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Analisi matematica. — Regularity properties of a stochastic con-
volution integral. Nota di GIusepPE Da PraTo, presentata ®) dal
Corrisp. E. VESENTINIL

RiassuNto. — 8Si studiano proprietd di regolaritd di un integrale di convoluzione
del tipo Ito.

1. INTRODUCTION

Consider the following Itd integral

¢

(1) u(ty= f d-9A f(5) AW, =1 (f).

0

Here ¢* is an analytic semigroup on the Hilbert space H, W, is a real
Brownian motion and f belongs to M¥ (0, T ; H), the Hilbert space of all
non anticipative H-valued stochastic processes f such that

@) Efl\f(s)liz ds < + oo

In this paper we show that, under suitable assumptions, # belongs to
My (0, T ; Da(1/2,2)) where Dy (1/2,2) is the Lions-Peetre interpolation
space (D4, H)yo2 (see [2], [4]). We recall that if A is self-adjoint negative
then D, (1/2, 2) reduces to D ((— A)3).

The above result is useful for studying the following stochastic differential
equation

3) S du = Au dt 4+ Bu dW,
? u(0)=1u,

which we write in the following mild form

) U () = e uy + f £t94 By (s) AW, = Z (u) .

(*) Nella seduta del 24 aprile 1982,
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In fact if B maps D, (1/2, 2) into H (as for instance when A is a second order
and B a first order differential operator) then Z maps My (0,T ; D, 1/2,2))
into itself and we may use the contractions principle in order to solve (4). We
shall give some results in this direction in a next paper.

2. 'THE RESULT

We recall the following characterization of D4 (0, 2), (see [1])

©) Ds(9,2)—{xe H ;A ° A xe L (R,)
and we set
(6) 21D a0,2 = f A0 A x| dijh .

0

Here L? (R,) represents the set of all real functions in R, which are square
integrable with respect to the measure dz/t.

ProposiTioN 1. Assume that fe My (0, T ;Dx(g,2)),q€10,1/2[, and
let u==1(f) be defined by (1). Then we have u My (0,T ; Da(g+1/2,2))
and |[I|| < (1 —gq)

Proof. Recalling the properties of the Ito integral (see for instance [5])
we have for any 9€10, 1]

) E||AR & u ()P =E f |20 A DA £ (5} | ds =
0

[o o]
r

=B | B AL F e — ) ds

0

where f (t)=f(t) if t[0,'T] and 7 (f)==0 otherwise. It follows

©) K=E f dt f AR & u (2) | dhjh =
0 0

—E | dhjh | ds | |B P ALTPA R —s) P de <
Jon ]

<E f ds ’ a f (2 (s 4 B2 | (s 4 Ryt AN F (@) ) dhfh.
o 0 0

0 0
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Setting s + h=~Fk we get

T [} K

(9) K<E J dt J dk fukl—‘IAe’“A FOPFE—) 2 ds=
0 0 0
T oo
=@2—207'E f dt f dREP || B2 AL F (8) |
0 0

which for 0 =g¢ 4 1/2 yields

K= || <1—29 "I

M5, (0,T;D, (1/2+2,2) 50, T:D, (¢,2)
and the proof is complete.

Remarks 2.

a) Assume that A is self-adjoint and strictly negative, set B—=—A,
lxll_¢=1B ™ *x| and call H,=D (B™% the completion of H with the
norm | ||_,. We have

(DB, DB Y, =D®B 9)=H if 6=gq.

From Proposition 1 we find that I maps M% (0, T ; H) into M2 0, T;D (B1’2))
and moreover |[I|| <<1.

b) If A=C + D with C self-adjoint and D dominated by C (see [3])
we can show, adapting the previous argument, that I maps M (0, T ; H) into
M3 (0, T ;D (1/2,2), with |1 <1.
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