? (x) ! <LM|e IILz(Q)} ]

xeQ) } X3

’] L2 (R2)

Proof. Let ne N. We have

vae Q |J.xo(x) | =

J=1(5

R2

= e o J P2 &) =t el 1T e

)w)dyl

from which, taking account of (4),

[ G o dr = 2l oo 1T [P meas (@ Q) =

Q—Qn

=lePLaco 1T [PL2 re) meas 2(Q — Q) ;

this result, because of (3), implies i).
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About ii), let e N and ¢e {1,2}. We have, Vxe Q,

[ 8]
x;

o, ]fq’(y) (x—y)dJ! e e @

L (R2

As a consequence, because of (4), the thesis follows .

Now, Yre N and VT e.#, let us notice with a,b,c the vertices of T
and, Vxe T, with ¢, (x), ¢, (x), £, (x) the barycentric coordinates of x, so
that [12]

(7) L, IT:tb ]T,tc ITGPI

®) tu(@) =1, (b) =t (c) =1, t,(b) =1, (c) =1, (a) =1, (c) =1, (a) =
— 1, () =0

9) b (%) + (%) + 2, (x) =1 vVxe T

(10) vpe P,  px)=p(a)t,(x) +p () t,(x) +p(c)t. (x) VxeT.
We have

Levma 3. It results

lim |l g, —J. *oliLz @ =0.

n—> -4 00

Proof. At first we notice that Yne N, VT €7, and Vxe T it results @
e @—T,*x0 @) [+ [T, x0(®)—J. %o )| + | T * o () —

0] >

Jen* 9 () RERN e
As a consequence, taking account of (7),(8),(9),(10) and Lemma 2,

6x

-+ max

—J *e (%) <31, <max
xeQ

xeQ)

1 ax_.

flw-h*cmzdx—fm*cp(x)—h*cp(x) |2dx+j(15*<p)2dx<

Qy Q—Qy

=2 3 [ 110 e@0® +Lr200 00 +1,400 0 6) —
TeT n T

(® Clearly VneN, VTe#, and Vge C® (ﬁ), vxeT | ga) —gx) | + | g (®) —

og
o, (x) D .

-+ max

og
— g(x) I + l g(c) — g(x) | < 3ln <max ‘ '8——(‘”) T1¢
XeQ

xeQ | 1
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e %0 () (8, (3) + £, (3) + 1, () 2 dx + f (Je % ) dx +
Q—Q,
+ 18 meas () max?*| J, x ¢ () | =

xeQ

o]

ox;

: |

) U
o, ||L2 (R2)> meas () +J (e % @) dv +

<36/, olPL2@ ( L2RY) |

n
+ 18 meas 2 (Q,) || @ lIf 2 1T If.2r2

and thus the thesis follows because of (2), (3) and Lemma 2.

LemmA 4. For every we CY (Q) we have

lim E,, (r, w) =E, (w).

n—> 4+o0

Proof. Let us notice that (5) implies [7]

(11) lim || 2% (0 — ], % @) — A% (0 —¢)" [lL2 @) =0

n—> 400

On the other hand, Vne N, VT €., and Vxe T we have @ ®

0@ — L2 0 @1 1) + [0 (B — L2 2 (171, () + [0 ) —
L @1 1, () — [0 () — e 0 1| < [0 () — L0 (@) —
o @) — oo 0 (17 @) — oo 0 O — [0 () — Lo 0 (I* | +
F 10O — Ty o O — [0 () — L2 9 @7 | =31, (max | )|+

X €0

+ max 1 Ebj? (x) |> .

xeq | Oxp

|
-+ max ,?]En*cp (=)

xeQ 8x1

= )

-+ max
xeQ

From this result, because of Lemma 2, it follows

my

vne N J R 3 (Wa— (Dn'i)+gni:| —hE (w0 — ], x o)t [Pdr <
=1
Q

<2hlime 3 [[0@—Tre@] 60+ [2O—Lre® | a@+
T

+[o@Tre0] L@ —[rE@ Tre@] | e+

® We have Wa,beR |a" —b* | <|a—b].
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+ Hh||L°°(Q)J o —Je,* @ |* dx + 18 || h|Looq) meas (Q,) max® | Jo * ¢ (x) | <

xQ
Q-Q,

< 723 || & ||Loo(q) meas (£2) <max2 (x) !
+ max? | 22 (x) | + | 0 [Baey 1 ' [T >> +
xen a ? L) ax }Lz (R2) ] Oy ’le (R2)
+ 204 max »? () meas (Q— Q)+ 2|4 HL°°(Q)J (Je,* @) dx +
Lo (@) 1B S om

+ 18 meas V2 (Q)) || 2L~ |l ? If2c) | TlIf2we) -

As a consequence, because of Lemma 2, (2) and (3)

(12)  lim 2™ }_‘ (Wai — m)*gm] — % (@ —Je, % 9)" L2 =0.

n— o0
(11) and (12) imply the thesis.

Finally, let us prove
THeoreM 3. It results

lim ||, — o [pigey =0

n—> 400
Proof. We divide the proof into three parts.

As first step, we show that a subsequence of {u,} exists weakly convergent
in H' (Q) towards an element u, of H} (). In fact, because of (1) and taking
into account that, Vrne N, u, is a solution of Problem 5, 0 € H, and E,, (u,)
> 0, we have

(13) Ve N 6w i < Ba(0) + <F,u, > =
1 Mn + 2
<1 [ [ 3 (= 0n) en @ ] s+ 17 a1 o
) i=1

Now let neN. We observe that VI €9, and Vxe T, taking account of
(7), (8) and (9), it results @ ®

My

Lgl (—— @m'>+gm' (%) — [“ ]sn* @ (x)]Jr { = ' l:— Ln* P (a)—]Jr t, (x) +
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[T | 6@ +[—Tpe 0] Lo —[Tee@] (L +

1)+ 1.() =Tt e @ = Lo )|+ [ Te e (T et +
F1p @100 @ | <30 (max] Tt [ omax | Tut? ).
| xcQ dx, f x:Q 0xs
As a consequence, because of Lemma 2,
my P
2 =1
-3 i % (o) gu @ —[—Tre@] [are
* 2 R ) o] 2
"‘"J Ii'—' ]En* ‘:P(x):l dx S 36 ln H P ”Lz(Q) - meas (Q) < H éz “iy‘L2(R2) +
Q-Q,
[ 2 2
+‘“ )t j (Lﬂp) dx + 18 meast () || @ [fao 11T o 3
| 3, | L2rY)

n

thus, because of (2) and ’Lemma 2

(14) Hm || 3 (— @pi)* o — (— T, % 0)* llL2 ) = 0.
=1

n—> -+4oo

We observe now that from (5) it follows [7] lim|| (— J., * ) — (—o) L2 =

| n—> 0o
=0 which, with (14), implies

o0 (o) sTe{[(-)Te

Therefore, because of (13) and (15) a ¢, € ]0, + oo[ exists such that Yze N
g @0 < €7 4 I llLecop [l e oo 65 < €7 + [ F L2 0 €212 + [l Il o /2-

As a consequence
(16) 3cge 0, + oo lup @ <¢g Vme N.

(16) implies that it is possible to extract from {u,} a subsequence (which we
indicate by the same index), weakly convergent in H'(Q) to an element u,e
e Hj (Q), ie.
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(17) u, ~u, in H'(Q).
As second step, we show now that

(18) Up=1.

Let we C (Q), ne N and 7, w= Z W,.; .. - Because u, is solution

of Problem 5’and r, we Hj (Q) we have a (un, ) + Egp () < a (u,, r,w) +
+E,, (7, w) (F,r,w—u,). This result, taking into account that 0 <a
(U, — g , Uy — o) = a (1, , u,) + a (4, ty) — 2 a (u,,, 4,) , implies
(19) vne N —a(uy, tp) + 2 a(uy, ) + Eop () < a(y, 7, %) +

+ By (rpw)— (F,r,0—u,) .

Now, let us notice that, since we C3° (Q), it results [12]

(20) lim || 7, W— || @) — 0

n— —+o0o

from which, because of (17), r,w —u, —w—wu, in H'(Q). As a conse-
quence

(21) lim (F,r,o—u,) = (F,w—u) .

n—> +oo

Moreover from (17) it follows

(22) lim a(u,, u) =a (uy, ) .

n— 400

Furthermore,

Vre N la(us,raw)—a(u,w) | <2t u,lm @l 7.0 —wlm @ +

+ | a(uy—uy, w) |
and thus, because of (17), (20) and (16)

(23) lim a(u,,r, w)=a (4, w).

n—> 400

Finally, we prove that

24) lim B (1) = o [ [0 — )9 ds

n—> oo

Obviously, since Vne N

)l (Vi ) Gt (%) = }_,( — 0 Jens ()| v @,

=1
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we have

2
(25) vne N E,, (u,) = ;_fh [(un—— Q) | dx.
Q
On the other hand, because of (17) and Lemma 3, we have lim || A" (u, —
n—> +oo
)" — B ()" 2 =0, from which lim 1| B [(u, — ) ]t dv —
n— oo o
:é_ J h[(uy— @)*]?dx. As a consequence, because of (25), (24) is true.
Q

From (19), (21), (22), (23), (24) and Lemma 4 we have
(26) a(uy, w—1up) + Ey (w) —E, () —(F,w—u,) >0 Vwe C7 (Q).

Since C{° (Q)==Hj (Q) and Problem 1 allows a unique solution, (26)
implies (18).

As third step, we prove that u, —u, in H*(Q). Let ne N. Since
vwe CY (Q) a (uy,, u,) + Ey, (u,) < a(u,, 7, w) + Ey, (rpw) — (F,r,w —u,)
we have

Eon (un) < ¢ ||ty — 1t Iif1 () + Eu () < @ (o, ) — 2 a (uy , 1) +

-+ a(u,t,rnw) + Ezn(rnw)_( F’rnw_un) .
From this relation, taking account of Lemma 4 and that
la(un,r%zb)—a(uo,w) | <l|a@,,r,w)—a(u, w) |+ |a,,w)—

—a(uO’w)iy

we have

27)  Vwe C(Q) lim' E,, () < Um” Egp (tn) < —a (uo, tg) +

n— 00 n->+o0o

+ a (u,, w) + E, (w)

(28) Vwe C®(Q) lim' E,,(u,) < lm’ (¢ || u,—tp|fn +

n—> oo n-> 400
+ Eup (1)) < Hm"” (¢ || 0 — 2o [ () + Ean (1)) <
n—> -+oo

< —a(uy, uy) + a (uy, w) + E, (w) .



124 Atti Acc. Lincei Rend. fis. — S. VIII, vol. LXXVII, Ferie 1984, fasc. 3—4

From (27) and (28), taking account of (24) and that C;° () == H} (Q) and
uye Hy (Q),wehave lim E,,(u,) =0, lim (¢ ||u, —t||};1 ) + E2 () =

n—> oo n—> -0
—E,(4,). Thus lim | u, — u ||z (o = 0.
n— 400
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