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Geometria differenziale. — Pontrjagin forms of quaternion mani-
folds. Nota di VasiLe OpPRroI1u, presentata ® dal Socio E. MARTINELLI.

RiassUNTO. — Si dimostra che per le varieta a struttura quaternionale generaliz-
zata integrabile, le classi di Pontrjagin sono generate dalle classi di Pontrjagin del fibrato
vettoriale fondamentale.

1. A quaternion manifold is a 4m-dimensional real manifold M carrying
an integrable almost quaternal structure. Such a structure was introduced
firstly in [4]. It has been shown, [3], that for the quaternion manifolds the
quaternion local charts are related by projective co-ordinate transformations.
On the other hand, studying the integrability problem in the geuneral frame of
the G-structure theory, the author has shown, [6], that the quaternion manifolds
have the property that the curvature tensor field of a torsion free adapted con-
nection has a special expression. This expression was obtained studying the
family of the torsion free adapted connections and finding an invariant tensor
field which resembles the projective or H-projective curvature tensor fields in
the real or complex cases. In this paper we show that the Pontrjagin ring of a
quaternion manifold is generated by the first Pontrjagin class, which, up to a
constant factor, is the same as the first (and only) Pontrjagin class of the funda-
mental vector bundle. In the case where the dimension is 4 the total Pontrja-~
gin class is trivial. If m > 1 there are situations where some combinations of
Pontrjagin classes are trivial but, generally, the Pontrjagin classes of a quater-
nion manifold may be not trivial. The typical examples of quaternion manifolds
are the quaternion projective spaces. Remark also the similar results obtained
in the case of the quaternion Kaehler manifolds of constant Q-sectional curva-
ture [5].

2. 'THE CURVATURE INVARIANT.

Let us recall the results of [6]. Consider a 4 m-dimensional manifold M
on which it is defined an almost quaternal structure. That means that there
exists a (fundamental) vector sub-bundle V, with fibre dimension 3, in the bun-
dle of (1,1)-type tensors on M, having canonical bases, i.e. for every point pe M
there exists a neighbourhood U of p and 3 tensor fields F;, F,, F, of type (1,1),
sections of the restriction of V to U, satisfying:

(1) Fi——1

; F,F,=—F,F,=F,.

)
~
a

(*) Nella seduta del 14 gennaio 1984.
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Throughout this paper (a, b, ¢) will be a cyclic permutation of (1,2, 3).
The tensor fields (F,), (F.) defining canonical bases of V on U, U’, respec-
tively, are related on U M U’ by:

3
AN N |
Fa—zsabe
b=1

where [s;;] € SO (3). The structural group is G =GL (m , H). Sp (1) where
Sp (1) = SO (3) and GL (m, H) is the (real representation of the) linear group
of square non-degenerate matrices of order m with entries quaternions.

If N, is the Nijehuis tensor field of F,, let:

N=N; +N; + N,

and let o, be the 1-form defined by:
1
oy (X) = ) trace (Y — F, N (X, Y)).

Remark that:
3
E o, (F; X)=0.
a=1

There exists a torsion free adapted connection to the almost quaternal
structure if and only if:

@) NX, V)= {a(Y)F, X — o, (X)F,Y}.

a=1

An adapted connection is a linear connection V on M preserving V:
(3) VXFa—_—'*“A’]b(X)Fc'i_"]c(X)Fb

where v, 7,5, 7; are locally defined 1-forms associated with V.

If V is torsion free, adapted, the family of the torsion free adapted connec-
tions is given by the formula:

#) Vx Y=Vx Y+ oX)Y+o¥)X— };3; {0 FX)F, Y+ o (F, Y)F, X}

a=1

where © is a 1-form, globally defined on M. The corresponding local 1-forms
g are:

e (X) =14 (X) — 2 & (F, X) .
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The curvature invariant of the almost quaternal structure is the Weyl
Q- projective tensor field corresponding to the transformation (4):

6) WX, VZ=REXYZ+{QXYV)—Q¥,X)}Z+Q(X,2)Y—

—Q(Y, Z)X—~~-Z3 {Q(X,F,Y)—Q(Y,F,X)}F, Z —

a=1

-{iQ(X’FaZ)FaY_Q(Y»FaZ)FaX}
a=1

where:

o 1 m+3
© QY= ol SOVt e S (S (X, Y)
FS(YV, X))~ L Y {S(F.X,F, V)8 (F, Y, F,X)}

m(m—l—Z) a=1

S(Y, Z) =trace (X - R(X,Y)Z)=the Ricci tensor field of V.

The almost quaternal structure is integrable if and only if N is given by
(2) and W ==0.

3. THE CURVATURE MATRICES OF QUATERNION MANIFOLDS

ProrosiTiON 1. Let V be a torsion free adapted comnmection to the almost
quaternal structure. Then there exists an adapted torsion free commection with
symmetric Ricci tensor field.

Proof. 1f V,V are related by (4) then:

S(X,Y) =S (Y, X) =8 (X, V) — S (Y, X) — (4m-+4) {(Vx 0) (V) — (Vy 0) (X)}
Since V is torsion free:
(Vx ©) (Y) — (Vy 0) X) =do (X, Y).
Due to the first Bianchi identity we have:
SX,Y)—S(Y,X)=-—trace R (X, Y).
The 2-form trace R (X, Y) is exact since it represents in the de Rham

cohomology of M the 2-dimensional Pontrjagin class of M and this class is tri-
vial. Thus:

trace R (X, Y) =du (X, Y)
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where « is a 1-form globally defined on M. Then:

SX,Y)—S(Y.X)=d[—a—(¢4m+4)e]X,Y).

Taking o = _.:l o the proof is over.

4m +4

From now on we suppose that the Ricci tensor field of the torsion free
adapted connection V is symmetric. Then Q itself is symmetric:

2m +3 S(X,Y)— 1

) QX,Y)= Sm(m +2) 8m(m +2) > S(F.X,F,Y).

a=1

Suppose that M is a quaternion manifold. Then:

(7) R(X,Y)Z=—Q(X,2)Y+Q(Y,2) X+ {Q(X,F,Y)—

a=1

—Q(Y,F,X)}F, 2 +ﬁ; {Q(X,F,Z)F,Y—Q(Y,F,Z)F, X }.

a=1

Let (U,x!,...,x') be a local chart on M and denote by Q —[Q}]
the curvature matrix associated with R in this local chart. 'The entries of Q
are the curvature 2-forms:

1 . ) . [ , ) )
(8) O = Ry /dei\da’=5/Q,1 dvi A da +Qui X (F)} (Faﬁ} da \ da

Qin{ i (Fo) (Fo)? } dat A da? .

a=1

Denote by F, the matrices associated with F, in the given lacal chart.
The following 2-forms, locally defined, are useful:

1
—_ t F, Q.
(9) Pa i race e

Using the expression (8) of Qj it follows easily:

99 o= (Fo) Qp, da A da .

PROPOSITION 2. The 2-forms ¢, are related to the local 1-forms v, associated
with NV by the formulae :

(10) d"?a"*"ﬂb/\nc:'—‘z@a'
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Proof. Using the definition R (X, Y) =Vx Vy — Vy Vx —Vx,y; it follows
easily from (3):

REX, V) F,—F,RX,Y)=—(dnp+n, A ns) (X, Y) F, +
+ (dne +1a A o) (X, Y) Fo

On the other hand, using the expression (7) of R we have:
(1)  REX,VN)F,—F,RX,YV)=2¢,(X,V)F,—2¢,(X,V)F,.

The relation (10) is now obtained easily.

Remark. Using, the 2-forms ¢, introduced above we obtain:

3 3 N
(8" Q= — 3 (Fo)p 9a+ 8, Qyp dai A dad + Qi,,{ > (Fo) (Fa)',:} dat A dat.
a=1 a=1i

REMARK. Due to the symmetry of Q we get trace Q =0.

The following relation will be useful later:
(12) Qu{(Fo) (Fofp — (F o (Foke} dat A dof o= — (Fy Q)+ 90 8} — 00 (F )i +

+ 9o (Fo)i+ {(Fo) Quyt 87 Qi (Fo)p} dat A doe? .

Recall also that the first Bianchi identity satisfied by R is expressed in terms
of the curvature matrices Q as follows:

(13) Q) A dak=0.

4. PONTRJAGIN FORMS.

The ring of the Portrjagin forms of the manifold M can be generated by
the closed exterior forms obtained from det (I 4-(J— 1/2 ©) Q). The cochomo-

logy class of det (I +(} — 1/2 =) Q) in the de Rham cohomology of M is the
total Pontrjagin clase of M. Recall that the same Pontrjagin ring can be genera-
ted by classes defined by the closed forms trace Q, trace Q2, ..., trace Q2
globally defined on M. 'The forms trace Q%71 are exact on M, thus the cor-
responding Pontrjagin classes are trivial [1]. To obtain our result we shall use
the expression (8) of the curvature matrices and the properties (11), (12).

LemmA 1. For every quaternion manifold we have:
3 3
1) YAG——3 N @) +2( Del)stt
a=1 a=1

3
+ 2 3 @a A {8 (Fali Q + (Fo)! Qus} da? A do .
a=1
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Proof. Use the expression (8') of Q and the property (13):

3 3
O A QO =— 37 9a A QF (Fo)p +2 21 ?a A {(F o) Qj (Fo)p —
=

a=1

—(FYQy (F } di A i

Then, using (11) and (12) we get the desired result.

COROLLARY.

3
(15) trace Q*=4(1—m) ) o;.

a=1

This is obtained easily from the above formula for Q2

It follows that for m =1 the total Pontrjagin class of M is 1. In the case
of the quaternion projective line P* (H) this is obvious since it is diffeomorphic
to the 4-dimensional sphere S%

LeEMMA 2. For every quaternion manifold we have :

3 3
(16) Qs=—3(2<p,,Fa)/\ 223 92p Q.

a=1 a=1

Proof. Using the result of Lemma 1 we have:
3 3
@f=—3 % e A O FA G +2( X o2) A O+
a=1 a=1
3

+2 3 0a A {Qf Adat (Fo), Qi+ QF (Fo) A daf Quy } A da?
' a=1

Then, due to (13) and (11) we get:
3
(Qe=—3 3 90 AM{F) L+ 2ouF); —20.(Fo)i} A Q% +

3 3
+2( 2 A 0k +2 3 00 A (F O+ 20, (R — 2 0 (R Qudeindr
a=1

a=i

Doing the necessary cancellations we obtain the result.

COROLLARY.

17) trace B=0.
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3 3
We have trace Q* —=— 3 3 o, A trace (F, Q%) +2 < > (pi) A trace Q.
a=1 a=1
But trace Q =0, then, from Lemma 1.

(18)  trace F,Q2=13 ¢, A\ trace Q — 3 ¢, A trace F, Q + 3 ¢, A trace F, Q=

=—12moyNo, +12¢, A\ ¢,=0
since trace F,=0 and 9, A 9,=¢, A ¢p.

For convenience denote:

19 2= o,F,.

a=i

Then « is a vector valued 1-form and it follows easily:

(20) ocz=~—<§: qoé)I.

a=1

With this notation the result of Lemma 2 can be written as:
(16") WB=—3a N Q2—202)N Q.
Now we may state our main result:

THEOREM 3. For every quaternion manifold we have:
3
trace Q% = (— 1)k_1 4 (22k~1-—- m— 1) ( Z cpg >k ; trace Q2k+1— () .
a=1

Proof. First we obtain by induction the following formula for the powers
of Q:

(1) QF—=(—1F Q2F1—1)ak2p Q1 (— 1)t (2F1—2) k1IN Q ;> 3.

In fact, for k=3, due to (19) we have the result of Lemma 2. If (20)
is valid for %, then using (16'):

Qe (— 1) (282 — 1) ok 2 A (—3a A Q2—2 02 A Q)+ (— 1)
+ (2k~1__ 2) okl A Q‘a:(___ 1k+1(2k __1) o1 A Q2 (_1)k +1 (zk_z) ak AQ

which is (21) for Rk — %k + 1. Next we have:

3 3
trace Q%= (2% —1)(— 1)k < ), 92 >k'1 A < > o, A trace F Qz) —

a= a=1

-

3
— (28— 2) (— 1)* < Z‘Pi)k/\ trace Q=0
a=1
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due to the corollary to Lemma 2. Then:

3 k-1
trace Qk — (2271 1) (— 1)F2 < Z cp;’;> N trace Q% +

a=1

SV
+ (2871 — 2) (— 1)k ( a; cp‘f,) A <§1 o, A trace F, .Q) —
=g —m @) 36 ) e nemEe -

—o( %e) = —nn( Ba)

a=1

Thus, it follows that the Pontriagin ring of M is generated by the de Rham
3

cohomology class of the fundamental 4-form 3, 2 which, if m> 1, may be
a=1

replaced by the first Pontrjagin form trace Q2 If m =2%-1—1 we obtain
the interesting result trace Q% =0, the other forms being not trivial. The

corresponding Pontrjagin classes may be not trivial. In the case of the qua-
3

ternion projective spaces the form ) ¢% is closed but not exact. In fact,

a=1

3
<, IR )m is the volume 4 m-form of M, multiplied by a constant. Thus, in

a=1

this case, the Pontrjagin classes are, generally, not trivial.
The usual Pontrjagin classes are represented by the 4k-forms w;, defined by:
1—m +m—myt .. =det [+ (j—1/27) Q).

The relations with the generators trace Q2?, trace Q*, . are given by

k3
2k i+ D (2w A trace QF=0.
=i

If m =2%-1—1 the forms =, may be not trivial. The first few forms
T are:

3
151:——;— (2 ‘TC)_2 trace Q2=_2(2 7'5)—2 (1 _m) Z <p§
1 23—m——1> )
— = (o 4T
" ( + (m—1)2/

1 3 22—m—1 25 —m—1
= (1 4+ —_— 3,
=T < 3 (m —1)? z(m——1)3>nl

Finally, we should obtain the ielation between the fundamental 4-form

]

>, @ and the 1-forms », corresponding to the connection V .
1

a=



VasiLe Oproi1u, Pontrjagin forms of quaternion manifolds 27

From (10) we get:

3 3 q
20 0= X (dnatmp Ano)= 3% (dng +2dna Ay A o).

a=1i

Then. the 2-forms dv, + 7, A 7, can be considered as the curvature 2-forms

of a linear connection on the vector bundle V and »; (dn,+ 7, A n.)*is, up
a=1

to a constant factor, the first Pontrjagin class of V. In fact the connection

V defines a linear connection on V, whose local connections forms with respect

to the local basis (F,, F,, F;) are components of the matrix:

0 Ns — N2
— "3 0 N
N2 — M 0

The curvature matrix with respect to the same local basis is:

0 d"’)z 0 A e _ (d”)z + 15 A m)
0= — (dns +m A M) 0 dng +n2 A s
(dns + 25 A m) —(dny +n2Ams) O

The first (and only) Pontrjagin class of V is represented, up to constant
factor, by the trace @2:

3
trace @2=—2 > (dn,+ 15 A ,)%.

a=1

Thus the Pontrjagin classes of M are generated by the Pontrjagin class
of V.

REFERENCES

[1] Bort R., GITLER S. and James I.M. (1972) — Lectures on algebraic and differential
topology, «Lect. Notes in Math. », 279, Springer-Verlag.

[2] Kraines V.Y. (1966) — Topology of quaternionic manifolds, « Trans. Am. Math.
Soc. », 122, 357-367.

[3] MARcHIAFAVA S. (1970) — Sulle varieta a struttura quaternionale generalizzata, « Ren-
diconti di Matematica», Roma, 3, 529-545.

[4] MarTINELLI E. (1959) — Varieta a Struttura quaternionale generalizzata, « Atti Accad.
Naz. Lincei», 26, 353-362.

[5] Oproru V. (1982) — Pontrjagin forms of quaternion Kaehler manifolds of constant
Q-sectional curvature, « Tensor », 38, 298-302.

[6] Oprowu V. — Integrability of almost quaternal Structures, to appear, An. St. Univ.
«Al. I. Cuza», Iasi.



