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Fisica matematica. — Uniqueness theorems for steady, compres­
sible, heat-conducting fluids : exterior domains <*). Nota II di M aria- 
rosari a Padula (**), presentata <***> dal Socio D. Graffi.

Riassunto. — Si fornisce un teorema di unicità per moti stazionari regolari di 
fluidi compressibili, viscosi, termicamente conduttori, svolgentisi in regioni esterne a 
domini compatti della spazio fisico.

§ 1. This note continues the problem stated in note I concerning unique­
ness of steady, compressible, heat-conducting, ideal polytropic fluid flows. 
Precisely, whereas in note I we considered motions occurring in a bounded 
region, here we prove a uniqueness theorem for regular motions occurring in 
a domain Q exterior to a compact region Q0 of the physical three dimensional 
space R3 (the case f i = R 3 is allowed). The boundary 9Q is assumed rigid 
and of infinite thermal conductivity (velocity and temperature ascribed). The 
smoothness assumptions on solutions are the usual ones [1, 2] and include sui­
table differentiability and summability hypotheses on the solutions together 
with the existence of a strict positive lower bound for the density on each com­
pact sub-region of O and for the temperature on the whole of Q. Moreover, 
we shall make the following assumptions on the density p: either i) p (#) =  
=  0 ( |  x |~2); or ii) pe L3 (Q). It is worth remarking explicitly that assump­
tions i) or ii) on p allow the finiteness of the total mass of the fluid, unlike the 
case of the uniqueness for unsteady motions where, up to data, the total mass 
must be infinite just as a consequence of the behaviour assumed at infinity on 
p [3, 4]. Finally, as observed also in note I the hypotheses on the fluid to be 
ideal and polytropic are by no means restrictive.

The plan of the work is the following. In section 2 we give some preli­
minary lemmas and define the regularity classes , y 2 where uniqueness is 
proved. In section 3, we prove the uniqueness theorem which is stated in terms 
of suitable nondimensional parameters.

We end by noticing that, though the classes and «/2 are non empty, as 
shown in section 2, it would be desirable to provide existence in it. However, 
unlike the case of a bounded domain, this question appears more difficult in 
this case because one has io prove suitable decay to zero at infinity for the 
solutions.

(#) Work performed under the auspicies of G.NF.M. of the italian C.N.R. 
(##) Indirizzo dell’autore : Istituto di Matematica «R. Caccioppoli », via Mez­

zocannone 8, 80134 Napoli.
( • • • )  Nella seduta del 23 giugno 1983.
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The uniqueness problem has already been stated in note I and therefore 
it will be omitted here. Furthermore, if no explicit mention is made, we shall 
use the same notation.

§ 2. We begin this section by introducing some notation. We set

g ( r) =
3 I x\  s= r <  1 

I x i r >  1.

Moreover, H denotes the Hilbert space of functions w : Q —* R vanishing on 
the boundary such that

|| w ||2 =  j  g (r) w2 d  ̂ +  j (Vw)2 dx . 
n a

As can easily be verified [5] the space H coincides with the completion of the 
set of indefinitely differentiable functions in Q with support compact (CS° (Q))

with respect to the norm j  (V^)2 dx. Concerning the space H we have the 
following embeddings. ci

Lemma 1. H G L6 (£2), i.e. there exists a constant c0 such that

\ w \ Q< c 0 \ Vw |2

where \ • \p denotes the usual JJ-norm.

Lemma 2. For any w e  H it holds

j  gw2 dx <  4 j  (Vw)2 dx .
ô a

The proof of such lemmas can be found in [6].

Remark 1. If ü 0 is star-shaped lemma 2 is a particular case of [7], lemma 1.

Lemma 3. For any cj> e L2(£2) such that j  <J) d# =; 0, there exists at least 
one function cp e H verifying q

V . ip =  <j) in Q, ,

I Vcp |2 <  c j § |2

with c positive constant depending only on the regularity of 30.

The proof of such a lemma is given in [8]. '
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Let us introduce, now, the two regularity classes where uniqueness will 
be proved.

=  {(p > v , 6) e [Cj (£i)]6 and (p , v , 0) G L2( Q ) x H x H  such that mQ<  0<  k ' 

I — V • (v/2 p) +  v-Vp^1 I <  k! k[ , I v I <  k  ; I V log p |8 <  k[ , 

max { I p |8 , I v |6 , I pv |8 , I V-©|8/a, |pV-f> |S/a} <  k'}

•/* =  {(p , v , 6 ) e  [Cj (Ü)]6 and (p , i>, 0) e L2 ( Q ) x H x H  such that

mQ <  0 <  k", I — V • (W2p) +   ̂ • Vp”1 I <  kn k'i ; for r =  | x | >  1 :

I v/p \ (x) <  k" r y 0 <  p (#) <  k" r~2 , I V log p (x) \ <  k, r~x ,

I v  (#) I <  krr r~x, | V© (*) | <  k" r ' 1} .

§ 3. By a'i, i — 1 , • • •, 4, b \ , i — 1 , 2 , 3 ,  and y' (resp. a \\ b'f, y") we 
denote the constants aiy biy y introduced in section 2 of note I when we replace 
k , k[ , v , b with the quantities k  , k [ , c0 , V — | / 13 (resp k" , 2 , bn ==
=  s u p ( |/ |r ) )  respectively. We are, now, in a position to state the main
theorem.

U niqueness theorem . f e  C° (O) n  L3 (O) (m/>. f e C ° ( Q )  and
sup ( J  / 1 r) <  +  co) and the numbers a'i, b \ , R , M , Pr , k [ , y' (ra*̂ >.
R , M , Pr , k'i , y") verify the following relations

y' M2Imq <  min {1 /8 c , l/6^i}

R <  min { 1/6Co &'2, l / [ 4  +  8 (2a, +  a'3) (2b'2 +  b'3)]}

Pr <  min {1/2 R i{ , 1/8 b'3) 

k'ilmQ <  1/6 (a, +  a'2) .

(resp. the analogue of (2) when the substitution a'i —>• a" , —> b'i, h! kny
k'i ->  c0 —* 2 w made). Then there exists at most one solution (p , v  , 0) g ^  
(mp. 1/ 2 ) problem & (cf. Note I.)

Remark 2. It is interesting to note that, unlike the unsteady case [3, 4], 
where uniqueness is achieved provided the density is bounded below by a 
decreasing function of r, here we must require that p is bounded above by an 
analogous function of r.



M ariarosaria Padula, Uniqueness theorems for steady, ecc. 59

Proof. The proof will be given per absurdum. The starting point is again 
equation (6) of Note I, namely

; Rpi-Vw +R[pw+p'(v+w)]• —A —l)vv*M—RM 2VP'+R?rf

KPr(cvlc9) { p v  • VO' +  [pu +  p'v] • VO} — AO' =  — RPr (R*lcp) •

I - ( p V - u + p ' V - v )  +  Pr(» — 1) [(V• u f  +  2 V • vV -u +

J +  2P r[D ':D ' +  2D  :D ]

V-(pt* +  p' v) =  0

u |an — 0' |an =  0

j j p' dx — 0 .

Let us multiply relations (3)1>2 by u and 0', respectively. Integrating by parts 
over Q and taking into account (3)3>4, we deduce

where Fi? i =  1 ,2  , are given in Note I. Notice that the summability hypo­
thesis made on elements of (resp. Jf) is sufficient to ensure the finiteness 
of all integrals above. Multiplying by ip e H equation (3)j and integrating over 
£2 we have

+  J Vu : V<p dx +  (ft— 1) j V uV <p dx +  RJ {(pw +  p' v ) V < p v  +
a à o

+  p£ • V<p • u} dx .

Now, we let V • <p varying in L2 (Q) with | V • îP |3 == 1 > by lemma 3 and 
lemma 1 (resp. lemma 2) and hypothesis (2)4 we deduce as in Note I.

(6) I p' |2 <  (8 kr cJ7 mQ) I V0' |2 +  (8 M*/7 RmQ) (» — 1) | V • a I, +

Q a Q,

+  (8 M2 d 7 RtnQ) [1 +  2 Rc0 kr*\ I Vu |,

(resp. an analogous relation is valid in */2 when we make the replacement 
k' ~>k'f, c0 —>2). Let us study, now, equations (4). To this end, employing
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(3)3, Holder (resp. Schwarz) inequality and lemma 1 (resp. lemma 2), we 
deduce the following relations

j e Py - u d x  < k r k'i\ p' |2 (c0 1 v *  |2 +  I p' l.)
Q

Tlh'
Fx <  R (4 V +  A'*) | p' I, | Vu |2 +  Rk'* co | V u \t +  | ve' |2 V-u |2

F2 <  Pr ( - ^  +  4 *') co | Vu |2 1V0' |2+ P r +  2kr («■ - 1 ) )  •

•I v -u  |21 ve' |2+  RPcA'2 ^ Cv+ R— °-j | p' i, | v e ' [ , + R P ^ '2à R* •

• IV0' \ì/cp +  Pr 2 k' | Vu |2 +  Pr k ’ (&— 1) | V-u |2 .

Substituting these relations in (4), using inequality | V • u |2 <  3 | Vu |2, and 
employing (6) and (2) we deduce (as in Note I)

/  5 _  W j h  _  ! Vm |2 ^  I Vm J I v e , I _|_ Ra; IV0̂  J*
\ o mB /

(1 — RPr b[) I V0' \l <  Pr b'2 I Vu 11 +  Pr b’3 \ Vu |2 |V6' |2 .

Such latter inequalities are just the analogue of (14) in Note I, when substitu­
tions üi -> a'i, bi~> b'i are made. Consequently, we obtain uniqueness in the 
same way as in Note I, in the case of a bounded domain.
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