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Meccanica dei solidi. — 7/e plate on wunilateral elastic boundary
support . Nota II di RarraeLE Toscano ¢ e ALpo MACERI ™,
presentata ™ dal Corrisp. E. GianGrEco.

RIASSUNTO. — Si prosegue lo studio del problema della piastra elastica con appoggio
elastico unilaterale al bordo, iniziato nella Nota I. Si completa lo studio della unicita della
soluzione e si danno risultati di regolarita.

To study the uniqueness of problem (P) solution in B) and ¥) cases,
we put, for any v€ W2 (Q):

Iy ={xelg|v(x) >0} and I, ={xelk|v(x) <o},
and, for any p€ P, —{o}:

1, if p@)y=o

vzel X”<x)=‘o, if  p(x) #£o.

Let us notice that, if # is solution of problem (P), because:

JEu+ds=(q,l)>0,

r

we have s (IJ}) > o.

LeEMMA 3. I B) and ¥) cases, if u and i are solutions of problem (P),
then:

| w =gt s-a.e. on I'g

u—id=343 with pe€P,  and p(E)=o0.
Proof. From the relations: |
> J anD’(ﬁ—u)D’(a—u)derJ E (4 —u) (@ —u")ds=o,
o r

=2
s(=2

E({l—uw) (Gt —ut)y=o0,
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we have:
u—i=32 with peP,
E(#—u) (@ —u")=o0 ‘ s-a.e. on I,
Hence:
at =" s-a.e. on I'g
and, consequently:
( Ex'pds=o0.
r

Therefore $ () = o, since:

|Esas=5®@. 1. O
I

Now let us consider the problem:

PROBLEM (Q). Find we W?(Q) such that:

| mEtas £ (g, 1) Vper—fo}  with p@®=o.

r

We will say that problems (P) and (Q) are compatible if they allow a
common solution.

THEOREM 6. If problems (P) and (Q) are compatible, then problem (P)
allows a umnique solution.

If problems (P) and (Q) are not compatible, and if wu is a solution of
problem (P), denoted as p an element of P, — {0} such that:

37) 2E) =o0,

XﬁEu*'ds:(g,l),
r

all and only solutions of problem (P) ave of the type u -+ \p, where:

e U [ sup  —ufp, inf  —ulp]
rogr;"ur;_r; I‘;—(r;ruro) I‘;*—(P,ful“o)
s(Tg)=0

if s(Ti)>o0 and s(I';) > o,

e U [ sup —ufp,+oof
LCry -rf ry-alury
8(I'g)=0
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i s(TH=o0 and s(T;)>o,

AE U ]—oo , inf —ulp]
reCT -t rf-@fury
§(I"g)=0

i s(TH)> o and s(TF)=o,

A is any real number if s(T3)=sT3)=o0.

" Proof. Let us suppose that problems (P) and (Q) are compatible, and
let 2 be a common solution. By absurd, let us suppose that problem (P)
has a solution # 7~ ». Putting p = » — 4 from Lemma 3 we have:

(38) peP,—{o} , pE =0 , p=o0 s-a.e. on I .
From first and second of (38) we have:
(39) | 15 Bat ds £ (g, 1) 5
r
moreover because # is solution of (3), we have:

(40) f Eu"ds = (¢,1).

T

(30) and (40) imply:

(41) ; f (1 —x5) Extds>o.
r

On the othex[‘ hand, taking account of third of (38), we must have:
(1—y; Ed" =0  sae on I,

and this contrasts with (41).

Let us suppose now that problems (P) and (Q) are not compatible.
If % is solution of problem (P), called $ an element of P, — {0} satisfying (37),
let us at first notice that: ‘

(42) p=o0 s-a.e. on Iy .

In fact from (37) and because # is solution of (3) results:

~

J (1 —yp) En* ds =0,
T
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which implies:
(1 —yp) Eut =0 s-a.e. on Iy

from which (42).
After that, let us analyze the case:

s(T3)>0 and s{Tf)>o.

Let # be a solution of problem (P). From (42), taking account of Lemma 3
and that s(I}7) > o, we have the existence of a real number A such that
% = u + 3. Hence, by Lemma 3:

ut = (u+ \p)" s-a.e. on I'g
which implies:
utrp<o sae on I'JUT; —TI;.
Hence a subset I’y of 'y UT'; — 5 exists such that s(I',) =0 and:

(43) sup —ulp <A< inf — ulp .
r; - @ uTo rt—@ury

Inversely if T'y is a subset of I'f UI'; — [y with zero s-measure, and if A
is a real number satisfying (43), taking account of (42), we have:

Eu" = E (u +2p)* s-a.e. on I,

Then # -+ 2p is obviously a solution of (3), i.e. of problem (P).

Similarly we proceed in the other cases. []]

Remark 2. Obviously in ) case, if Vpe P, —{o}, with p (&) =o,
s ({xe e | p (x) = 0}) = o, problems (P) and (Q) are compatible. On the
contrary, by (14), they are incompatible if y) case is true.

3. — To study regularity of problem (P) solutions, we let for any § > o:
Ss={yeR"[|y| <8 , Zs={yeR"|[y]|<d,y,>0; (»n=2)
W (Zs) = wel* (s | Boe Jo, 3[>v() =0 as [y]>3}.
We let also, Vi€ {1,---,2— 1} and VA€ R:
B=(0,h, -0 , Z'={yeSs|y + eIy

and, if ve L% (Zs):

pinv(y) = v(y—{—k;)——v(y) a.e. on Zg'h(};¢o)_
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We recall that [3] Voe W2 (S0 W (Z):

1
b

(44) [t v llw2zs < const. ( 1'12_2 ‘ | Dr v |2 dy)
=2

and moreover, if 3 €13,, 8[ and %y = min {§ —3 ,3 —§,}:

v
s

(45) as o< |Al<hy leinvliezy <

L2(Zp)
Let:

b(n,v)= Ir|2<2 J b,, D% D" v dy Y (u,v) € (W2 (Zg))?
|s|<2 I

be a bilinear integro-differentiai form with 6,,€ L* (¥5) and such that:

(46) b(v,v)=by 3, | |D"vPdy Voe W2(Z)NW () (b,= const. >O0);
: I7T=2 :
=3

moreover let L be a real-valued linear functional continuous in W2 (Zs) 0
N'W (Z5) provided with the W2 (Z5) norm and such that:

47) Lm=o0 VxeCy ()
(48) IL(@)] + \L (%,y—) ( <&|viwrzy  VeeCF (Ss)
and Vje{r, -, m—1} (' = const. >0).

THEOREM 7 If .
QeR® | 4.eC™(@Q) , ge(WH(Q)Y,
then any solution u of problem (P) belongs to W3 (Q) and we have:.
I elwsio < v Cllg vty + L E ooy - 1 sy =+ Il 2 Iwecan)

where v =y (a5, Q).
Proof. We proceed as in [3] (Theorem 2), taking account of (I)
and (2). [ :

Remark 3. In the hypotheses of Theorem 7, because W3 (Q) < ct? Q)
Vi€ o, 1[, any problem (P) solution has first order partial derivatives
satisfying in Q a Holder condition with any exponent A€o, 1[.

The following lemma allows us to state a further regularity result.

26 — RENDICONTI 1980, vol. LXIX, fasc. 6.
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LEMMA 4. Let b,,€CY (). If ue W2(Zs) is such that:
(49) 16(u,v) +L(@) | <&"|v]l2ey
Vo € W2 (Zp) N W (Zs) (6" = const. > 0)
then, for any 8 €lo, 8[:
ue W (Ss) , lullwimsy <Y (6 + 8" + || wllwezy)
where v = v (3, b,,).
Proof. At first from (48) and (49) we have:
6@, )| <@ + ) vllway Vo WH(Z)OW (Zs),
and hence ([3], Lemma 4), for any 3’ €Jo,3[:
(50) u€ W3 (Zs),  lullwsesy Sy (@4 67+l liweey)
with y =+, ,).

After that, let & <3, <33 <8 <3,0€CF(Ss,) with =1 on §52,
A=uwun, 8 <8' <8 ,h=min{d —3,8 —3,,3;,—38,3" —3,}. Let
us prove that:

(51) as |r|=2 and as 7, €{1,---, n— 1}

2 (2 ya)eramy,
5 (o) e,

2 (5
Vi \ Y;

Given a sequence {v,} of elements of Cg”(Ss,) such that:

o7
o i ( 2, )
7

~ we have, V€N and as o < [ 2] < /4,:

o v
’ (P"”’ ( ) ’”") =’ (”"7"9"'“” ( aﬁ)) +
7

=z (2) [ Gatrpr )

s]<2 a0, -,0) g,

< const. (6’ + & + || #|lwazy) -
L%(Zg)

(52) ~ lim

N—>+00 i

= Q0 y
wWi(Zg)

\—/

|4\M

D () D (pinvn (3)) dy — 3 f D5, (3) -

ri<a
s|<2 g

3
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2 (ém(yfﬁ’)—érs(y) n(y+/¢i>D8%(y+;j>) d;H—

S
£Z 3 (1) [
jrj<a a<s *®
[s{<2 a(0, - -,0) 5,

9 o s—a 9brs
o Cnpa @Dy — % [ D
Vi

-D% pi () Do, ay .

Hence, because:

o % )
oo (55) ) = (eun (5) o) +
» NP%,~h 9, ) ‘VJPz,—h W
27, \ ) %)
— 14 G, — " L i, — z s
( (”’W’h(ay]))Jr (Y)p'h(ayj)))

we have, taking account of (48), (49), (50) and (45):

i
(e (55) =)
J

from which, taking account of (52), (44) and (46), we have (31).

Because (47) is true, we can complete the Proof in the same way already
used in [3] (Lemma 5). []

i

< const. (6" -+ 6" -+ lullwsy) - l|7allwezs

THEOREM 8. [/f:
QeR®' | g,eCM(@Q , gel¥(Q) , EeW'I),
then any solution w of problem (P) belongs to W*(Q) and we have:
lelwiey < v (l7llze + T E llwam 2" ooy 4+ oellwe)
where ¥ = ¥ (@, , Q).

Proof. At first we have [4]:

a) For any open Q' with closure contained in Q,. results:
w€ WHEY) , lullwieny =< v (Il + [l2llweay)

where vy = vy (a,,, Q).
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Now we fix on I' a point Z. Because Q€ R®', an open neighbour-
hood U of % a & >0 and an one-to-one transformation @ = (®,, ®,)
mapping Ss onto U exist such that:

_ N o(@, @) , |
deC* (S , o'eC*(U) l&—z— ": Vyes
(S) ) =1 wes,,
O () =U" where Ur=QNU.
Let us, for any (9, w)e(W2 (Zs))2 [resp 7€ W2 (Z5) VW (Xs)] v =0D~ -1
U+

201 on

° on Q U+ and consider the sum

and w = wo® " |resp. v—{

[resp. the function]:

(53) 52 f a,, () D' v (x) D" w (x) dx [resp L(#)= [ Ex' v ds] .
=2 U+

Replacing » by @ (y) and writing (D°2) (® (¥)) and (D"w) (® (3)) in terms
of derivatives of ¥ and & respectively, (53) becomes:

V«waﬁﬁwmew,

<2 Zg

where .3 € C'* (Z5) and depends on a,, and @ only.
Obviously the bilinear integro-differential form:

b@ @)= 3 | laDFID By V@, B)E WS

Bl<z =5
satisfiés (46). It is also obvious that the functional L verifies (47) and (48).

Then, we put %= x> ® and note as ¥ an element of W2(Zs) N W (Zs).
Because:

f a,sD"uD'vdx—h—f Eu' vds = f gvdx
‘ \—2 Q r 0
we have:
16, %)+ L&) | <lglool -
Consequently, by‘ Lemmé 4:
A€W (Zy) , |ldlwezsy <Y (@, 0,98

(¢ ey + 11 E iy Il 7 lleotry + 1l # liweco)
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for any 8 €]o,3[. Hence, putting U’ = ®(Sp) and U =U'NQ, we
have:

ue W4 <U,+> 7 lwsursy < ¥ (P, ap s 8’> ’
(g lizey -+ 11 E llwiay - | 27 lcoamy + Il % llwe) -

The regularization at the boundary is acquired and therefore, taking account
of @), the thesis is proven. []

Remark 4. In the hypotheses of Theorem 8, because W*(Q) < c** Q)
vre ]o, 1], any solution % of problem (P) has second order partial deriva-

tives satisfying in Q a Holder condition with any exponent A€ Jo, 1].
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