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SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

M atem atica. — Q-Runge domains fo r  P-holomorphy types. 
Nota di L u i z a  A. M o r a e s ,  presentata(,) dal Corrisp. E. V e s e n t i n i .

R iassunto. —- Vengono studiati i legami fra i domini di Runge e domini di Runge di 
tipo 0 in uno spazio di Banach complesso, introducendo una nuova nozione di dominio di 
Runge.

I. 6-RUNGE DOMAINS IN BANACH SPACES WITH THE STRONG 
APPROXIMATION PROPERTY

Let 0 be a holomorphy type from E to Cé?e (E) will denote the set of
n  '

all p  =  Pi where
i =0

pi 6 (*E) c V i =  o , • • n ; n e  N ,

D e f i n i t i o n  i . i .  A Hausdorff locally convex space E has the strong 
approximation property (SAP) if there exists a family ^  of continuous 
projections with finite range such that (u (E))MĜ  satisfies the following con­
dition: for every compact subset K of E and for every neighbourhood V of 
zero, there exists u e ^  such that u (oc) — x e V  for all # e K.

D e f i n i t i o n  1.2. We say that 0 is a P-holomorphy type if given any 
continuous projection with finite dimensional range u ; E ► E we have 
pi o u e (*E) for all p {e  & (*E„) for any i e N. (EM =  u (E)).

(*) Nella seduta del 12 aprile 1980.

7 — RENDICONTI 1980, vol. LXIX, fase. 3-4.
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Some examples of P-holomorphy type are:

1) The current type
2) The compact type
3) The nuclear type.

PROPOSITION i . i .  The following statements are equivalent'.

(1) A is a P-holomorphy type
(2) 0>BC t y ^ 0>f  CE) V n e  N
(3) For all continuous projections u :  E -> E  such that dim u(K)  — 1 

and for all P e (wEwy we have Po  u e  0*q (“E).

Notation. (E) =  e E : | / ( £ )  | <  || / | | K V /e (E)}

K c U : . K fl =  { Çé E:  | / © |  <  | | / | | k V /e  (U)}.

D efinition 1.3. An open subset U of E is (E)-convex if K̂ >e n  U 
is compact for every compact set K contained in U. It is 0-holomorphically 
convex if Ke is compact for every compact set K c U .

D efinition 1.4. An open subset U of a Banach space E is a 0-Runge 
domain if (E) is dense in (^q  (U) , <F0).

PROPOSITION 1.2. Let E be a Banach space, 0 a Y-holomorphy type from  
E  to C and U a §-holomorphically convex open subset of E. Then i f  U is a 
Q-Runge domaini U D F  is a Runge domain fo r  each finite dimensional sub­
space F of E.

Theorem i . i .  Let E be a Banach space with the SAP, 0 a Y-holomorphy 
type from  E to C and U a §-holomorphieally convex open subset of E. Then 
U is a Q-Runge domain iff  U is a Runge domain.

Theorem i.T . Let E be a Banach space with the SAP and 'U be an open 
subset o f E. Let 0 be a Y-holomorphy type from  E to C. Then U is a §-Runge 
domain i f  U is a Runge domain.

Proposition i .3. Let E be a Banach space with the SAP, 0 a Y-holomorphy 
type from  E to C and  U  a §-holomorphically convex open subset of E. Then 
U is (E)-convex iff  U is a Q-Runge domain.

THEOREM 1.2. Let E be a Banach space w ith  the SAP. Let 0 be a 
P-holomorphy type and  U a Runge open subset of E. Then (U) is dense 
in ( ^ ( U ) ,8 r 0)

D efinition 1.5. ^ n&(E) is the set of all / e ^ N(E) such that

I - II Vlm-—r df (x) I —> o as m  — 00 V# e E.
m \  J v/  ||n /

Theorem 1.3. Let E be a Banach space with the approximation property 
(A.P.). Then (E) is dense in  ( ^ ( E ) , ^ 0)-
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C o r o l l a r y  i. Let E be a Banach space with, the AP. Then 
(^n& (E) , } f s  complete iff  dim E <  oo. ;

C o r o l l a r y  2. Let E be a Banach space with the AP. Then (ffTn (E) , V 0) 
is complete i ff  ^  n (E) =  (E).

Analogously, (E) , Vf) is complete iff ddc (E) '=  ^ ( E ) .

2. S om e r e s u l t s  w h e n  0 i s  t h e  c u r r e n t  t y p e

D e f i n i t i o n  2.1. A subset U of E ' is <F-Runge iff P (E) is dense in 
(ffd (U) , V) (V =  topology in Jd (U)).

D e f i n i t i o n  2.2. A subset U  of E is ^-L-Runge iff \ / f e ^ d  (U) there 
exists a net (Pa)aer  c  # ( E )  such that Pa - > /  in V and {Pa}aer  is 
^-bounded (V =  topology in (U)).

D e f i n i t i o n  2.3. A complex l.c.s. E is holomorphically barrelled if, 
for any complex l.c.s. F and for any non void subset U of E we have: if 
3d c  c^(U  ;.F) is bounded on every finite dimensional compact subset of U, 
then 3d is equi-continuous.

PROPOSITION 2.1. Let E  be a holomorphically barrelled locally convex 
topological vector space and let U be an open subset of E. Then U  is 
VfL-Runge  U is Voî-L-Runge.

P r o p o s i t io n  2 .2 . Let K  be a complex Silva space and  U  be an open sub­
set of E. Then U is Runge U is Voi-Runge.

P r o p o s i t io n  2.3. Let E be a Banach space and F  a locally convex 
topological vector space. Let U c: E  and  U ' c= F be holomorphically convex 
open sets and u : E  -> F be a holomorphic application of U in F, continuous 
on E. Then I =  { z e U  : u ( z ) e  U'} is holomorphically convex.

P r o p o s i t io n  2.4. Let E be the strict inductive lim it (see [11]) of a sequence 
(Ew) of Banach spaces. We suppose that E has an enumerable basis. Let U 
be a holomorphically convex open subset of E. Then U is an open set of Runge 
i f  Um — Pw1 (U) is an open set of Runge in Em 'fm  e N.

3. N o r m a l c o n v e r g e n c e  o f  t h e  T a y l o r  s e r i e s  o f  f e d d ( U) in  U
WHEN U IS A CIRCULAR OPEN CONVEX SET CONTAINING THE ORIGIN

THEOREM 3.1. Let U be a connected circled domain such that o e U .  Let 
f  & dd (U). Then f  can be written uniquely as a series of homogeneous polyno-

00

mials f  (z) =  2  P ic (?) on U (P& =  homogeneous polynomial of degree k in z) 
k — 0

and the series converges normally.



IDO Lincei -  Rend. Sc. fis. mat. e nat. -  Vol. LXIX -  Ferie 1980

COROLLARY i . I f  f ( z )  is a holomorphic function in a connected cir­
cled domain U  that contains zero, then f  can be holomorphically continued to

Corollary 2. A  connected circled domain U that contains zero is a 
Id ffL.-R.unge domain.
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