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SEZIONE I 
(Matematica, meccanica, astronomia, geodesia e geofisica) 

Algebra. — An application of commutator theory to incidence 

algebras. Nota di P A O L O L I P P A R I N I (•) presentata <**> dal Socio G. Z A P P A . 

RIASSUNTO. — Usando la teoria del commutatore in algebra universale, si dimo­
stra che una larga classe di algebre di incidenza sono polinómialmente equivalenti a mo­
duli su anelli con divisione. 

Commutator theory in Universal Algebra has been first developed in [8] 
for the case of permutable varieties; then it was extended in [5] to thé more 
general class of modular varieties. The commutator is a binary operation on 
congruences; in groups it corresponds to the usual commutator of two normal 
subgroups, in commutative rings to the product of two ideals. 

In this paper we give some applications of commutator theory to incidence 
algebras:^ is called an incidence algebra if it is non-simple and every non-zero 
principal congruence of ^ is an atom of Con °ll. The name comes from the 
fact that this happens if the geometry of congruence classes T ($1) is an inci­
dence geometry (see [7], in particular Theorem 1.7). 

Typical incidence algebras are modules over a division ring; we prove 
that, except for some pathological cases, all incidence algebras have essentially 
this form. 

Notations and terminology are standard, and can be found in the textbooks 
[1], [2] and [3]. The following definition is suggested by [4, 2.12] and [9, 
Lemma 7]; notice that we do not assume that ^ belongs to a modular variety. 

(*) Address: via Zucchini 8, I - 40126 Bologna - Italy. 
(**) Nella seduta del 14 gennaio 1984. 
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DEFINITION. Given a , p congruences of an algegra °U, the commutator of 
a and p, in symbols [a , p], is the least congruence ^of°U such that, for every x, 
y G An

 7 p 7 qG A, • with p $ q and xi a y t (0 <C i < w), *mJ -/or £*>£ry w + l-flO* 
term t: 

t(x,p)y t(y,p) implies t (x , q)y t(y , q) . 

F a ^ . (i) [p , V a J = 0 *// V [P , a J = 0 ; 

(ii) [ a , p ] S a A p ; 

(iii) [a , p] = 0 iff for every two finitely generated congruences a ' £ a 
and P' £ p, ft happens that [a' , P'] =^0; 

(iy) [* > *] ^ monotone in both arguments. 

PROPOSITION. If &^\<% is a congruence of an incidence algebra %> then 
[a , 1 J £=5-0. Moreover, [ 1 ^ , 1 ^ ] = 0 , if 1^ is not finitely generated. 

Proof. If a , b e A and ( a , i ) ^ a , then [a, Con ( a , J ) ] ç a p | Con (a , è)— 0, 
because ^ is an incidence algebra; moreover, since a ^ l ^ , 1^ t= 
= V {Con (a , i ) \ (a ,b)e a)} , and the first part follows from (i). Now the 
second part is an immediate consequence of (iii). —| 

From the arguments in the proof of [9, Theorem 2] it follows: 

LEMMA. If% belongs to a k-permutable variety and [a , a] = 0 , for every 
principal congruence a ofW, theni^^/) is permutable (hence, modular). 

THEOREM 1. If % e i^ is an incidence algebra and rT is a modular or a 
k-permutable variety, then °U is polynomially equivalent to a module over a division 
ring. 

Proof. In modular varieties the commutator is distributive over joins 
[5, Theorem 2.2], hence [ 1# , 1# ] . = V {[a , 1# ]' | a is principal} = 0 , because 
of the Proposition. It follows from [9, Cor. 2] that °li is polynomially equiva­
lent to a module over some ring, which is shown to be a division ring by standard 
arguments, using the fact that °U is an incidence algebra. 

If-J^ is /j-permutable, the Lemma, the Proposition and (iv) above imply 
t h ^ t ^ ( ^ ) is modular, and we fall in the preceding case. —| 

Theorem 1 says that an incidence algebra °tt is essentially a module over a 
division ring, provided that 9/ generates either a modular variety or a ^-per­
mutable variety. Nevertheless, we can still say something even if we know 
nothing about the variety generated by °U. 
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THEOREM 2. Iftf/ is an incidence algebra with permutable congruences, and 
either (a) Con °ll has height at least 3, or (b) in °U some non-zero principal congruence 
has a finite block, then °ll has an expansion polynomially equivalent to a module 
over a division ring. 

Proof. Because of [6, Prop. C] the congruence class geometry T {<%) is 
affine; we prove that it is also arguesian: if (a) holds, the dimension of Y (<%) 
is greater than 2, and the arguesianity follows from a well known geometrical 
result. If, on the contrary, Y (°ti) has dimension 2, but (b) holds, then Y {%) 
is a finite affine plane, which is arguesian because of [6, Lemma 5]. 

So, we may add a new ternary term t to %, in such a way that t(a,b,c)z=d 
—> —> —» 

iff bd =ba + be (in a coordinatization of Y (^)). 
If <%+ is the expanded structure, the congruences of % and <%+ are the 

same; and ^ + generates a permutable variety, as t satisfies the MaPcev identities. 
Since permutable varieties are modular, the hypothesis of Theorem 1 is satisfied, 
and %+ is an expansion of °ll polynomially equivalent to a module over a divi­
sion ring. —| 

It is an open problem whether [ 1 ^ , 1 J = 0 holds for every incidence 
algebra °tt. 
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