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Analisi matematica. — Characterization of some interpolation
spaces (I). Nota di ALESSANDRA LUNARDI, presentata ®) dal Corrisp.
E. VESENTINL

RiassuNTo. — Si calcolano alcuni spazi di interpolazione fra spazi di funzioni
holderiane.

1. DEFINITIONS AND PRELIMINARIES
X and Y will denote two Banach spaces, with Y continuously imbedded
in X (we shall write Y C» X).

DeriNITION 1.1. For every 6¢]0, 1] set:

WO;Y,X)={u:]0,1]->X;t—>Lu(@)e L°(0,1];Y);

t 24 (H)e L™ ([0, 1] ; X)}
CO;Y,X)={u:10,1]1-X;t—>2Lu(t)eC(0,1];Y),
=W (e C(0, 1]5X) 5 lim || £u () v =

— lim || £ (1) [x = 0}.
t—>ot

W ;Y,X) and C(0;Y,X) are Banach spaces under the norm:
Il 2 llos v, 30 =11 2° & (#) lluoo o, 11, - 11 20 8 (#) oo o, 15 -
One can show that if u belongs to W (0 ; Y , X) then there exists X — lim u ().

t—0F
Then we make the following definition:

DeriNITION 1.2. For every 0€]0, 1[ set:
(Y, X)o,o={u(0) 5uec W(0;Y,X)}
(Y, X)e ={u@);ucC(6;Y,X)}
(Y, X)p,00 and (Y, X)y are Banach spaces under the respective norms:

(1'1) ” a ”0,00 = lnf “ u ”(G;Y,X) VYae (Y ) X)O,oo
ue'\lN((()());_—\‘Iz,X)

(1.2) lalle = ;l)nf 2o v, %) Vae (Y, X)s.
ue'::((g;zYa,X) :

(*) Nella seduta del 9 gennaio 1982,
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Observe that (Y, X)p,. is the space S(c0,1—6,X,—6,Y) of Lions-
Peetre (see [3] pp. 3943). Clearly we have: Y ¢ (Y,X)o — (Y, X)s,00 -
Moreover one can show that Y is dense in (Y,X), (while Y is generally
not dense in (Y, X)p, o)

DerinNiTION 1.3. Let A:D(A)c X — X be a linear operator, infinitesimal
generator of a bounded semigroup e** in X. For every 0€ ]0,1[ and ke N set:

D, (6, o0) =(D (A), X)1-0,00 5 Da (0) = (D (4) , X)10
Dy(0+ &k, c0)={xec D (A¥) ; Axxc D, (6, co)}
D, (64 k) = {xe D (A¥) ; A¥*xe D, (0)}
and let:
I %lbs0.00  =1l%llDA),5, 0,00 Vxe D4 (0, 00)
[ %lbye =l %llma).x),e vxe D, (0)
| % llpy@+5,000 =1 % |lz + I| A¥ % {lp, 0,00 Vxe Dy (64 &, o0)
| %llp,0+ry ==l xllz + || A* x|lp, ) ( Vxe Dy (0 4 ).

ProposITION 1.4. For every ¢ 10, 1] we have:

Da(0, c0)=={xe X ; sup [|#7° (" & —x)|x < o0}
telo,1]

DA(0) ={xeX;lim ||t °(*x—x)|x=0}
t~>0*

and the norm:

0 A
ol =1l 2llx + [ £ (" & — %) |loo go,11;%)

1 equivalent to the norm of Dy (0, co) and to the norm of D, (0). The proof
can be found in Grisvard [2] p. 667 for the case D, (8, c0) and in Da Prato-
Grisvard [1] p. 336 for the case D, (0).

Let now A;:D(A)cX —+X,i=1,---,n be linear operators, satisfying
the assumptions of Definition 1.3. Suppose that:
R(t,A)R(,A) =R(¢,A)R(z, A vt >0
Vi,j=1,--,n.
For every me N set:
K"= () DA} ...-A})

ky, -+, kneN
k1+...+kn=m

and let:
fallen =flalx + 3 [AP-... Al xk.
Ky, okneN

k1+ st ky=m
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ProrosiTioN 1.5. Let me N,0€10, 1[ be such that Om¢ N.
Let k=[0m] and c=0m —k. Set:

B,(f) w= D, t 7’| (" —1)Alx|x  Vvte]0,1] ; vxe () D(A}
t=1 1=1

B2(y)x—k 2 @M =)@ D) AR LAY

k. -l’i’;cj—k
vye (10, 1] ; vxe K*.

Then we have:

(1.4) (K", X)) 0,00 = :xé ﬂ D (A,) sup B,(t)x < oo}

ep,1
={xe K*; sup By (y)x < oo}
ye(10,1)"
(1.5) (K™, X)16 = {xe Q D (A} ; Tim B, (2)x I = 0}

—{xe K*; lin; | By (y)x|ix = 0}
y—>

and the following mnorms are both equivalent to those of (K", X)h_e,c0
amd (K™, X);_q:

(1.6) I @ =l xlx+ sup |IBy(®)llx
(1.7) l2l@=(lxlx+ sup [ By()alh.
ye(10,1)"

The proof, in the case (K™, X), g, can be found in Triebel [4] pag. 88; in
the case (K™, X)1_¢ it follows from the density of K" in (K™, X), 4.

}Qemark 1.6. From (1-4) and (1-6) it follows that

K™, X)_0,00= ﬂ Dy, (m 9 ; c0)

.DS T

Il
-

(Km N X)I—O = Ai (m('))

(2

with equivalence of the respective norms.

2. EVALUATION OF SOME INTERPOLATION SPACES

DeriniTION 2.1, Let Q be open in R". For every ke N let UC*(Q)
be the space of all fe C¥(Q) such that D*f is uniformly continuous and
bounded for every multi-index « with |« |=kFk.



22 Lincei - Rend. Sc. fis. mat. e nat. — Vol. LXXII - gennaio 1982

For every fe UCk(Q) set:
Iflls = sup 1f() [+ X sup | D*fF(x)].

zeQ lal=k zeQ
For every ke N,c¢]0,1[ let C*°(Q) be the space of all fe UCH(Q)

such that D°f is Holder—continuous with exponent ¢ for every multi—index
o with |« | =k. For every fe C°(Q) set:

e =lfle+ 3 sup 2 @=D"f0)]

|a| =k #yeQ lx—y lc
ry

Finally let *° () be the subspace of C*°(Q) consisting of all f such that
ID*F @ —DfO)| _,

lim sup
Tc

>0 2,yeQ
le—y| <<

Vae N*, |a|=k

#"°(Q) is a Banach space under the C*°-norm.
ProposiTioN 2.2. Let me N,0€ 10, 1[ be such that mO¢ N; let k==[m9]
and o =m0 —k. Then we have:
(UC™(R™), UC® (RM))1_6,00 = C*° (R™)
(UC™(R"), UC’ (R"))_s =H"°(R")

with equivalence of the respective norms.
Proof. For every i=1,...,n let D(A)= {fe UC’(R" ; ¥xeR"

Flersenn Kitrs Xiy1s. .o, %) € CH(R) 3 g e UC°(R")} s A (%) =% (x)

vxe R", Vfe D (A;). Then A; is the infinitesimal generator of the semigroup
ed f —=f(x + te;) in UC’(R"). Using the notations of Proposition 1.5 we
have: K™ ==UC™(R"); the statement follows now from (1.5) and (1.7) of
Proposition 1.5. ‘

CororLLARY 2.3. Let «,0€]0,1[,ke N be such that « + k6¢ N. Let
m=1[o+ k0] and c=oa 4+ k0 —m. Then we have:
2.1) (C**(R"), C** (R"))1-0,00=C"™" (R")
(2.2) (B (RY) , B (RY)og =H"° (R").

Proof. Tt is sufficient to apply Proposition 2.1 and Reiteration Theorem
(for (2.2) see Da Prato—Grisvard [1], for (2.1) see Triebel [4], p. 62).

~ ProposrTion. 2.4. - Let R be the half-space {x<R"; x,>0}. For
«,0€]0,1[ and ke N such that «a+k0¢ N let m=[u+k 0], c=a+ k0 —m.
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Then we have:
(C= (R, C** (R0, = C™" (RY)
(K RY), B Ry =H""(RY).
Proof. Let ¢ C*(R) be such that ¢ (2)=0 VI<—1 and ¢(f) =1
vt >—1. Set, for every xe R":
| f®) if x,>0
L, 06 i %, <0,

Then fe (C5*(RL), C** (RL))i_s,00 == 7 € (C**(R"), C** (R"))1_0,00 ;
fe (B R ; B> (R%))_e == f € (K% (R, A" (R"));_o and fe C’”“‘(R )=
= fe C™*[R", fe M*(R%) = f e i™*(R").

The statement follows now from Corollary 2.3.

fx)=

DeriNviTiON 2.5. Let ke N, € ]0,1[ and let A,,-.-, A, be linear
differential operators of order <k in Q, where Q is an open set in R* Set:

Cir A Q)={feC**(Q);A;f(x)=0  VxedQ,i=1,...,m}
HRE A Q) ={fe " (Q) ;A f(x)=0  VxedQ,i=1,...,m}.
PROPOSITION 2.6. Let o,8€]0,1[,ke N such that o+ k0¢ N and
let 1 be the identity map in R’,. Then, if m=/[a+k0)], c = a +k0 — m we have:
(CP*(RY), CF* (RY))1-0,00 = I (RY)
(Hr RY) , By RDhoe =K RY).

Proof. The statement is a consequence of Proposition 2.4.

ProrosiTioN 2.7. Let a,6€]0,1[, ke N be such that « + k6 ¢ N.
The we have:

m,s

k,o
(CI,(S/an),(Szlaaxi) (9’}/9:0) (R )s cr* (R Mi-b,00 = CI @lozy) - -, ™Y (R )

ko

(hI:(S/an) (sﬁ/a (RY), hoa(R M- 0~h1 (S/an), - @™ (R )

where m ==[o -+ k0], 6 =o + k0 —m.
The proof is similar to that of Proposition 2.1.

CoroLLARY 2.8. Let «,0€]0,1[,ke N be such that « + k§ < 1.
Let A be a differential operator in R’ of order <k. Then we have:
(2.3) (CEA RY), CT* (R} ))1-0,00 = CT** (RY)
(2.4) (Frx (R%), BP® (R%))ime = AT (R2).
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Proof. As CIIC:O(;/S%) -, @Hady (R™) ¢ C% (R%) ¢ CP* (RY ), we have:
ko 1 X o n o n N
(Cr oeny. - oiedy ®E) 5 CT* (R))r_g,00 < (C'fA ®%) , CT* RY))o,e0 C
s (Ch* (R") CP'™ (R%))1_¢ and then (2.3) follows from Proposxtlons 2.6
and 2.7. The proof of (2.4.) is analogous.

Let now Q be an open bounded set in R" with 2Q sufficiently regular for
every xe GQ let n (x) be the unitary exterior normal vector.

PROPOSITION 29. Let «,9€]0,1[,keN be such that o+ kb ¢ N.
Let m—= [« 4 k0], 6= o + kO —m. Then, if 9Q is of class C**, we have:

(Cr* (@), CT* (W)1o0,0 = CT" (@)
k,o : ) — p— m,o —
(CI, @), -, Fonk) (Q), cr* (Q)1-6,00= CI, @/omy - -+, (3™ (Q)

(" (Q), B™ (g = K" (Q)

k

S0 — — m,s p—
(hl,(a/an),..., @Fjonk) (Q) ’ h‘lm (Q))l—e = hI, ©lony - -, (37 [on™) (Q) .

Proof. Using the fact that Q is locally diffeomorphic to R" or to R+,
we can get the statement by the analogous properties which hold if Q is
1eplaced by R" or R’ (Propositions 2.3, 2.6, 2.7).

CoroLLarY 2.10. Let «,0€]0,1[,keN be such that o+ K <1.
Let A be a differential operator of order <k in Q. Then we have:

CE% (@), CV* (Dr_o,00 = CY* (Q)
PE% Q) , B (@hoe =h" Q).

The proof is quite similar to that of Corollary 2.8.
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