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Scienza dell’informazione. — On time-varying networks of time- 
varying semiautomata Nota di Louise M artin e Dan A. Simovici, 
presentata <**) dal Socio E. M artin elli.

R iassunto. — Si utilizza la nozione di réte di semiautòmi con struttura variabile 
nel tempo, per ottenere un criterio di decomposizione dei semiautòmi con struttura varia­
bile. Si mette in evidenza il ruolo di una congruenza nella decomposizione di questo tipo 
di semiautònomi.

1. Introduction

A time-vaying semi-automaton (tvsa) is a 3-uple sé —  (I , S , { fn | weN}), 
where 1 , S are finite sets representing, respectively the set of inputs and the 
set of states and f n : S x l  S is the next-state function at time n.

By I* we shall denote the free monoid generated by the set I. In  the 
sequel, I (p) will be the length of the word p e I* and e will be the empty 
work of this monoid.

We shall extend the next-state function to I* X S by induction on the 
length of words. Namely, we shall have

fn (s ,e) =  s and f n (s , pi) = f n+m ( fn (s , p) , t)) ,

for every 7z e N , s e S , ^ > e I *  and i e I.
I t is easy to see that

f n  (s y ^P) ==::' ln+l(r) ( f n  y 0  > P ) y

for s e S , r , p e I*.
The other main object of the note is the time-variant network of tvsa 

(tvnsa). An analog concept was considered in [2].

D efin ition . A tvnsa is a 3-uple.

< j < k } , l , { d l t e N , i  < j < k } ) ,

where séj —  (1 -̂, , {9“ | n e N}) are the component tvsa of the network and
%j is the j-th  transmission function at time t,

7Ù : n  {S* I 1 <  I <  *} X I -  I , .

(#) This work was partially supported by the NSERC Canada, under Grant A4063. 
(**) Nella seduta del 12 febbraio 1983.
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A tvnsa can be regarded as a special tvsa

jrf> =  ( I , n { S ,  | 1 < / < * > ,  {Fn | « e N } ) ,

where

F„ ((^i , ••• ,**) ,  i) =  (<pi («1 , X* (*i >•••’.**> 0  » ••• >

'H (sk 0 )) •

A tvnsa is in the normal form if  for each component tvsa there exist 
k sets S) , • • •, S* such that

I; - - -TTS' /Xl
1 = 1

and for each transmission function Xj there exist k component transmission 
functions x!ij : S/ —> S*- ,1  <  j , I <  k , such that

Xi ( î » ‘ * * > Sjc, i) (xij isi) > ‘ * ' > (̂ &) > 0  >

for ($!,•••,  e II {Sz | 1 <  I <  and i e I.

2. Simulation of time-varying semi-automata by networks

Let Eq (S) be the set of equivalences on a set S. We shall denote by 
is and oqs , the diagonal relation and the total relation, respectively. Eq (S) is 
a lattice under the operation of set-intersection of equivalences “ p) ” and 
the union of equivalence “ v

xAn association algebra (see [1]) is a sublattice a Eq ( S ) x E q  (S) such 
that (ls , g) , (cr, cos) g  a, for every a e Eq (S).

Let sé —  (I , S , { fn | n g  N}) be a tvsa. It is known (see [4]) that the set
ain —  {(a , t )  I (s', s") G a implies (/^ (s', i) , f n (s", i)) g  t  , V/ G 1} is an asso­
ciation algebra. We shall refer to an as the association algebra of sé at time n.

A sequence H =  (A0, • , An, • • •) is a tvsa homomorphism from the semi­
automaton j / =  (I , S , { fn | n g  N}) to the semi-automaton

'*/' =  (! ,  S', { f n \ n e  N »  if hn : S -> S'

for w e N  and /^+1 ( / w (s , /)) = f ’n (hn (s) , i) for n e  N  , s e  S , f g  I. There­
fore, if there exists such a homomorphism between <sé and sé' we can write 
f n (s , i) e hnli (fn  (hn (s) , i)), which indicates that sé1 is able to simulate sé.

Let be a network of tvsa. If there is a homomorphism from the tvsa 
sé to the tvsa sé^  we shall say that simulates the semiautomaton sé.

Theorem 1. The tvsa sé — (I , S , { fn | n e N}) is simulated by the
tvnsa sV1 (which is the normal form and contains k tvsa) if  and only i f
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there exist two families of equivalences on S : {erf | » e N  , 1 <  / < / ? }  and 
{oji | n e N , 1 <  j  , I <  k} satisfying the following conditions :

i) a? c o g  and

it) (of n  n ( 4 11 < ; ■ < * } .  *?+1) 6 ,

where ocn A £/*£ association algebra of sé at time n, for 1 <  j  , I k and n e  N.

Proof, Let ({^-1 1 < 7  <  k} , I , {y] | t e N , 1 < 7  <  k}) be a tvnsa
/ *

in standard form, which contains k semi-automata IT  s ' x  1 , s j,
\ \ l =1

{9j I n e N} ) for 1 <  j  <  k . Assume that there exists a homomorphism

H =  (A0, • • •, Aw, • • • ) : sé . If IP ($) =  ($!,•••,  then ^  K1 (s)
k

where pr0 • IT  Sz Ŝ - gives the 7th projection of the ^-tuples. The homo-
1=1

morphism condition can be now written:

(M  hn+1 (fn Prk hn+1 Un {S , 0)) =

=  (?i (si » xu  iPr 1h% (s)) > • • •»& h% (0  * 0  » • • •

• • • ,? * ( * * .  Xu ( M  (*)) -, • • •, X» (/>'* A* (*), 0 ) ,
hence

(1) pi'i hn+1 Un (S , i)) =  $  (Pn hn (s), Su (M  hn (*)) , •••,  Xm (prk hn (s)), i) , 

for 1 <  / <  k.
Let us define now the equivalences erf and Gpq on S by erf — ker prp If1 

and erf̂  ker (y^qprp hn) for I <  p , q <: k , n e N.  I t is obvious that
erf afj for 1 <  j  , I <  k , tz e N.

In view of the equality (1), if (s', s") e erf O Q  {a# | 1 <  7 <  k}, it 
follows that ( fn (s', i) , / w (s", z)) 6 crf+1, which gives the second condition of 
the Theorem.

Conversely, the existence of the previous equivalence guarantees not only 
the existence of JT, but implies that the transmission functions are constant 
in time.

Indeed, assume that we have the families {erf | n e N , 1 <  I <  k} and 
{oji \ n e N , l < . j , l < . k }  satisfying the conditions of the Theorem and let 
us consider the equivalences p* = ; P) {af | zz e N} and p̂ - =  Q  {erfj | zz e N}. 
In  view of the first condition we have pj c: ^ . We shall consider the

tvsa sép =;■ ®/p«p x  I j  > ^(S/pj») , {9p I w 6 N} j  for 1 < p  < k  and the

tvnsa in normal form defined by the transmission functions
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given by

{ [ s e i s e s , } ,

for all s e  Sx. Since pp ppq this definition is a correct one. I t is clear that 
Xpq do not depend effectively on the time n.

The mapping /zn is defined by

hn (S) =  ({W Pl I (* , S) 6  al} , ■ ■ ■, {[t]Pk \ ( t , s ) e  a l}) ,

for s e  S.
The condition (1) is in this case

{[%  I ( * , / » ( * ,  0 ) e e r r1} =  9r {{[% \ ( t , s ) e  al] ,

and we can satisfy it by defining the transition functions of the components by : 

<?i ({Wp, \ ( t , s ) e a ? } ,  ({WPii I ( t , h ) 6 o? , ■• • •, {[t] pB | ( t , **) e o j} , *)) =

( { [ t \ \ ( t , f n ( s , i ) ) e a l +1} , if * = . . ■ = * *  =  *,

( arbitrary, otherwise.

This proves the sufficiency of the conditions of this Theorem. ***

3. Serial and parallel decompositions o f  time-varying semi-automata

j
Let JT be a tvnsa in normal form which contains two tvsa

J*i =  (Si X Si X I , Sx, (<pi 1 n e N}) and s/% =  (SÌ X SÌ X I , S2 , { $  | n e N}).

A tvsa —  (I j S , {<p“ | n e N}) can be simulated by if, according to
Theorem 1, we have the families of equivalences {al \ n e N) , {al | e N) 
and {ah \ n e N , j  , I e {1,2}} such that

•\ n _  n ft f— ftI) CJi £= (Jii , Gi S= dig ,
n _  n ft r~ rJ1II) Cr2 £  (721 G2 S= <722 ,

Hi) (oi n  cr2i , &i+1) € ocn and 

iv) (<j2 D a i2 , cj2+1) e  a n ,

for w e N .
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By defining a new sequence of equivalences on S by 0n =  ai D af for 
n e N, we obtain 6W £  an  D oT2 O <t2i D ct22 , for n e N. Since an is a sub­
lattice of Eq (S) X Eq (S) we shall have :

/ n n ^  n n n+1 ^  w + l \
( d i  O (Jg O C g i  ! )  G12 , 0»i ( 1  O2 )  €  d n  ,

or

(6m, 6"+ l) 6 an ,

for n e N, which points that the sequence 0 — (0°, • • •, 0n, • * • ) is a tvsa 
congruence, in the sense of [4].

Conversely, if there exists a tvsa congruence 0 on séy by choosing 
=  — CTi  =  a i  =  aSi =  a S a = 0 w for n e  N we can clearly satisfy the

above conditions. Using the Corollary from [4] and our Theorem 1, we 
obtain.

Theorem  2. The following four assertions are equivalent for a tvsa sé  :

i) there exists a tvsa congruence of sé;

ii) sé  can be simulated by a two semi-automata network in normal form; 

Hi) there exists a serial decomposition of sé and

ii) there exists a monitorial decomposition of sé.
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