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M isura e in tegrazione. — Abstract absolute Riemannian integra
tion. Nota di H a n s  G ü n z l e r ,  presentata dal Socio L. A m e r i o .

R iassunto. ■—■ Si introducono integrali propri e impropri per funzioni :X -— S =  
semigruppo commutativo con metrica generalizzata rispetto a una biaddiva <D :S x O  — S' 
di variazione finita; fi è un semianello di insiemi c X . Per il caso proprio si usa una 
riformulazione della definizione di Riemann, per l’improprio si applica convergenza locale 
in misura assieme a convergenza in media.

Integration with respect to finitely additive set functions is needed 
frequently in functional analysis and related fields ([23], [13]). Here we 
want to consider such an integral for which with Banach-space-valued /  
also ' -x Il f  (x) II is integrable, i.e. an unconditional integral. For broad 
applicability the range spaces should be as general as possible; since the 
main problems are closure under addition and additivity of the integral, 
abelian semigroups would be a natural setting. Such a theory is indeed 
possible, neither a cancellation law nor convexity are needed. Subsumed 
are thus integrals for set-valued functions [6], [2], values in a. ring with 
(non-archimedean) valuation, in topological groups, in partially ordered 
semigroups [4], [7]. By (29) the Lebesgue-Bochner integral is also a special 
case. Needing some sort of order, we work with semimetrics which are 
sufficiently flexible (examples 3, 5, 6, 8, 9, 10). Even for Banach-space- 
values, where we introduced this integral in [11], it contains p.e. strictly 
the integrals in [i], [3], [8], [19], [20], [27], [31], [32]. Non-absolute 
integrals are not considered here, for references see [12], p. 2. Also we do 
not use integral norms as introduced in [1], [5], [29], since we do not 
want to assume order completeness and lattice structure for the range space 
of the semimetric; under such assumptions proper integration by integral 
norms is obvious, by [16], [30] also the improper case can be treated for 
Banach-space-values. Additional details, examples, references and some 
generalizations the interested reader can find in [12].

I. STEP FUNCTION AND ELEMENTARY INTEGRALS

If X is a set, P (X) : =  {M : M c= X}, then Q is a semiring in X iff 
<j> e Q c  P (X) and U , V € £i imply U O V e û  and the existence of a 
natural n and disjoint A 1 , • • - , A n e ß  with U — V =  Ax U • • • U A W, with 
U — V : =  {x e  U : x  $ V}. (S , +  , 0) is an abelian semigroup with 0 
or ASZ if 0 g S , +  : S XS —> S is associative and commutative, with (*)

(*) Pervenuta all’Accademia il 7 luglio 1980.



8 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LXIX -  Ferie 1980

n
a +  0 =  a for a £ S ; na : =  2  a > Oa : =  0 for a e S , n natural. If

1
/ e S x : = { / : X - + S } , M , P c X ,  then / M  : X S is defined by

(1) ( /M ) (V) : =  /  (x) if x  e M , ( /M ) (#) : =  0 if x  e X — M ;

specifically æM =  a on M , =  0 on X — M, for a e S ; MP : =  M f i P ,
n

T (i2 , S) : =  {h e Sx : h — ^  am A m with ^ natural, ame S  , A nbe Û}, with

pointwise =  , +  (i2- step-functions).
If Û is a semiring, S an ASZ, then T ( O , S) is an ASZ; if a € S, 

h e T (O , S) , M e r£2 : =  ring generated by O in P (X), then aM , 
hM  e T (O , S). If S' is also an ASZ and h e T (Q , S) , k  e T (Q , S'), then 
there are a natural n , disjoint Bwg £2 , bm e S , bme S with

(2) h — b1 +  • • • +  bn , k =  b\ Bx +  • • • +  Bn Bn .
m m m n

If h =  2  a{ A ^ , k  =  2  a% A*, there are disjoint B^e £5 with [ J  A* =  (J 
1 1 w 1 1

and A i B̂ - fi- <j> => B̂ - c  A^ ; b0 : ' =  ^  with if B^ c  A *, else
1

<2̂  : =  0, and similarly defined b jt do it.
n

A  (x : O -> S =  ASZ is additive in iff jx (<j>) =  0 and (x (A) =  2  (x (Am)

whenever A , Am € £2 and A =  A x U • • • U A n disjoint; î > : S x û - > S / =  ASZ 
is biadditive iff Oa is additive in £2 , a € S, and <I>a is additive in S , A e £2 ;
here <Pa (A) : =  O (a , A) =  : (<*), 9 : S -» S' is additive in S iff 9 (0) =  0
and cp (a +  b) — 9 (a) +  9 (fi) , a , b e S.

LEMMA i . I f  £2 is a semiring in  X, S and S are ASZs, $ : S X Û - > S  
is biadditive, then

ì r m m
(3) "<D(*):  =  U d < D :  =  £  <&(,**,A*) i f  h = ' £ a i A < e T ( Û , S )

J 1 1

w well defined and additive in  T (Q , S).

So any additive (x0 : Q -> S0 =  ASZ can be extended uniquely to an

additive fx : r£l -* S ^use S =  {0 ,1  , ' •••}, S' =  S0 , O (n , A) =  2  ^ (A )^ .

m n m
Proof. If 2  ai Ai =  2  > one ^ as to show 2  ® (a\ » A t) =

n 1 1 1
“  S  ® (A? > B̂ -). W ith (2) one can assume the b$ , B  ̂ as after (2). Then 

1

m m n  n m n
S ® («*. A ») =  S  2 ® ( « 0 A <Bi) =  X X  • • ; =  2  ® (Pi>Bi) -1 1 1 1 1  1

since <I> (a{ , B^) =  <I> (a^ , B,). □
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(I , <.) is semiordered iff I is a set, <  defined in some M e  I x l ,  with 
a <  ay and a < b y b < c = $ a * < c y for a , b  yc e I ; a <  b iff a < b  but not 

1 b <. a. (I , < )  is a net iff it is semiordered and to any a , b e I exists c e l  
with c <  a , c <  b. S or (S , +  ) 0 , < )  is a partially ordered abelian 
semigroup with 0 or PASZ iff (S , +  , 0) is an ASZ, (S , < )  semiordered 
and a ^ b ^ a  +  c ^ b - ^ r c  for a , b , c e S. Then S+ : =  {a e S : 0 <  a} , 
S+ : =  {a e S : 0 <  a} , and if a , b , c e S ,

(4) d (a , b) <  c means a <  b +  c .

If  V , V ' are PASZi- , P c  V ^ , then 9 : V ->• V ' is P-monotone iff 9 (u) <
<  <p(v) -j- s for s e P \  u , v e V  with u < v \  monotone means {0}-monotone. 
ca : V x Q  —>• V ' is [P-]monotone iff each coA is, A e  Q,. If P c  V — PASZ, 
then P is strongly subdivisible iff P e  V+ and to each s e P there is 
S e  P with 2 S < s .

D e f i n i t i o n  i .  S or (S , Y , d) is semimetric iff S is an abelian semigroup 
with 0 , Y a PASZ, d : S X S -> Y  with d (0 , 0) =  0, d (u +  w  , v +  w)  <
<  d (u , v)  <! d (u , w )  +  d ( w  , v)  for u yv  , w  e S,

(5) d d  (u , v) <  y  means d (u , v) <  y  and d (y , u) <  y  .

Example I .  Any ASZ S can be made semimetric via the Minkowski 
functionals (inf <j> : =  00)

If  V c P  (S) with V 4>, 0 e U if U e V , H : =  [0 ,00] and H v with 
usual +  , <  , d : S X S — H v defined by d (a , b) (U) : =  du (a , b), then 
(S , H v, d) is ßemimetric with 0 == d {a , a) <  d (a , b). See example 9, 10;
[14], [22], [29].

Our first set of assumptions is

(7) Q semiring in X, (S , Y , d) and (S', Y', d') semimetric, P strongly 
subdivisible c  Y+ , W =  S or Y, with W' =  S' or Y' and T  — $  or co 
correspondingly; co : Y X £ì Y' and ® : S x û  -> S ; biadditive, 
co P-monotone, with d ' (<D (a , A) , O (b , A)) <  co (d (a , b) , A) for 
A e , a , b e S.

Lemma 2. Assume  (7). Then (T (Q , S) , T (£2 , Y) , d) is semimetric\

If  / i  : X ->■ S, then d ( / x , / 2) (x) : =  d (x) , / 2 (xj) , x e X .

(6) divi (a , b) : =  inf \n \m  \ m  , n natural
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So if co : Y X Q -> Y' is monotone, (T (Q , S) , Y', dtó) is semimetric. 
The proof is straightforward, with Lemma 1, Definition 1, and

(9) d ' (% ------- V u n , v x + • • • + » « ) <  d' ( « , , »0 d------- 1- d '■(«« , O

if um , v me S'.

2. P roper R iemannian integration

D e f i n i t i o n  2. If X , O , S , Y , d , W are as in (7), a :  Y x Û - >  
Z =  PASZ is biadditive, P e  Z+ , f e  Wx, then f e  Rj (to , P  , W) iff if /  is 

proper R iem annian co-P-integrable iff to each e e P there are h e T (Q , W) 
and ß € T ( £ 2 ,Y)  with (see (5), (4), (1), Lemma 1)

(10) dd

and, for each V e r Q  : =  ring generated by Q ,

(11; co(ßV): =

Ro (w , P , Y) is defined if only X , £2 , Y , Z , to , P are given, with 
S =  {0} , d = 0; this case W =  Y =  PASZ can be subsumed under the 
semimetric case using d (u , v )  : =  { y e  Y : dd ( u  , v )  •< y)  (see [12], p. 9). 

If P is strongly subdivisible cz Z+, then _/ e Rj (w , P , W) iff to each
n

s e P there is ß — 2  ^  e T (Q , Y) with (i i) and, for k — 0 ,1  , • • ♦, n 
1

(12) d (/o (x) , /o (y)) <  ß0 (x) if x , y e A k ,

where A0 : =  {oo} U (X — (Ax U • •. • U Aw)) , / 0 (oo) : =  0 =  : ß0 Too). Thus 
for ÏW — Banach space, Definition 2 is an absolute version of Grave’s 
definition [ro]; both coincide if dim W <  oo .

If one has (j) and Y satisfies

(13) a , c 6 Y , a a 2 c always imply 0 < c  ,

then / e  Rj (co , P , W) iff /  satisfies Definition 2, with (11) replaced by 
co(ß) <  £ (and Z =  Y'), i.e. the V are superfluous.

D efin itio n  3. Under (7), W ' is called P-complete if (P , < w ) is a 
net with

(14) a , b 6 W ' , dd (a , b) <  £ for each e g P  imply a =  b ,

and if each P-P-Cauchy-net in W ' converges to some a €  W '. A P-I-Cauchy- 
net F in W ' is a F : I —> W ' with I a net such that to each £ € P there 
is 8 e I with d (F (i) , F (/)) <  £ if i  , j  <  8 , e I; F -> a means to each £ e P 
there is 8 6 I with dd (F (i) , d) <  z if i < 8 .

j  ßV dco <  £ .
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Order-complete Y' are P-complete if (14) holds; the converse is usually 
false: Y' =  Ra with x  < y  iff x  =  y  or x i <  y i , i  — 1 , 2 , P =  Y,+ dehne 
a P-complete PASZ, Y ' is not order-complete, Y + is not even a lattice. 
P <j> if {0} W ' =  P-complete. Usually we need

(15) (7) holds, with S' and Y' P-complete.

T h e o r e m  A. Assume (7). Then (Rj (co , W , S) , Rj (co , P , Y ) , d) is 
semimetric. T  (Û , W) c  R j (to , P , W) , / V  e Rj (to , P , W) i f  f  e Rj (to , P , W),
V e rO; i f  (7) holds and  W ' A P-complete, A exactly one P-continu-

ous Y  : Rj (Oi , P , W ; W  with  Y  (A) =  (  /kiY i f  h e  T (Q , W); this Y  «  

additive in  Rj (w , P , W), and  P-monotone fo r  Y  =  <ù; we write also j  ■ • -dY.

T  P-continuous at g  e Rj (co , P , W) means to s e P  there is S e P  
such that d ' d '  (Y ( / )  , T  (^)) <  s whenever f e  Rj (co , P , W) , h e T (Q , Y), 
dd ( / ,  £*) <î h , co (A) <  & (no V). Theorem A can be applied if only X , JQ,
Y , Y', co , P are given, with S =  S' =  {0} , ® == 0.

Proof. The hrst statement follows with Lemma 2, with pointwise 
=  , +  , <  in R j: =  Rj(co,  P ,  W ); especially d ( / ,  g) e Rj (to , P , Y) if 

/ ,  g  e Ro (<o, P > S). T c  Rj since d {h , h) <  d (0 , 0) =  0. By Definition 2 
and the axiom of choice to / e  Rj exist H : P - + T ( Û , W) , B : P -> -T (Q , Y) 
with dd ( / ,  H (Ü)) <  B (i) , «  (B (*) V) <  i  for V e rCl , * e P. Y  (H) is 
P-P-Cauchy by Lemma 2, T  (H) : Y  ( / )  € W '. With (14) the lim in W '
is unique and Y  ( / )  independent of H , B, yielding existence of an additive Y .  
Continuity implies uniqueness since T  is ‘ dense’ in R j. For continuity 
resp. P-Monotonicity of T* one shows with Lemma 2 : If f , g  e R j ,
h e  T  (O , W) , d ( / ,  g) <  h , s e P, then (see (4))

(16) d ' ( Y ( f ) , Y ( g ) ) < < * ( h ) + e .  □

C o r o l l a r y .  I f  besides (15) always

(17) a , b e Y ' , a <. b ~f- s fo r  all s e P  imply a <  b ,

then (Ro (co , P , S) , Y ', dd) is semimetric, T (O , S) d^-dense in  Ro,

(18) d' (/^d<1> ’/ ^ d ® j  ^  j d ( f , g )  dw =  : dw ( / ,  g) ,

f . g e  R j :  =  R j ( ö , P , S ) - .

dw-dense means: To s -e P , /  e Rj (to , P , W) exists A e T ( ( l , W )  with
dco doj ( /V  , AV) <  s for V e r û U  {X}.

Example 2 . X =  Rn, Q =  £ln : =  all I =  Ixx  • • • X In , lm =  K  » +  4 ),
S =  S' =  Y .== Y ' =  reals R, usual +  , <  , d =  d ' , co ( t } I) =  /{Xl (I) ,
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[Xl (I) — l\ * * ln > (<?-) additive in Qn =  semiring , O =  co , P =  R+ : 
RÎ (co , P , W) =  exactly all proper Riemann integrable /  : Rw -> R in the

usual sense, j  /dT* — usual Riemann integral J  fd x .  See example 3, 4, 5.
R*

Example 3 . If Y =  group in (7), Y' satisfies (13), then / e  r J ( co , P , Y) 
iff to each s e P  there are h , k z  T (Q , Y) with

(!9) h . < f < k  and J  k V  dw <  j k V  dco -f- s for V e rQ .

Y ' is P-complete if Y ' — order-complete ordered vectorspace V [28], P as 
in (7), net with (17), Theorem A is applicable to Y , co. For Rj (co , P , Y) cz 
or =  Darboux-integrable functions DÌ (co , Y) see [13] (D 23) ff; especially 
the integral in [4] is subsumed.

If E =  Riesz space [21], [x : £2 semiring -> R additive (no finite vari
ation), Y =  Y' — E , co (a , A) =  (x (A) a, P as in (7), then besides (12)

(20) RÎ ([x, P , E) : =  RÎ (co , P , E*) =  { / e E x : /  satisfies (19), s e P}

for / =  1 , 2 , 3, this is a Riesz space with pointwise /  A g , \ f \ \  here 
Ex =  (E , E+ , I a — b I) , E2 =  (E , E , a — b) , E 3 : =  E as PASZ. Examples: 
E =  l v, 1 <  p  <  00 , s 6 P iff all zm > 0; if E == R n, also Y =  R , co =

n
— ^(A ) 2  ah or E4 =  (Rw, R+ , d) with invariant metric d with usual

1
topology, E5 =  Rn as PASZ with a <  b iff a =  b or ak < bk , P =  Y+, 
are possible in

(20) =  RÎX • • • X Ro , Ro * =  any such for n =  1 ; E5 is not Riesz, n >  1 .

Similarly for (x : O -> V  or E , / e R x , or f x , /  F-valued, F ordered field. 
See example 4.

Example 4. v :  Q sem iring-> R+ additive, Bi (closed convex cones cz) 
Banach spaces, x̂ : Q -> B3 additive, || (x (A) || <  v (A) , A e Q (p.e. v =  vari
ation I [x I). <l>o : B j XBg- ^  B2 bilinear and continuous. If S =  , S' =  B2,
Y -  Y ' =  R + , O (a , A) -  O0 (a , fx (A)) , co (* , A) =  || ®0 .|| tv  (A) , P =  R+,

one has (13), (15), ( l 7)> (22), Theorems A-G hold: W ith | | / | | :  =  \ f \ d v ,

l / l  (*) : =  11/00 Hi > Ro : =  Ro (v. , Bx) : =  RÎ (co0 , R+, Bx) is a prenormed

<E>o ( / ,  djx) : =  j /d O  and

— j 9dco0 are well defined and linear for / e R j  , cp e Rj  (v , R), co0 ( t , A) : =  

=  tv (A),

linear space, /  e Rj => | / 1 g R Ì  ( v  , R ) j

(21) <  limoli-Il /II / e R j .
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By (12), (13), / e R j  iff to each s > 0  there are Al r *-*, AÄe f l  with
n n

X  v (A-h) suPa^ \ \ f (x )  —  / O )  Il <  s and / =  0 on X — ( J  At iff to each 
' 1 1
s >  0 there are h , k e T (Q , Bj) with | A | < | / | < | > £ | , | /  — h \ <  \ k —-h | , 

j  \ k  — h I dv <  s, a B-analogue to (19). If £i — , v =  fi.L of example 2,

then / £  Ro (^ l , B) iff f  is bounded, has bounded support, <2/zc/ A Lebesgue- 

a.e. contimtous', this is false for the Graves — j* [25], [26].

Similar results hold for Riesz spaces, i  =  1 , 2 ., 3 , P cz E3", v : O —>■ E 3+, 
with ‘ Oo continuous ’ replaced by <D0 >  0, i.e. O0 (^ , 3) >  0 if <2 e E1+ , 
£ e E 3+, the norms replaced by | | of E t- , co (2? , A) =  O0 ( t , v (A)) , co (| / 1) 
on the right of (21).

Example 5. S =  S' =  field F with real valuation 9 [15], complete, 
fi. : Q -> F and v : fi -* R  additive with 9 (fi. (A)) <  v (A); as in example 4,

RÎ (v , F) is F-linear and (Theorem B) a ring, j  f d [ L  F-linear, 9 ( j / 4  <

<  j  9 ( / )  dz/ =  H y  II, a prenorm. Special cases: F =  ^>-adic numbers, or

the integrals in [24].

T h e o r e m  B. Assume (7), (S*, Y , d^) semimetrici /*  e R j  (co , P , S*), 
M : Sx -> S , T : Sx X S2 S , M (0) =  T (0 , 0) =  0, M and  T Lipschitzian. 
Then  M ( / x) and  T ( / x , / 2) e R Î  ( co , P , S).

M resp. T (locally) Lipschitzian means there is a natural n0 (for T 
depending on f f )  such that to each finite Q c  S2 there is a natural nQ with 
d (M (u) , M (v)) <  n0 dx (u , v) resp. d (T ( f f  (x) , y ) , T  (/1 (x) >z )<no  d2 (y , z) 
and d (T (u , ç) , T  (v , qj) <  uq dx (u , v) if u  , v e S j , y  , z  e S2 , # e X , q e Q. 
For a proof see [12] p. 11.

If M is additive and S , Si are P-complete, then

with suitable M ', <[>1

Thus under the assumptions of example 4, $0 ( / 1 , / 3) e Ro (^ , B2) if 
f i  e Rj (» , B*) ; especially 9 •/ e Rj (v , B) if /  e Rj (z; , B) , 9 e Rj (v , 2 ), 
2  — reals R. resp. complex numbers C; Rj (v , 2 ) is an algebra.

Definition 4. Assuming (7) and M c  X, then M e J0 (co , P) [resp. 
e N0 (co , P)] iff M is a proper Jordan co-P-set [resp. proper Jordan 
co-P-nulset] iff to each s e P  , y e  Y f there are U , V e rQ with U c  M c U U V  
and co (yV)  <  e [and U =  <()].

For X =  R n, • • • as in example 2, these are exactly the usual (proper) 
Jordan [nul]sets.
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T h e o r e m  C. Assume (7) and  G c  X. Then J0 (co , P) is a ring con
taining N0 (co , P) as an ideal ; (a) G e J0 (co , P) i ff  (b) yG e Rj ( co , P , Y) 
fo r  y  e Y +. I f  also M e J0 (co , P) , f  e Rj ( co , P , W), a e  W  and

(22) to u e Y  always exists y  e Y+ with 0 <  u y  ,

then /M  , aM e Rj ( co , P , W) and  (a) , (b) , (c) : =  (b) fo r  y  e  Y+ . (d) : =  (b) 
fo r  y e  Y are equivalent ; i f  additionally Y + cz d (S : S), then ( a )— (e) are 
equivalent, (e) : =  (b) fo r  y e  S.

Proof'. Jo =  ring follows with the P-monotonicity of co, Lemma 2, 
since YrQ c  T (Q , Y); N0 is even an ideal in P (X).

a => b with h =  yU  , ß =  yV.

b => a: With 8 , h , ß , Bm as below for /  =  yG, let U : =  union of Bwc: G, 
V : =  union of Bm meeting G , f  G. Then U c G c U U V  if y  >  0; in V, 
h <  ß , y  <  A +  ß ; so yV <  2 ßV , co (yV) <  2 8 +  8 <  s. If Y + =  <j>, 
Jo =  P (X).

For f  M e R j, to s e P choose 8 e P , h , ß , bm , bm , Bw as in (2), £ =  ß, 
with 4 8 <  s , dd ( /  , h) <  ß , co (ßQ) <  8, then um , vm , x'm , x'm €' Y+ with 
0 <  > 0 <  bm +  um and y m : bm +  2 um +  vm if W =  Y, else
0 ^  d (0 , X m . Um , 0 ^  d ? 0) -f" ==5 • j ym • == T~ T" >

n
y  : =  y™, > y  e Y+ . If y  >  O there are disjoint U, V € rD  with U c M c

c U U V  =  : U ', co (yVQ) < 2 8 .  With ß' : =  ßU ' +  yV  , co (ß' Q) <  3 8 <  s 
and d d ( Ä U , / M )  < ß - ,  for W =  S with d (0 , / )  <  d (0 , h) +  d (h , f )  <  

y  +  ß etc. This holds also for y  <  0, with U : — <j>, V : =  Bx U • • • U Bw, 
since now ß' >  o. So /M  e R j, even if Y + =  For aM e R j, if Y + ^<j> 
choosy Q e rQ  with M c Q ;  since <zQ e Rj , <zM =  <zQM g R j; if Y + =  (j), 
RÎ = Wx, for 0 < Y < 0  by (22).

Now a = > e y a=>d=>c=*b.  e =» c : d (a , b) G =  d (aG , bG) e Rj by 
Theorem A.

Instead of complete, the Rj are at least ‘ closed ’ by Definition 2:

T h e o r e m  D. Under (7) resp. (15), f é  Rj (co , P , W) iff  to each s g P
there are g  e Rj ( co , P , W) , 9  G T (D , Y) resp. e Rj (co , P , Y) with
dd ( / , £ ■ ) <  9 and  co (9V) <  s fo r  all V e rQ.

The extension process step-functions -* proper Riemann integrable 
functions is iteration complete: Rj (co , P , W) =  RÎ ( co*, P , W) with

co* : Y X Jo (co , P) -> Y ', co* (y  , M; =  j  yM  dco, with (15).

Special cases of Definition 2 are the integrals in [1] sec. 8, [17] 
P- 356, [19] P- .170, [3l> [20], [27], [31], [32]. See [13], (n o ) .
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3. Im pr o pe r  u n c o n d it io n a l  R ie m a n n  in t e g r a t io n

D e f i n i t i o n  5. If (7) holds, f  , g e  Wx , Q c X , F : U  Wx with I net, 
then F -> /  to-P-locally or F -> /  (to) iff to each s e P , A e Q , j j / e Y  there 
are j e  1 , B : I ->• T (Q , Y) , M : I -> rQ  with, for V e r£l , z <  j  , 2 e I :

(23) dd ( / ,  F (/)) <  B (z) on A — M (z)

(24) I B (z) Vdco <  s , I y M  (i)  Vdco <  £ ;

/  =  g  (to) iff F ->g  (to) with F =  /  on some net; f e  » (to , P , W) iff /  is 
a to-P-nulfunction iff /  =  0 (co) ; Q e N (to , P) iff Q is a co-P-nulset iff 
jQ  c ^  (co , P , Y) for each y  e Y.

D e f i n i t i o n  6. If (7) holds and f e  Wx, then / e  R1 (to , P , W) iff /  is 
Riemann to-P-integrable iff there is H : I -> T  (Q , W) with I =  P and 
H=> /(to), meaning H ->/(co) and H is a d^-P-Cauchy-net, i.e. to each 
£ e P is S e i  with, for V e rQ  , z , j  e I , z ^  § , j  <  8 , W =  S resp. Y

(25) (  d (H ( Ì ) , H (.;)) Vdco <  s resp. J H (*) Vdco <  (  H (j)  Vdco +

Simplifications: U nder (13) and (22), the V ’s can be dropped in (24); 
also in (25), case S, if d >  0; equivalently M e J0. If X e r£l , A =  X 
suffices in (23).

Theorem  E. I f  (7) and (22) hold, then Theorem A and its corollary 
remain true, i f  everywhere RÎ is replaced by R 1. RÎ (co , P , W) c= R 1 (co , P , W),

integrals on R 1 extend those of R j .

Y  : R 1 (co ,! P , W) -> W ' continuous means if ^  e R 1 (co , P , W) , H : I -> 
-> T (Q , W) -, H => ^  (to), then Y  (H) Y  (^): by (18) and Lemma 3, in 
Theorem E this is under (15). equivalent with £-§-continuity with respect 
to d<o; see also Theorem G.

Proof. If Fj. -> f k (co), then Fx +  F2 f x +  / 2 (co) , d (Fx , F2)
—>• d ( / x , / a) (co), similarly for =», yielding the first statement of Theorem A 
for R 1, under pointwise =  , +  , 0 , <  , d. RÌ c  R1 with M =  <|).

Lemma 3. Assume (7), H : I -* T  (Û , W ) , K : J -* T  (Q , W ) , H =>/(co), 
K =*g (w) , f > g e WX, and f  =  g  i f  W  =  S; i f  W  =  Y , f  <  g  and  (22); 
s € P. Then there are it € I , j z e J w ith , fo r  V e rQ. , i  <  <  j z :
0  (d (H ( f ) , K (/)) V) <  e resp. co (H (*) V) <  co (K (J) V) +  e.

Proof. Assume 6 $ <  e , dw (H (*) V , H (*') V) <  8 , àa (K (J) V , 
K ( / )  V) <  § if i  , i' <  *8 , j , /  <  /s  , h : =  H (fs) , k : =  K (y8) as in (2). 
Choose ß e P , y m e Y with 4 » ß <  8 , ym : =  d (^TO , <C) resp. bm <  ^  .
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There are i0 <  i8, independent of m, and Cme T (£2 , W) , M me rQ  , c B m, 
with d (H (io) , f )  <  Cm on Bm — Mm , w (Cm V) <  ß , w (y m Mm V) <  ß ; simi
larly one has jo ,  Dm , Pm with d (g  , K (jo)) <  Dm on Bm — Pm , w (Dm V; <  ß ,

*>(ym PmV ) < p .  If QTO: =  MmU P m>U :  =  U ( B m- Q wl) , W  =  S then
w 1 n

d (h , k ) < d  (h , H (/„)) , U + X  (C » '+  Dm) u  +  d (K (jo) , k ) \ J +  S  y» Qm ,

with <0 ( ymQmV) - <ù(ym Mm V) -+- w (ym Pm(Pm — Mm) V) <  2 ß. So if i  <  ia , 
j  < 7 s , interpolating IN  , I N , dtó (H (?) V , K (y) V) <  S +  (S +  » (ß +  ß) +  
+  8 +  » 2 ß )  +  S + 8 < 6 8 < e . '  Similarly if W  =  Y  , f  <  g . □

W ith this and (8), lim H dT  exists =  lim (  Kd'F =  : W ( f )  if f  =  g.

T* : R 1 -> W ' is well defined (I =  P), additive, continuous (any net I), 
unique etc. If H =» / ,  K => g  (co) , H , K c= T (£2 , W) , f  fixed e I , h (i) : =  
=  H (*') , V e r £2 or V =  X, then dd (H , h) V =» dd ( / ,  H (i')) V (to) by the 
above; continuity and P-Monotoni city of to, (25), (4), (8) yield under (15) 
(-* (dw) : p. 13, line 2 ; W =  S for the last —>) uniformly in  V e r £2 U {X},

(26) H V -*->/ V ( d w) , J HV d Y -»• J/ V  d Y , dtì( H V ,K V ) ^ d u ( / V ^ V )

(if W  =  S and d ( / , / ) >  0, even dM dw (HV , /V )  -> 0 in Y', V-uniformly). 
Especially T is d^-dense in R 1 as after (18), (26) and (8) also yield (18) 
with +  s; so if (17) holds, one has (18), to is monotone, d^ a semimetric 
on R 1 (co , P , S). □

Riemann integrable functions which are not proper Riemann integrable 
always have singularities:

ÇOROLLARY. I f  (7) holds, P ^  <j>, / e  Wx, (a) / e  RÌ (to , P , W ) ,
(b) / e  R 1 (co , P , W) am / /  zV £2-bounded and  (c) exists H : I net ->
T  (£2 , T) with  H -> /  (to) f  is Sl-bounded are equivalent.

Wx is ^-bounded  iff there is A e T  (£2 , W) , ß g T  (£2 , Y) with 
dd (g  , K) <! ß. Under (22) ^  is £2-bounded iff there are u  e Y+ , V e r £2 
with dd ( / , 0 )  <  uV.

Proof, c => a: If dd ( /A  , aA) <  , B , M as in Definition 5, for
some Ù dd ( /A  , H (A — M) +  aAM)  <  B (A — M) +  ^AM =  : k on X 
and to (kV) <  s, so /A  e Rj : =  Rj (to , P , W). If d ( / ,  h) <! ß , h , ß as
in (2), then / B me R j .  / „ : =  / B j  - f ----- [ - / B „ e R j  by Theorem A.
dd ( / ,  /o) <  0» so / e  R j . □

By Definition 5, =  (to) is a local concept, so f  =  g  (<d) or / .  =  mal
function or Q =  nulset iff /A  =  ^A(to) or /A  =  malfunction or QA — nulset 
for each A e £ 2 ; then this holds also for A e r £ 2.
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To collect some further properties, for Theorem F we abbreviate: 
n — n  (W) — 72 (co , P , W) , N — N (co , P) , R 1 =  R 1 (co , P , W), and assume

f , g  >ke  Wx , Q c X  , pi e n  , e n (Y) , and
i f f )

if y  e Y  y 0 <  2 y  , then 0 <  y  .

Theorem F. Assume ( i 5), (22), (27), / e  R1. ^ czR 1, (#(S),
n  (Y) , d) w semimetric y N an ideal in  P (X) , =  (co) an equivalence relation

in Wx ; i f  * = / ( « ) ,  «fe» =  J /d Y  ; (  A  d T  =  0 ; i f

d (g  +  P i I /  +  A ) <  ^  d. ( /  +  a  , ^  +  A ) <  72 > f  =  g  (*>); */

0 <  A e Yx, then h e n  i f f h e  R 1 and j  Ädco =  0; Q e N  i ff  QA e No (co , P) 

i ff  yQ  e R 1 j  yQ  dco =  0 fo r  y  e Y + , A e O.

So arbitrary (unbounded) changes on nulsets do not change =  (co), 
G R 1, e the integrals, g N ; WN c: n ; /  =  £• +  p 1 or g  — f  f  - p \ implies 
/  =  *(<■>), * e R i ;  if d >  0 , ^  =  iè (co) iff dd (g  y k )e  n (Y).

Proofs for all this, generalizations and further results can be found 
in [12], p. 21, 22, 27.

If X , • • • are as in example 2, then R 1 contains all / :  R ^—> R which
together with | / 1 are improper Riemann integrable in the usual sense;
however, here one can also construct / g R 1 with even u n c o u n t a b l y  
m a n y  s i n g u l a r i t i e s  or nulfunctions p  with {p ^  0} not a nulset.

Theorems E-G can also be applied in the situations of examples 3, 4, 5, 
or to S =  Frechet-space in the sense of Banach: P.e. the integrals are 
linear, one has (21) for / g R 1 (’v , : =  R 1(co0 , R+, Bt), a linear prenormed
space as in example 4 (or 5 or 7); H .-* /(co) iff to each real £ > 0 , A g (1 
there is M G rO 1 and § with | / — H (i)  | <  s on A — M (i) and v (M (if) s 
if i  <  8; if H =>/(co), there is 8 independent of A.

The R1 ( y , Bx) always contains L  (S) of Dunford-Schwartz [8] p. 112; 
only if X g r£l one has equality. By example 7, -.R1^., R) coincides with 
Loomis’ improper integrable functions [19].

Example 6. X infinite, Q =  (M or X — M finite}, fx (M) =  o resp. 1, 
Y =  Y ' , S  =  S', P , W  as in (15), co (y  , M) =  fx(M) y  , 3> (a , M) =  jx ( M) a ;

then R1 (to , P , W) =  Rj (to , P , W) =  { f e  Wx : P-lim /  exists, J f d Y  =

=  P-lim /  (as in Definition 3, for the filter { / ( M ) : X  — M finite} (or 
compact)).

Example 7. If  X , • • •, v , [x , co , <t>, P are as in example 4, || a If1 : =  0 
if a =  0 , t  O  a: =  min ( t , || a ||) • a • || a ||-1 for « g B ^ / g  R+ , with corre
sponding pointwise 9  O  /  if f e  Wx, 9  g  Rx , W  =  B 1 or R, then f e  R 1 (y > W)

2 — RENDICONTI 1980, voi. LXIX, fase. 1-2.
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i ff  l l l / l l l  : =  sup j j  hdv : 0 < h  <  | / |  , A e T (0  , R ) |  <  oo and h f ì f e  

e Rj  (v , Bxj fo r  each h € T (O , R +) ; ||| / 1|| =  j  /du  follows. The proof uses

Il t n  a — tCi b y < 2  min ( t , || a — b ||) ; Bx =  R yields Loomis’ definition [19]; 
[3], [33] treat special cases.

I f ^  g R 1 (v , W) , / e R +) then t n  g e  R 1 (v , W) and \ \ \ tV H g  —  gV \\\ -> 0 
as / —> 00 , HI / V f) g  HI —> 0 as / —>0 + ,  uniformly in V e  rO  U {X}; this 
holds also for W =  Riesz space E2 of ex. 3/4, with tD  a : =  (t A a) V (—- /), 
/ e  E +; then R 1 (co , P , E) is a Riesz space as in example 3 (<D0 ( t , a) —>0 
is needed as / - > 0  +  , # e  E 3). See [13].

Example 8. Y =  Y' =  [0 , 00] ,  B Banach space, S =  S' =  {U c  B : 
(j> 7^ U closed convex} with Hausdorff ‘ met r ic’ d , U + V  : =  closure 
{u v : u e U  , v e V }  > v , Q, as in example 4, co : =  tv (A) with 00 • 0 : — 0, 
(p : =  v (A)-U : =  {«/(A) u : u e  U} , P : =  (0 ,00). Then (13;, (15;, (22), (27) 
hold, all our results are applicable; p.e. if f e  F e RÎ ( v  , S) , / e  Rj (v , B),

with d (A) , 0) closed can be replaced by closed bounded or
compact, then d <  00 ; or S as PASZ, with the same R 1 (P =  {{u 6 B : 
: y u II ^  z} : s >  0}). Thus analogues to, respective extensions of, the 
integration theories in [2], [6] follow.

Example 9. S' =  S =  complete Tr topological abelian group, p.e. locally 
compact, V : =  {0 e U =  — U open c= S}; if to U = U 1€ V  one chooses 
U* e V with U k +  U k +  U* c  U^-i , U 0 =  S , qv (a): : =  inf {2~* : a e U J ,

n
p  (a) (U) : — inf 2  Çu (am ~  am-1) with inf over n and ame S with a0 =  0, 

1
an =■ a , Y' =  Y : =  H v as in example 1, 0 <  d (a , b) =  d (b , a) : — p(b  — a), 
s e  P -iff 0 <  s (U) for U e V  and s (U) =  00 except for finitely many U, 
then (S , Y , d) is semimetric P-complete (Birkhoff; see [18] p. 46/47). If 
[i. : £i semiring —>{0 , 1 , 2  , • is additive, <I> (a , A) =  p. (A) a , co ( t , A) =  
=  p. (A )/, then (13), (15), (17), (22), (27) hold, all our theorems are appli
cable. Another possibility: Y' =  Y =  {<j> F closed c= S}, d (a , b) : =

lx(A )

=  {b — a} , P =  {O : U è V} , co (F , A) =  closure o f . 2  F. See example 10, 
11; [14], [22], [29]. 1

Example JO.  S' =  S == L ■= convex closed cone cz locally convex topo
logical space, V =  neighborhood basis for 0 of absolutely convex open sets, 
Y' =  Y — H v and d as in example 1, q (u) : =  d ( u , 0) , a : O semiring•—> R+ 
additive, O , c*>, P. as in example 9; then ( 7), (13), (17), (22), (27) hold, Y is 
P-complete, all our theorems except A / E , case W =  S P-complete, are 
applicable, especially R 1 ([j., Lv) is a cone or linear, Lv — (L , H v, d). 
Similar (lager) R 1 are obtained if V =  {((bounded) convex) open U 9 0}. If 
S =  B-space B, then R 1 ([jl , Lj) coincide, /  =  V ,{ 0 e U  open ball}, || with
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L|| ■ =  (B , R+ , Il II). If L  is complete, p.e. Schwartz’s 3f or then Ly 
is P-complete, all theorems apply.

When almost everywhere convergence is replaced by convergence co-P- 
locally, then the various convergence theorems for the Lebesgue-Bochner 
integral hold also in the finitely additive case and R 1, p.e. (for extensions, 
proofs see [12] p. 28).

T h e o r e m  G. Assume (7), Y ' P-complete, (22), and 0 < d  on S x S ,  
or d symmetric ; / e  Sx , I  net> F : I —* R 1 (co , P , S). Then F =» /(co) i ff  

/ e  R 1 (co , P , S) and  F -> / ( d to).

So if S' is P-complete, also I FV dO -> | / V  dO, uniformly in 
V e r Q U { X } ,  J J

As in Definition 6, F =» /  (co) means F ->* /(6>) and F is a d^-P-Cauchy- 
net as in (25); F -> /  (dw) means to each s e  P there is j  e I with 
d* dw (F (i) V , /V )  <  s if i  <  j  , V e r û  , dtó of (18).

As after Theorem D, the extension T (£ì , W) R 1 (co , P , W) is iteration 
complete; there are analogues to Theorems B, C.

If integrability over M c X  of / :  D - > W  is defined by / 0 M e  
e R 1 (co , P , W) , /o : =  0 on X — D, measurability iff there is F  : I -* 
R 1 (co , P , W) with F —* / 0 M (co), our theorems hold also; however not even 
in example 2 all { /  >  t] are Jordan sets, 0 <  t  , f e  R(0) (p.L , R) ([13]) 
(D27)). For Fubini theorems see [9].

00
Let Ro contain a l l /  e R 1 to each of which exist A n e Q with /  =  /  ( J  A^.

1
If there are £1, s2 , • • • , e P  with sw —► 0 (Definition 3), then to e a c h / e R 1 
there is g  g R* with /  =  g  (<*>), so that 9t 1 and ^  coincide, 0t 1 denoting R 1 
mod co.

If the iLebesgue-Bochner integral is defined (example 4, p. , v or-add.)

(28) Ro (v , Bi) c  LÌ (v , Bt)

with coinciding integral (seminorm) (one can extend L 1 so that R 1 <= L 1). 
v =  I (ji I is possible.

Usually, as in example 2, R ^ ^ L 1; i f  however O is a §-ring, then

(29) L 1 {v , B) =  R i (v , B)

[11], p. 74-

Example 11. X set ^  (j>, Q =  {<j>} U {{#} : x  e X} , (j. ({ x}) : =  1, S =  B- 
space or F as in example 5* co =  (j. (A) a , P =  R+; then Ro (pt., S). =  T (£2 , S) 
and

RÌ. (^ , S) =  R1 ([A , S) =  L1 ([i., S) =  Z1 (X , S) .
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Thus under (15) a theory of abstract I^-spaces follows from

(30) L1 (o>, P , W) : =  R1 (c5 , P , W) , 5 : Y x $ Q - * - Y '

a-additive, =5 co , Q SQ S-ring. L1 is d^-complete and the convergence 
theorems hold as soon as F - > /  co-a.e. and F d^-Cauchy imply F =»/(co), 
and G —̂ ( c o )  implies G g  co-a.e. locally for a subnet.
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