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Geometria algebrica. — Stability of pencils of plane quartic curves.
Nota di Epoarpo Barrico ® e PaoLo OLIVERIO ®), presentata +*) dal
Corrisp. E. VESENTINI.

RiassunTo. — In questa nota si danno dei criteri per la stabilita di fasci di quartiche
piane.

INTRODUCTION

In this note we study the classification of pencils of quartic curves in P?
(over an algebraically closed field k of characteristic 0), up to projective equiva-
lence. The general problem of the classification of all pencils of quartic curves
in P2 (or of cubic curves as well) is not covered here: it seems to be very long,
boring and probably useless. Our aim is more restricted: simply we give a
criterion fo. a pencil of quartic curves in P2 to be unstable or semistable or pro-
perly stable in the sense of Mumford’s Geometric Invariant Theory [2]. Thus
we extend the work of R. Miranda [1] on pencils of cubics. The criterions are
actually sufficiently powerful and expressed in a geometric language to say in
a few minutes if a given pencil is unstable or properly stable. In particular we
have given many examples of properly stable pencils with a fixed component,
even a cubic as component. Perhaps this work may be applied to invariant
theory of pencils of curves of genus 3, since every non-hyperelliptic curve of
genus 3 has a canonical embedding in P? as a quartic curve. But this part is
not so easy, since there are a lot of properly stable pencils of quartic curves
without non singular members. Thus this problem is not considered here.

0. PRELIMINAIRES

Let % be an algebraically closed field with ¢k (k) =0. Let V be a 3-dimen-
sional vector space over k and x,y, 2z a basis of V. 'The projective space
P14 ~ P (54 V*) is the parameter space for the quartic curves in P2 Let
G (1, 14) be the Grassmann variety of line in P*; a point of G (1, 14) corre-
sponds to a pencil of quartic curves in P2, G (1, 14) is naturally embedded in
P o~ P (A2S34V¥) via the Plucher co-ordinates. Let A == Za;;x®yf 2+
and B=2Xb,;x%y’ x4-*-7; the pencil spanned by A and B has Plucher co-
ordinates m;y;==a;; by; b;;.  The algebraic group SL (3)==SL (V) acts

(*) Scuola Noramale Superiore di Pisa. The authors are members of G.N.S.A.G.A.
of C.N.R.
(*¥*) Nella seduta del 23 aprile 1983.
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linearly on V,V* G(1,14) and P4 If geSL(3) is in a diagonal form
with gx =ux, gy = vy, gx = wz, we have g (m; ;) = u™* v/t gqp-t-i-F1gm, ...
Now we need the standard definitions and results of Mumford’s Geometric
Invariant Theory. For more details and the proofs, see [1], [2], [3], [4].
Let G be a reductive algebraic group defined over k,ch(k)=0 (for exam-
ple SL(r),r =1). Let W be an n-dimensional representation of G, and let
x be a vector in W. Let G-x denote the orbit and G, the stabilizer of x.

DEFINITION 1.
i) x is unstable of 0 & G- .
it) x is semi-stable if 0¢ G-x ie. if » is not unstable.
1) x is properly stable if G-x is closed and G, is finite.

) « is strictly semi-stable if x is semi-stable but not properly stable.

Let P (W*) be the projective space of 1-dimensional subspaces of W. A
point p of P (W*) is called unstable (semi-stable or properly-stable) if any non-
zero vector x of W representing p is unstable (semi-stable or properly-stable
respectively).

Let W5 and Wgg be the open cones of properly stable and semistable vec-
tors of W, and let Ps (W¥), pss (W*) be the open sets of stable and semi-stable
points of P (Wx).

TreorREM [2, THEOREM 1.10]. Let W be an n-dimensional representation
of G, inducing an action of G on P(W*). Let Y < P(W*) be a closed
G-invariant subscheme of P (W*); Y is then a projective scheme on which G acts.
Put Yes =Y N Pss (W*) and Ys=Y 0O Ps(W¥*). Then:

a) an universal categorial quotient (X, ) of Yss by G exists and X is a
projective scheme;

‘
|

b) there is an open set Xg of X such that (Xs, n|Ys) is a univesal
geometric quotient of Ys by G.

In particular the points of Xg == (Ys) classify the orbits in Yg; two orbits
in Ygg are identified in X if and only if they have the same closure in Ygs.

Stability is not only an interesting notion for invariant theory, it is also a
computable one in many interesting cases. This is due to the existence of a

strong numerical criterion for stability due Mumford (and in particular cases
to Hilbert).

DerinNrTiON 2. Let W be a linear representation of GL (1). Since GL (1)

is reductive W splits into a direct sum of eigenspaces W= @& W, where the
neZ

action of GL (1) on W, is given by the scalar multiplication by #*. For any
xe€W we have x==2x, with x,e W,. The weights of x with respect to
this representation are the set of integers # such that x, 7% 0.
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DeriNiTION 3. Let W be a representation of an algebraic group G. Let
A :GL (1) -~ G be a l-parameter subgroup of G; and let x be a point of W.
The A-weights of x are the weights of x with respect to the representation of
GL. (1) on W induced by A. The same terminology is used for a point p
in P(Wx).

Now we state the fundamental numerical criterion of stability.

TueoReM 2. [2, TurorREM 2.1]. Let G be a reductive algebraic group acting
linearly on the vector space V and let x be a vector in V. Then: '

a) x is unstable if and only if there exists a 1-parameter subgroup ) of G
such that the )\-~weights of x are all positive;

b) x is semistable if and only if no such 1-parameter subgroups of G exists;

c) x is properly stable if and only if x has both positive and negative
weights for every non-trivial 1-parameter subgroup of G;

d) G-x is closed (i.e. in the terminology of [2] x is stable) if and only if
for every 1-parameter subgroup » of G, either the \-weights of x are both positive
and negative or 0 is the only h-weight of x i.e. A stabilizes x.

Theorem 2 means in particular that an orbit G- x is closed if and only if
for every 1-parameter subgroup )\ of G the h-orbit of x is closed. Since every action
of GL (1) on a vector space can be diagonalized, Theorem 2 is an effective tool as
we shall see in the next section 1. Now we are able to say when a pencil H of quartic
curves is unstable or strictly semistable. By Theorem 2 a pencil H is unstable if
and only if there exists a l-parameter subgroup ) : GL (1) —> SL (3) such that
the weights of H with respects to N are all positive. Suppose this happens.

We may choose a basis x,y,% of V such that in this basis A has
a diagonal form: A(t)(x,y, 3)=("x, t”y, t*2) with after permuting
the coordinates, r, >, >r,, v, >0 and r,+47,4+7,=0. We have
A (8) (my jpg) == (F=CHRFHOFDITCi=i=b=D o). The weights of the points
(m; 1) € P** with respect to  are the exponents of ¢ in (1) for which m;, is
non zero. By setting 7, —=-—7r, —r, the exponent is:

rpQit2h4j+1—8) 41, (2j+ 20+ i+k—8).

We have r, >r, >—r,—r,; put r==r,/x,; r is a rational number with
— 12 <r <1

Consider the map e;3,:[—1/2,1]N Q—>Q given by e ()=
=Q2i+2k+j+1—8 +r2j+21+i+k—8). Now from Theo-
rem 2 we immediately obtain the following criterion:

ProrosiTiON 1. H is an unstable (vesp. non properly stable) pencil if and only
if there exists a rational number vre[— 1/2,1] and coordinates in P? such that
if H is represented by the point (m;;,) in these coordinates m,;,— 0 whenever
e (r) <0 (resp. e;jy(r) <0). The conditions e;;(r) <0 or e;;,(r) <0



E. Barrico E P, OLiveRrIO, Stability of pencils of plane quartic curves 237

for all i,j,k, 1 subdivide the interval [—1/2, 1] into then intervals with end
points —1/2 , —2/5, —1/3, —14,—17,0,1/6 ,—1/3,1/2,2/3,1.
Furthermore not all conditions are independent. It is sufficient to check the
condition of Proposition 1 for instability for only one rational number r in each
of the intervals (—1/2,—2/5), (—1/7,0), (1/3,1/2), (1/2,2/3); for non
proper stability we have to consider also r =0 and r=1/2. Thus we obtain
the following explicit criterion.

PropositioN 2. A pencil H of quartic curves is unstable if and only if there
exist homogeneous coordinates in P2 such that if (m,;,) are induced Plucher coor-
dinates of H, then one of the following sets vanishes:

Case a) My 5 Mooz » Monos » Mogoa > Mooto > Moon » Moz > Moors » Moozo > Mooz »
Mooz 5 Mooz > Moros > Mot0a > Mono > Moy > Monz » Moz > Moyao > M2 > Moz » Mozo3 »
Moz04 5 Moz10 > Moz11 » Moz212 » Mo21s » Mozzo > Moz 5 Mozae » Mozoa » Mos10> Mosii > Mosiz > Moaia »
Mos20 » Mosa1 > Mosaz » Moaro 5 Moann » Moz > Moms > Moazo 5 Moazy » Moazz > Monr > Mhorz »

Mo13 » Mz s Mg > Mg -

Case b)  mggy; , Mooz » Moons > Moona » Monto » Moort > Mootz » Moors » Mooao > Mooz »
Mooz 5 Myoz0 » Mooz1 » Moroe » Mores » Moroa » Morio > Moanx > Monz 5 Monrs » Morze 5 Mozt »
Mogaz2 » Mooso » Mooz > Moree » Moros > Moros > Morro > Mo > Monz > Monrs 5 Moreo - Mppay >
Mor2 > Mors0 > Mooz > Mozoa 5 Mog1o » Moana » Mozz » Moz » Moo 5 Mogzy > Mogea » Mzps »
Mos10 5 Mozny » Moziz > Mosziz s Mogao » Mgzt » Moanr » Moarr » Moarz » Moaze > Mhon » Mo »

Moz » Maozo > Mioso » Moz > Myazr » Mz » Myngo -

Case ¢)  Moo1 5 Moo » Mooos > Mogoa s Moozo s Moorr s Mootz s Mootz » Moozo » Mooz1 »

moozz(» Mooz » Moos1 » Mooso > Moroz » Mor03 5 Mor0a 5 Morzo > Morr > Monrz > Mons » Morzo »
i

Myyar » Moz > Morso > Moast > Mosos » Mozoa » Mogio » Mears » Mose s Mooso 5 Mozay > Mgzg »

Moz10 > Mosin » Mosa0 > Momo > Maonr » Mhaorz > Maors » Maozo 5 Maoor > Mhaoz2 5 Moso » Mne »

Myys0 » Mo s Moo -

Case d) Mgy 5 Mogee 5 Moges » Mg > Mooto > Moot s Mooz > Moora > Moozo > Mooz >

Mooz » Mooso » Mooar » Mooso > Moro2 » Moros » Motoa > Moo s Mornr 5 Monrz 5 Monng 5 Morzo »

Mooy » Moroa 5 Morgo » Mozt > Morao > Mogos 5 Mozio > Mopnn » Mozsa 5 Mlgzao » Mozn > Moo »

Mosio 5 Moz > Mozao » Mowro » Mionr » Moz 5> Maors » Mozo 5 Maen > Mhoze 5 Maoso 5 Mhoat »
My112 5 Myago 5 Mangy 5 Miago s Magep » Mogay -

In case a) any re(—1/2, —2/5) will show that H is unstable, in

case b) we take re(—1/7,0), in case ¢) re(—1/3,1/2) and in case d)
re(1/2,2/3).
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PropositioN 3. A pencil H s not properly stable if and only if either it is
unstable or there exist homogeneous coordinates of P2 such that if (m;;,) are the
Pliicher coordinates of p, then one of the following sets of m;;.;’s vanishes:

Case e) My , Mooz > Mooo3 > Moooa > Mooto > Moorr » Moosz » Motz » Moo > Moozt »
Mooz > Mooso » Moozt » Motz 5 Moros > Moroa » Moro 5 Morr » Monrz » Moz > Moo » Moza1 »
Maroo 5 Maso » Mozos > Mozoa  Mooro - Moena > Mo » Mozas > Mozao > Mozz 5 Mosoa > Mosio »

Moz > Moz12 » Moz > Moaro 5 Moanr » Mhon > Maoiz » Maes » Moz > Mozt » Maae » Mzo »

Case ) Mooy, Moose > Mosos > Moooa > Mooto > Moonr » Moorz > Moors » Mooz Mooz »
Mooz 5 Mooso » Meost » Mooso » Mor02 > Moros » Moroa » Moro » Momr > Monz » Mous > Morzo »
My1 5 Moraz 5 Moyzo > Moz » Mozoz » Mozio > Mogis » Moz1z » Mozso 5 Moger 5 Moz > Mozi0 »

Mos11 > Mogeo > Mogro > Mot » Moz > Mhos > Moz > Mooy > Moz Mhoso Mz - Mg s

My > Mo -

For case ¢) we consider » =0, for case f) we consider r ==1/2.

Now we can give a more geometric form of the conditions above for insta-
bility and non properly stability. In fact we show that we may choose coordi-
nates and 2 generators A, B for the pencil H such that the equations fa, fs
of A and B are very simple and in particular they must have a lot of zero coef-
ficients. We have 15 monomials of degree 4 in the variables %, ¥, 2; a notation
ge(w, -+, ws) where w; is a monomial of degree 4 in the variables %,y , 2
means that ¢ is in the linear span of the monomials @, ,---,ws; a notation
ge(w, -, ws) where w; is a monomial of degree 4 in x,y, 2 means that g
is in the linear span of the monomials of degree 4 different from w,,- - -, ws.

Take two quartics A, B generating an unstable (or non properly stable)
pencil H. Choose coordinates &,y ,2 such that one of the vanishing
conditions of Proposition 2 (or of proposition 3) is satisfied. Consider
the equation fj==2Xa;; &%yl x4, fp==2b,;x'y/ 2*4 of A and B. Since
M1 == @y by — a3 by, each set of vanishing conditions gives equations invol-
ving the coefficient a,;; and by;.

These equations are easily seen to be equivalent to the vanishing of certain
of the coefficients of some pair of quartics A, B’ in the pencil H. The proof
consists in high school algebraic manipulations and thus it is omitted. As an
example of how to do the calculation we conSider the condition given by the
first 13 coefficient in case b): my,; with (k, 1) 7% (4,0). Either agp = by, =0
(and thus this happens for every quartic in the pencil) or one of them say ay,
is £ 0; considering B’ = B -— (bgo/aye) A, we may suppose by =0; the con-
ditions myy,'s shows by;==0 if (k,1) 7% (4,0) ie. Be(x%); in the first case
we consider the other coefficient my,;; in case b) and so on.

ProposITION 4. A pencil H of quartic plane curves is unstable if and only
if there exist coordinates %,y ,z in P? and generators A ,Be H with equations
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fa, g such that one of the following conditions is satisfied:
1) fee (x% #®y), no restriction for fu;
2) fse@B xPyz,x?y% Pz, x%y,xY), fae)t y28, 9228, 93 =, 9
3) fee(w®yz, %)% xP2, 8%y, 4%, fae )y, 922 0% 2, x2%(5
4y foe (222 x0°% x?yz, k294 &Pz, %%y, x), fac )xy? z, x)3, X222 x?yz,
Wy, xty, %y, X
5) fee (0% )% Pz, 8y, &%), fac )ty yF 2B xa¥(;
6) fee (0 %3 atyz, X2y xPx, 4%y, &), fa€ )2t 23, ¥R 22 wed, wys(;
7 fa,fze(Pz,y 2922, 005 &2 yz, 2298, 532, B3y, x%);
8) foe (04 %% 292, By, %) ; fae )t y2d, w2’

1) and 2) come from case a). 3) and 4) from case b), 5), 6) and 7) from
case c¢) and 8) from case d).

Furthermore particular cases of 1) satisfy conditions of case b) or case c)
or case d). A particular case of 4) satisfies the conditions of case a). A parti-

cular case of 7) satisfies the conditions of d) and a particular case of 8) comes
from d).

ProrostTioN 5. A pencil H of quartic plane curves is properly stable if and
only if either it is unstable or there exist homogeneous coordinates x,y ,z in P*
and generators A, Be H with equations fa, fa such that one of the following
conditions is satisfied:

9) fee(¥®y% Pz, 8%y,at), fae )t y23(;
10) fee (w® x2yz, x2y% &2y, &z, &%), fa€ )2t y28, 2 2%, x3%(;

1) fee (0402 =, 0958 yz, @y, 85,28y, &%), fac ' o'z, »7
2 iy, xByh xPx, xBy, K45

12) fee (4 *®yz, 8%y % 2, 8%y, &%), fa€)h, y28, 2 22, w23, wy2¥( .

When one translates Proposition 3 into Proposition 5, one realizes that
many pencils which satisfy e) or f) satisfy also a) or b) or c) and thus they are
unstable; for this reason we have only 4 cases of semistable but not properly
stable pencils.

2. Proposition 4 and 5 give effective rules for checking if a given pencil is
unstable or piroperly stable. We will apply them to classification of pencils
with closed orbits but infinite stabilizer (in particular pencils with closed orbits
but infinite stabilizer) and to give examples of pencils properly stable with fixed
component or without smooth elements. First we need a ‘‘ coordinate-free ”
translation of Proposition 4 and 5. In each case we consider only the ‘‘ general
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pencil ”. The other pencils have at the base points singularities as least as bad
as in the general case and eventually higher order of contact for 2 quartics in
the pencils:

1) B is irreducible and has a triple line as a component; there is no re-
striction for A.

2) B is the union of a conic and a double line L ; A is the union of L
and a cubic.

3) B has a double line L as a component; L has a singular point Pe L.
and L has contact of order 4 with A at the point P.

4) B and A have a line L. as component; L has contact of order 3 with L.

5) B has a triple point P with a triple line L as tangent cone; A has a
singular point at P with L in the tangent cone of A at P.

6) B has a triple point P and the tangent cone to B at P contains a
double line L; A has a cusp a P with L as tangent cone.

7) A and B have a common triple point.

8) B is the union of 4 lines through a point P and A has a double
point at P.

9) B is the union of a double line L. and a conic tangent to L at the
point P; A is tangent to L. at P.

10) B=L UE with L a line containing a point Pe E and E singular
at P with L in the tangent cone; A has a double point at P with L in the tan-
gent cone.

11) A has a cusp at a point P and the line L in the tangent cone to A at P
has contact of order at least 4 with A; B has a triple point at P and L has con-
tact of order >4 at P.

12) B has a triple point at P with a double line L in the tangent cone,
has a cusp at P with L as the tangent cone.

TueOREM 3. In a semistable pencil of quartic plane curves the generic element
has at most double points; there exist properly stable pencils which contain only
singular curves and even only reducible curves.

The proof of theorem follows from the description above. In fact by Ber-
tini’s theorem the general element of a pencil is singular only at the base points.
If at a point P every element of a pencil has a triple point, then L is not pro-
perly stable because it satisfies the conditions of 7) and thus the pencil is un-
stable. For the last part of the theorem it is easy to show when a pencil with
a base curve is unstable or properly stable. We consider here only the general
case. Let H be a pencil quartic curve with a base cubic curve C and a base point
0¢ C. Then H is formed by the curves C UL with L line though 0. Suppose
that C has only ordinary double points (eventually C may be reducible). Then
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H is not unstable because it is easy to see that it does not satisfy any condition
1),---, 8) or their specializations. For examples, in the case 8) no curve in H
has a 4-ple point. Now suppose that H is a pencil with a reduced conic C and
4 points P,, P,, P;, P, as base locus. Then 3 of the P/s are collinear. If C is
non singular then H is semistable. If C is reducible then H is unstable if and
only if there are 2 lines L, , L, containing the singular point of C and the points
P,,P,,P;, Py; if this is the case, the pencil satisfies the condition 8). Now sup-
pose that a pencil H has a base line L. and 9 base points P,,--., Py, with no 3
P;s collinear and with P, U .-- UP, complete intersection of 2 smooth cudics.
Then the pencil is properly stable. If the base locus of a pencil H is a smooth
cubic C and a point 0 ¢ C such that no flex of C passes through 0, H is properly
stable. If the base locus is a smooth conic and 4 points not on it, then the pencil
is properly stable. If the pencil H has 3 lines not through the same point and
a point 0 not on the 3 lines, then H is a semistable as we have just said, and has
finite stabilizers but it has not a close orbit; in fact every pencil with 3 lines in
the base locus is in the closure of the orbit.

Now we want to see when a pencil has no finite stabilizer and when it has
a closed orbit.

ProOPOSITION 6. The pencil H has a closed orbit and finite stabilizer if and
only if there exist homogenous coordinates such that H has all Plucher coordinates
zero except eventually:

1) g 5 Mogsy y Mygns 5 Mhiozo
1) Myer 5 Myns s Mogn > Moss 5
1) #y59 , Moma » Moazo 5

with at last two m;;,;’'s 7 0 and moss 7% 0 (resp. mays 7 0, mysz0 7% 0) in case 1)
(resp. #), (iii)). In the case i) we have fy ==uy® z + vx2? fp=—wa?y* + mx®z
with uw % 0 and v or m not zero. In the case i) we have fy = uy* 22 { vxz?,
fo ='wa® yz + mxy® with uw 0 and v or m not zero. In the case iii) we
have fy ==uxy®z + vy4, fo — wa?2® + my* with u,v,w,m as above. If H
is a pencil stabilized by a 1-parameter subgroup and not as above, then there
exist homogeneous coordinates such that H has only 1 not zero m;y;,; thus
H is unstable.
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