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Algebra. —■ Projection o f Wreath Products o f L ie Algebras. 
Nota di A l e x a n d e r  A. L a sh i  presentata (**-> dal Socio G. Zappa.

RIASSUNTO. ■— Sia K un dominio a ideali principali, che non sia un campo e sia L 
un’algebra di Lie su K. Principale risultato: Se L =  Awr B, cioè se L è prodotto intrec
ciato delle algebre di Lie precarie A e B, ogni isomorfismo reticolare normale di L è indotto 
da un isomorfismo.

Si prova anche, mediante un esempio, che per le algebre sopra un campo il teorema 
non è vero.

L et K  be a com m utative ring which contains an identity  and no zero 
divisors. These properties of K will not always be explicitly stated in w hat 
follows; moreover, additional conditions on K will sometimes be specified.

Let L  be a Lie algebra over K; S (L) is the lattice of all subalgebras of L; 
9 : S (L) — S (L9) will denote a lattice isomorphism.

The aim  of this article is to study  the lattice isomorphisms (projections) 
of a w reath product of Lie algebras. W e will m ake use of generally accepted 
term inology and notation (see, for example, [i], [2], [3]).

A Lie algebra L over K is called proper if L is torsion-free as a K-module.
The lattice isom orphism  9 : S (L) — S (L9) is called normal if 

N (A)9 =  N (A9), for each subalgebra A  L.
Let V be a variety  of Lie algebras over K , A  an algebra from V and B 

some algebra. A  Lie algebra W  is called wreath V -product of the algebras 
A and B (denoted by W  =  K w rp  B) if the following three conditions hold:

(i ) W  =  alg (A , B).

(ii) Ldt k <  idw(A) be the ideal of W  generated by A. T hen k e V .

(in') If  9 : A - ^ C , ^ : B - > C  are two hom om orphisms of A and B 
into the Lie algebra C over K such th a t

(«) C =  alg (?  (A) , + (B)),

(b) the ideal S =  idc (9 (A)) G V,

then there exists a hom om orphism  (x : W  ->C  such that

t 'L  =  ?  and + >

were p |A and p,|B are restrictions of the hom om orphism  p, on subalgebras A 
and B, respectively.

(*; Tbilisi Mathematical Institute -  Academy of Sciences of the Georgian S.S.R. 
(**) Nella seduta del 6 dicembre 1980.
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In  the case when V =  21 is the variety of abelian algebras W  is called 
sim ply wreath product and denoted by W  — A w r  B. For the definition of 
w reath product see [2], [4].

P ro p o s i t io n  i. (see, [2]). Let W  =  A  wrY B , then W  is a split extension 
of B by k =  idw (A).

P ro p o s i t io n  2. I f  W  =  Aw ry }$ and  Bx is a subalgebra of B then

W i =  alg (A , B-l) =  A  w rv Bx.

P ro p o s i t io n  3. Let W  =  A w r  B and A x , Bx be subalgebras of A  and B, 
respectively, then

W i =  alg (Ax , Bi) =  A xw r  Bx.

M aking use of these facts, by the theorem  2 from [3] and supposing th a t K 
is a principal ideal dom ain, which is not a field, one m ay prove:

T h eo rem . I f  the Lie algebra W  =  K w r  B is a wreath product of proper 
Lie algebras A and  B, then every normal lattice isomorphism of W  is induced 
by an isomorphism.

Now we construct an exam ple which shows th a t for the algebras over a 
field the theorem  is not true.

Example. Let P be a field of p  elements (J> is a prim e num ber) and 
L a Lie algebra over P.

00

L  =  alg (x) w r  alg (b) =  alg (b) X II alg (xt) , (ad (6)) (xt) =  x i+1
i= 0

(i =  O , I , 2 ,• • •).

Each element /  of L  has an unique expression in the form
h (l)

! +  O ,  [x * e P ) .
i —0

Define an one-to-one relation f  : L  -> L as follows:
h(i)

l* =  o ,

Ä (Z) h (I)
V-b +  X  ~b 'S  1 » if -7“ oÌ =0 1=0

and let us show th a t /  induces autoprojection of L  i.e., th a t for each /1 ( /2e L

/  (4 +  4) J  ([4 > 4]) e alg ( /  (/o , /  (4)).
oo

If  4 , 4 e X =  n  alg ( x f , then it is clear, because
i =0

O = / ( [ h , 4]) =  [/(4) ,/(4 )] >/(4 +  4) = / ( 4 )  + / ( 4 ) €  alg(/(4) ,/(4)).
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Let
/j =  [xB [Li x i e X , /2 =  S « | ^ e X  .

T hen

/ ( [ 4  > 4 ] ) = / ( [ f <5 +  S  (x.jX i, S  a 4^ ] )  = / ( ( i S  a ^ i+1) =  | i ï a j %

[/(4) ,/(4 )] = / ( [ ^  +  S  F i* i +  S  Fì*ì+i , S a.j ĵ]) =

=  F 2  a i x i+i = * / ([4 > 4]) e alg (J  (4) , /  (4)) .

/ ( 4  +  4) =  /(f<* +  S ([Aj +  a4) #,-) =  {a£ +  2 ((Aj +  ai)Xi +

+  2 ([Ai +  «.j) î+i = / ( 4 )  + / ( 4 )  +  [/(4) >/(4)]e alg (/(4 ) )/(4))•

Now suppose th a t

/1 =  X , /2 =  +  2 X

and suppose (i, +  a == o (mod p), T here hold the following conditions:

f  (Jl T" 2̂) f  (S i “h ^ to to) ^ (to T" to) i )

f  (Ji) +  f  (J2) =  +  2  to (to T x i+1) T- T 2  to (to T~ to+ 0  =

=  2  (to +  to) (to +  to+0 ;

/  ([A » 4]) =  /  (h* s  to to+i — a 2  ^  * < + 0  =  [i. s  (a < +  to; (to +  * < + 0  ; 

[y.CA; i f (ßf ) \=  "T ^ (to +  to+i) > t  ^ ai (to *m)]

, OC lii to  (to+1 +  to+2) ^  to (to+1 to+ 2) •

On the o ther hand

alg (f^ +  2 Ft* i  > a ^ + S a i^ i ) —-» alg([A  ̂4 -S[A i(^i+xm ) , a£ +  S a ^  +*i+i)
j

alg ((i<5 +  2  Fi *». S (x{ +  (Ai) *4) alg ([Ab +  2  Fi +  *i+i) . 2  (a, +  jaj) *i)

alg (a<£ ~i~~ 2 aj x i j 2  (a4 | Fi) x i) *■ <dg (â  -f~ 2 ai (x% —1~ x i+i) > 2  (â  ~h F i) x i) •

C onsequently we have

2  ( f ì  +  ai) X i, 2  ( f ì  +  ai) * i+1, • • • e alg (J  (4) > / (4)) =*

=*/(4 + 4) >/ ( [4 , 4 ] ) e  alg ( / ( 4 )  , / ( 4)) •

Suppose now th a t [A -j- a y t o (mod / ) ,  then there exists a0 such th a t 
F +  a0 a =  o (mod p). I t  is clear th a t

/(4  +  4) = /  [(F +  «) ^ +  S  F i^ i +  S  a i^ i  =  ( f  +  a) 3 +

+  2 (Fi +  a4) Xi +  S (fì +  ai) ^j+1 = / ( 4 )  + / ( 4 ) e alg (/(4 ) >/(4)) •
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M aking use of the theorem  of R. Baer [5], and the fact tha t on an one 
dim ensional subalgebra from X /  is induced by an isomorphism, because 
on an one dim ensional subalgebras /  is a projection, we have

alg ( / ( / 1) , / ( 4 ) )  =  alg ( / ( /x) , a0/ ( / 2)) 9 /( [ /x, a0/J) =

= /(« »  [4 - 4]) =  « o /( [ /i , 4]) = > /([4 ,4])e algc/(4) ,/(4)> •

Consequently we can conclude th a t . / :  L -> L  induces an autoprojection 
and it is not induced by an isomorphism.
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