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Analisi m atem atica. —  Characterization of some interpolation 
spaces (I). Nota di Alessandra Lunardi, presentata <*> dal Corrisp. 
E. Vesentini.

R iassu n to . — Si calcolano alcuni spazi di interpolazione fra spazi di funzioni 
hôlderiane.

1. D efinitions and preliminaries

X and Y will denote two Banach spaces, with Y continuously imbedded 
in X (we shall write Y X).

D efin itio n  1.1. For every 0 e ]O ,l [  set:

W (6 ; Y , X) =  {u : ] 0 ,1] X ; t tB u (t)e L00 ([0 ,1] ; Y) ;

t - + t Bu' ( t ) e L °° ( [ 0 ,1] ; X)}

C (0 ; Y ,X ) =  {« : ] 0 , 1] ->X  ; C ( [ 0 ,1] ; Y ),

t -> te m' (t) e C ([0,1] ; X) ; lim || tB u(t) ||Y =

=  l i m | | tV ( t ) | |x =  0}.
t ->  0+

W (0 ; Y , X) and C (0 ; Y , X) are Banach spaces under the norm:

Il U 11 (0 ; Y, X) =  11 ^  U (t) ||l°°([0,1], Y) +  Il ^  U* (t) ||io°([0,1J;X) •

One can show that if u belongs to W (0 ; Y , X) then there exists X — lim u (t).
£->0+

Then we make the following definition:

D efin itio n  1.2. For every 0 e ] O , l [  set:

(Y , X)e,oo == {m (0) ; m 6 W (0 ; Y , X)}

(Y , X)e =  {u (0) ; m e C (0 ; Y , X)}

(Y , X)0jOO and (Y , X)e are Banach spaces under the respective norms:

Il a  | |e,oo —  i n f  || u  | |(e;Y ,x )  
w(0)=a 

we W(6;Y,X)

V a  e  ( Y , X ) e i0o

Ha l l o =  i n f  | | w | | ( 0 ;Y ,x )
w(0)=a

weC(0;Y,X )

V a e  ( Y  , X ) a .

(#) Nella seduta del 9 gennaio 1982.
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Observe that (Y , X)0>oo is the space S ( o o , l  — 0 , X ,  — 0,Y)  of Lions- 
Peetre (see [3] pp. 39^3). Clearly we have: Y ^ ( Y ,  X)0 -> (Y , X)0>oo . 
Moreover one can show that Y is dense in (Y , X)e (while Y is generally 
not dense in (Y , X)0jOO).

D efin itio n  1.3. Let A : D (A )c X —>• X be a linear operator, infinitesimal 
generator of a bounded semigroup etA in X. For every 0 e ]0,1[ and k e N  set:

Da (0 , -oo) =  (D (A) , X)1_e>00 ; DA (0) =  (D (A) , X ) ^  

Da (0 +  k , oo) =  {x e D (A*) ; Ak x e  DA (0 , oo)}

D a (0 +  k) =  { x e D  (Ak) ; A ^ g D a (0)}

and let:
Il X ||da(0,oo)  II X ||(D(A),X)1_e,00

Il X ||da(6) =  Il X ||(D(A),X)1_0

Il X I|da(0+&,oo) === Il X lb -f- Il A? X Hda(0,oo)

II ^ Hda(0+&) === Il X |b “1“ || A* X I|da(0)

Vx 6 Da (0 , oo)

Vxe  Da (0)

\/x e Da (0 "j- k , oo) 

Vx e D a (0 +  k) .

Proposition 1.4. For every 0 e ] O,  1 [we  have:

E>a (9 > oo) =  {xe X ; sup \\it~e (etA x — x) ||x <  oo}
t e ]0,1]

Da (0) = { x e X ;  lim \\ t~Q (etA x — x)\\x =  0}
t-> o+

and the norm:
Il X II =  Il X ||x +  Il tQ (etA X x) 11 L°° ([0,1] ; X)

is equivalent to the norm of DA(0 , oo) and to the norm of DA(0). The proof 
can be found in Grisvard [2] p. 667 for the case DA(0 , oo) and in Da Prato- 
Grisvard [1] p. 336 for the case DA (0).

Let now A*: D (AJ c X - > X , i  =  l , * - * , n  be linear operators, satisfying 
the assumptions of Definition 1.3. Suppose that:

R (* > A*) R ( t , Â ) -  R( t ,A, )R( f  ,A<) V* >  0
Vi y j  =  1, ••• ,«.

For every m e N  set:

Km =  f )  D (AÎ1 ■ . . .  - K n)
Jc-̂ , • • •, kn b N
&i+ * • •

and let:

Il x llKm =  Il x llx +  21 WAÌ1- . . .  - A ^ x \ \ x .
, • • ■ ,JCft b N • • • -f*ÎVj==W
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Proposition 1.5. Let m e N , 0 e ] O , l [  be such that Qmf N.

Let k —  [0m] and a =  Qm— k. Set:

Bi (t) x =  J )  f °  || (etA‘ - l ) A kiX ||x Vf e ]0 ,1] ; Vx e f )  D (A?)
i  =  1

B2 O') X :

Then we have :

£  __t-a | | ( / lAl- l ) -  . . .  • (/«  A« -  1) AÎ1 • . . • A*” x ||x

V y e (]0 ,l] )n ; VxeK*.

j • • •, kn g N
• • • + k n= k

(1.4) (Kw , X)1_9,oo =  ( x 6 0  D (Af) ; sup (t) x <  oo )
I i=1 t e]0,l] )

=  {x e K* ; sup B2 (y ) x <  oo)
J/e(]0,l])"

(1.5) (Km , X)1_e =  (x e  f )  D (Af) ; lim HB, (t)x ||x =  o]
{ i =  1 >0+ )

=  {*eK ‘ ; lim ||B t (y)x||x =  0}.
?/->o

anrf following norms are both equivalent to those of (Km, X )i_e>00
amd (Km , X)!_6 :

(1.6) l k l l (1) =  l|x| |x +  sup II Bx (t) x Six
t G]  0 , 1]

(1.7) Il x | | (a) =  || x ||x +  sup || B2 {y) x ||x .
y e ( ] 0 , l ] ) n

The proof, in the case (Km, X)i_0jOO can be found in Triebel [4] pag. 88; in 
the case (Km, X)i_e it follows from the density of Km in (Km, X)!_e .

Remark 1.6. From (1-4) and (1-6) it follows that 

(Km , X)1_e,00 =  Q  DAj. (m 0 ; oo)
i =  1

(KTO, X)i_6 = O D A.(m0)
i=l

with equivalence of the respective norms.

2. Evaluation of some interpolation spaces

D efin itio n  2.1. Let Q be open in Rn. For every k e  N let UC*(Ü) 
be the space of all f e  C*-(Q) such that D“/  is uniformly continuous and 
bounded for every multi-index a with ] a | =  k.
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For every f e \ J C k (Q) set:

u h  =  sup \ / (x)  I +  2  sup I D“f ( x) I •
x e  O I oc] jeQ

For every A e N ,c  e ] 0 , 1 [  let C*,a (O) be the space of all /e U C * (f i)  
such that Da/  is Holder—continuous with exponent or for every multi—index 
a with I a | =  h. For every f e  C*’° (O) set:

n/ iko =  u/iifc+ I ]  sup_
I oc I x , y e Q

x=\=y

1 Dg/  (*) — Dg/ (y) I
I x — y  |°

Finally let //  ’n (£2) be the subspace of CA' ' ° (O) consisting of all /  such that 

lim sup_ I P  /(* )  ~  D f ( y )  I =  0 Va 6 Nn, | « | =  k
t - > 0  x,yeCl ^

hk,° (£2) is a Banach space under the C*’°-norm.

Proposition 2.2. Let //ze N , 0 e ] O , l [  be such that N; let k — [m&] 
and a =  mQ — k. Then we have :

(UCm (Rn) , UC° (R"))^.*, =  C*’° (Rn)

(UCm (Rn) , UC° (Rw))i_e =  A*’° (Rn)

with equivalence of the respective norms.

Proof. For every i =  1 , • • •, n let D (A*) =  j / e  UC°(RM) ; V* eR "

/(*x >•••> * i - i , •, *i+i , . , * , ) 6 C ‘ ( R ) ; l e  UC°(R”)j ; A ,/(* ) =  (*)

Vxe Rw, V /eD  (A*). Then A* is the infinitesimal generator of the semigroup 
etA* f ~ f ( x  +  tei) in UC°(RW). Using the notations of Proposition 1.5 we 
have: Km =  UCm(Rn); the statement follows now from (1.5) and (1.7) of 
Proposition 1.5.

C o ro lla ry  2.3. Let a , 0 e ] O , l [ ,  J e N  be such that a +  £ N. Let
m = [ a  +  &0] and a =  a +  kQ— m. Then we have:

(2.1) (e*'1" (Rn) , C°’“ (R”))i_e,oo =  Cm’° (Rn)

(2.2) (A*'a (Rre) , h°’a (Rn))i_e =  A*’° (R“) .

Proof. It is sufficient to apply Proposition 2.1 and Reiteration Theorem 
(for (2.2) see Da Prato-Grisvard [1], for (2.1) see Triebel [4], p. 62).

Proposition 2.4. Let R+ be the half-space { ^ e R w; % > 0 } .  For 
a , 6 e ] 0 , l [  and &eN such that oc+&0$N let m=\vL-\-k 0] , a = a  +  Æ0 — m.
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Then we have:

(C*’“ (R+) ,  C°’“ (R+))i_e,oo =  Cm’0 (R+)

(hk’a (R*V) , A°’a (R+))i_e = A m’°(R ^).

Proof. Let cj> e C°° (R) be such that 4» (i) == 0 V* <  — 1 and 4 (0 =  1 
W >  — Set, for every x e j l n :

/ » =  \ n x )  “
 ̂ f  (*̂ l >*’ **> %n-l > 0) * 4 (#n) if %n ^  0 •

Then
iJc.OL ,

/ e ( C * ’a (R“ ) , C 0,a -1 (R+))i-e,oo <=* /  e (CM (R"), C°’“ (R»))1_e,0o 
f e  {hK’a (R“ ) ; h°’a (R’t))l_9 ^  /  e (hk’a (RM) , h°‘a (Rrt))1_e and f e  Cm’a (R“ )

/  e Cm’“ (R“) , /  e hm’a (R+) <=* /  e hm’a (RB),
The statement follows now from Corollary 2.3.

D efin itio n  2.5. Let k e N , a e ] 0 , 1[ and let A 1 , • • • , Am be linear 
differential operators of order <  k in Q, where £1 is an open set in Rn. Set:

^ . . , * , ( Û )  =  { /eC*-*(Û) i Aj / (*)  =  0 V * e a ü , *  =  l , . . . , « }

hkA*...iAjU )  =  { fe  hk’a (Û) ; A,./(*) =  0 V*6 3Û ,* =  1 .

Proposition 2.6. Let a , 0 e ] 0 , 1[ , k e  N such that a +  Æ0<£N and 
let I be the identity map in R" . Then, if  m =[a+& 0], a =  a+A9 — m zee have:

(Ci’a (Rn+) , Cx’a (R* Wx-e.» =  C?-° (Rl)

{h\’a (R- ) , h\'« (R+))i_e =  h?° (R +).

Proof. The statement is a consequence of Proposition 2.4.

Proposition 2.7. Let a , 0 e ] O , l [ , f c e N  be such that a - f  k%̂  N.  
The we have:

(C i ,  (d/dxn) , (d2ldx*) ,. .. ,  (3*/aa£) ( R + )  » C î ’ ( R + ))i_e,oo =  C I} (a/^ )  ?. . . f (dmi d ^ y  ( ^ + )

(hi,(djdXn),...,(a*/ai£) 0*+) > (R+))i-e'=  hlt(d/dXn)t . . . f (a /̂a^> (R+)

where m =  [a +  A0] , a =  a +  *0 — m.
The proof is similar to that of Proposition 2.1.

C o ro lla ry  2.8. Let cl , 0 e  ] 0 , 1 [ , k e  N  be such that a +  &0 <  1. 
Let A  be a differential operator in R+ of order <  k. Then we have:

(C& (R+), C?’a (R” =  C?’a+M (R+)

{h\\l (R't) , *?•“ (R+))i_e =  h°ia+M (R“ ).

(2.3)

(2.4)
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Proof’. As c r (R +)
0,a

c ì: i  (R+) CÎ’a (R+), we have:

...0»/*$ (R+) . c r  (Rn))i_0,«x, Ó- (Cì:l (R+) , C°r (Rn+))i-e,oo c->
C-> (CÎ’“ (R+) , Cr  (R+))i-e and then (2.3) follows from Propositions 2.6 
and 2.7. The proof of (2.4.) is analogous.

Let now Q be an open bounded set in Rw with 2Q, sufficiently regular; for 
every x e  let n(x)  be the unitary exterior normal vector.

Proposition 2.9. Let a , 0 e ] 0 , 1[ , k e  N  be such that a +  kQ $ N. 
Let m =  [a +  &0] , a =  a +  htì — m. Then, i f  2 Q is of class Ck+1, we have:

(Cì'“ (Lì) , C?'a (fì))1_0.oo =  Cì"'° (D)

( C i , ( d l 2 n ) , - - - , ( ì kldnk) ( ^ )  > C i ’ (O ))  1-0,00 =  ^ I ,  (2 /S n)■ . , (3m/dnm) ( 0 )

(hì’r t y A r m i - 6==hT’°(à )

Qll,(2jdn),---,(dkldnk) (O) » hi’ (fi))i_e ~  Î,(3l3n)r--,(3m/2nm) (^) •

Proof Using the fact that Ü is locally diffeomorphic to Rn or to R + , 
we can get the statement by the analogous properties which hold if Q is 
ìeplaced by Rw or R+ (Propositions 2.3, 2.6, 2.7).

C oro llary  2.10. Let a , 0 e  ] 0 , 1 [ , he  N be such that a +  kQ <  1. 
Let A be a differential operator of order <  k in Q,. Then we have:

(Cf:x (£2), C°r O.oo =  C?’a+M (£2)

f e  ( S ) , h°r (H)),. „ ^ , r +lo(ii) .

The proof is quite similar to that of Corollary 2.8.
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