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Analisi matematica. — On extrapolation spaces. Nota di Giu-
sEPPE DA Prato ® e PIERRE GRISVARD, presentata **) dal Corrisp.
E. VESENTINI

RiassunTOo. — Si definisce un nuovo tipo di spazi a partire da un dato spazio
di Banach X e da un operatore lineare A in X. Tali spazi si possono pensare come
spazi di interpolazione Da ($) con 9 negativo.

1. EXTRAPOLATION SPACES

Let X be a Banach space and let A : D (A) < X —->X be a closed opera-
tor densely defined in E. We assume:

The resolvent set of A , o (A), contains [0 4 oo and
(1) . there exists M, > 0 such that

' (A —A) Mxox <Msa VA>0.
We set

(2) Ga={(x,y)eXxX;xeD(A), Ax=y}

and denote by F the quotient space F = (X X X)/G4 and by (x, y)™ the coset
of (x, ).
The natural injection of X in F is defined by

(3) J(x)=(0, %)~ VxeX.
We can define an extension of A to J (X) by setting
4) AO,x)"=—(x,0" wvxeX
ProrosiTION 1. Under hypothesis (1), o (A) 10, 4 oo and
(5) [0—Ay s <Msn  VA>0.
Moreover for any 06 €10, 1] we have
(6) Dz (9 + 1) =] (Da ()
Here D, (9) represents the continuous interpolation space defined in [1].

(*) Scuola Normale Superiore, Piazza dei Cavalieri 7, 56100 Pisa.
(**) Nella seduta del 25 giugno 1982.
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We set
) Dy (3)=D,(8—1) v$e]0, 1]

and identify Dy (8 4 1) with Dy (9).

Consider now another linear operator B : D (B)=D (A) -~ X.

assume:
i)y A'B is continuous in X;

(®) i) e(B)>R, , |A—B)'<Mgr, Vi>0;
i) B™'A  is continuous in X;

and set N L

o) s B] (x) =—(A*B«,0)7;

| D@®—1 X

where A—1 B is the closure of A-1B.

ProrosiTioN 2. Under hypotheses (1) and (8) we have
iy p@B)>R, , [O—B)'<Mpr  VA>0;
i) Dy(®+1)=D;(d+1)  vselo,1f.

(10)

2. EVOLUTION EQUATIONS

Let {B (t)};c10,77 be a family of linear operators in X. We set A= B (0)

and assume:

0ep (B ().

are equivalent.

(a1 ?
We also set
(12) H¢,)=B@®B'¢) , K, (t,)=B1@#)B().

Concerning K, we assume:

t) For any (t,s), K, (t,s) is continuous in X.

) If K denotes the closure of K, then the mapping
13
1) K:[0,T]x[0,T] >2(X)

is continuous.

s i)y For any te[0,T], B(t) generates an analytic semigroup in X,
i) D (B(t))=D(A) and the norm of the graphs of A and B ()

i) The mapping B : [0, T] —Z(D(A);X),t—»B(t) is continuous.
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TueoreM 1. Assume that hypotheses (11) and (13) hold. Then for any
x€Dy®) and fe C([0,T] ;DA (8 —1)),9€]0, 1] there exists a unique strict
solution of the Cauchy problem

| ¥ O=B@u@®)+70)

9 [ u 0)=x«

with ue C1 ([0, T] ; D5 (8 — 1)) 0 C([0, T] ; D4 (9)).
The proof uses an argument of [1] and relies essentially on the equality

Dy (8 4+ 1)=D4x (8 4 1) which follows from Proposition 2. The details
of the proofs as well as some applications will appear in a forthcoming paper.
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