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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi matematica. — Oz the differential inclusion x'e[—1,+ 1.
Nota di Arrico CELLINA ®, presentata ™ dal Socio G. Scorza
DrAGONT.

R1ASSUNTO. — Si mostra che l'insieme delle soluzioni dell’inclusione z'e{— 1, + 1}
¢ un sottoinsieme della seconda categoria dell’insieme delle soluzioni di #'e[—1, 4 1].

INTRODUCTION

It is a well established fact that, under fairly general conditions, the set
of solutions to

‘J x'eFlx) , x(o)=6

is a dense subset (in the topology of C(I)) of the set of solutions to

=

z’ecoFlx) , x(0)=o0.

The present note studies a very- particular case, i.e. the (scalar) differential
inclusion z'e€ {—1, 4 1} and its relations with its convexified analogue,
x'e [—1, + 1]. We shall denote by K the set of solutions to this last inclusion
with the initial condition x (0) = o: it is a closed subset of C(I), hence a com-
plete metric space.

» The set K9, the solutions to x'e {— 1, - 1}, is a dense subset of it. The
point of this note is to show that K9 is a subset of K of the second cathegory.

(*¥) Istituto di Matematica Applicata, Universita di Padova and S.I.S.S.A, Trieste.
(*) Nella seduta del 26 giugno 1980.

1 — RENDICONTT 1980, vol. LXIX, fasc. 1-2.



2 Lincei — Rend. Sc. fis. mat. e nat. - Vol. LXIX - Ferie 1980

RESULTS

THEOREM 1. The set K® is a Gs-dense subset of K.

The proof of Theorem 1 is an easy consequence of the following Lemma,
of some interest in itself. Let x be an absolutely continuous function whose
derivate has a.e. values in [—1,4 1]. Set g, (&) =d & (¢),{—1,+1}) =
=inf {1 —x'(¢), 2" (#) + 1}. It is a measurable function with values a.e.
in [o,1]. Then we have

LeMMA. Let x and %, belong to K, x, >x. Then

lim supJ Pz, Sf Py -
I I

Before proceeding to the proof of the Lemma, let us recall the following
definitions and results from measure theory.

A point ¢ belonging to a measurable subset E or R is called point of
density if
. m((I,0E)
lim " =1
o om (1)
for I, the interval (z—1/n,¢ +1/z). It is known that almost every € E
is a point of density.

Let J be a collection of closed intervals with the property that for every
e >0 and Zz€ E there exists an element I €7 such that # €I and = (I) <e.
Then J is called a covering of E 7n the sense of Vitali. Then the following
result holds for such a covering 7 there exists a countable subcollection {I,}
of 7 such that m (EN\(UI,)) = o and the I, are pairwise disjoint [1], [2].

Proof of the Lemma. The proof proceeds into two steps. First we estimate

[/

E E

on a (measurable) E where 2’ is of constant sign and that differs by little from
being an interval. Second we reduce the general case to this estimate by the
Vitali covering theorem.

Ad z). Let J< I be an interval, E a measurable subset of J such that

x">o0 on E and such that 7 (E) > (J) (1 — o). Let ye K and v be such
that

<7.

o
J
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We claim that

(1) fpyéfpx+n+2cm(1)l.

In fact set A*={tcE|y (@O =220¢} , A A={tcE|y () <2 (@}.
E=A+UA". On A+,

@O =1—95(0

while on A~
| —1—y'|=|1+y|=|1—]y], when »' () <o
Py (1) = ) ,
[t —y'|=]1—=151, when y'(#) >o.
Then
f9y=J(I —y)= f(l —a) +f(x’——y')
At At A+ At
and
Ja=[a—v=[ac—m=[a—m+[c—w
A- A- A- A- A-
ie.
(2) J Py Sf(l —x) + ((x’ —¥).
E E E

On the other hand

Je—mtfw—y=]w—ns< I | <x',—y'>$ <,
E NE J J ‘

e
St

hence
f('x’—y? <7 —f(x' —y)<n+z20m(]).
E INE :

N

Our assumption on #’ implies that 1 — 2z’ = p,, i.e. that (2) is the seeked
inequality (1). Remark also that (1) would still hold were we to assume x’ > o
on E, or ' <0 or ' <0 on E.

+ Ad #). Denote by I(#,3) the interval [#— 3,7+ 8]. Consider the
interval I and set Et={zecI|2'(¢#) =0}, ET={rel|2'(¢?) <o}. The
sets E* and E™ are measurable. Consider E*. Almost every point of it is of



4 Lincei - Rend. Sc. fis. mat. e nat. = Vol. LXIX — Ferie 1980

density: set Ef to be the set of points of density of E+. Fix ¢ > o. For every
te Ef there is 3(#) > o such that 8 <3 (#) implies

m(E*ﬂI(z‘,&))> &

28 YT Sm s

The collection
31(1’ 5 fsgs(t)

,teE:

is a Vitali covering of Ef5. Hence there exists M*, a null set, and a countable
subcovering of Ef\M+

{In} = 1(z, 81»)

by disjoint intervals.

o0

Let v*be such that 2 23, <em(E+)/2m (I). Consider {I,},—1 and set
n=v+1
=min{d,:nz=1,--,v}

Also, set n+ to be nt = (2 ed+){(2m (1) +¢).
Let ye K be such that |x —y|[<n*. We claim that

fpyS[P:c‘i‘a-
I

I

Consider any I, ,1 <m <v. Then

f (= —3)

Lo

= | Yt 8p) —x (4 + ) — (Y (tm — 8m) — X (tm— 8m)) |

and“
m (Et O 1,)

23,

>1—¢/@m (D) +e).

Set 6 () = ¢/(8 m (I) +e). Then 1 —¢ <m (E*N1,)/m (1,) implies
om (L) <o!(1 — 6 m (E+ O 1) = (/8m (1)) m (E+O L,,) .
Also, by our choice of 7*,
W =286 <20()m ) <emEOL4.
Applying to E+N I, the estimate of point Z) we have

m (Et 01,
m@)

fpy. Sf9x+n++27%(lm)c(8)Sfpz+(€/4%s/4)

EtNI,, E+NI, E+NI,,
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Taking unions over 7, 1 <m <v, and recalling that the I, are disjoint,
UENL)=E+tN(Ul,) and

[or < [out el m@E 0L,

UE*OLy  UE+ATL,,)

Finally, since E*=M+UEN(UL,) UENEN(UIL,)) and from our
choice of v and the above estimate,

[or=[ ot Em@mienm)

E* E+rN(UL,)

< f s+ el2 m (B+ O (U L)) (1) + (em (E)(2 m (D))

E*N(UL,)
< eu b el m R 1)+ ef2 m (B 1)
Et+

so that

[y

Et+ E

The same reasoning on E~ yields a %~ such that yeK,|y —z| <7
implies

m(E) .

< —_— .
E- E
Adding the above inequalities we obtain, for % = min {n*, v~}
ye K, (ly —=xl <) %jwéjpx te.
E E

This proves our claim #7) and the Lemma.

Proof of Theoremm 1. For any ¢ > o consider the set

HE———:xEK ’pxze}.
I

Since for xe K°, o, = 0, H, has empty intersection with K°. The above

Lemma implies that H. is closed; in fact x, — =z, f Pz, = € imply that

fp,Zlim sup | pg, =>¢€.
I I
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Moreover the interior of H, must be empty: were H, to contain an open set,
it would contain a point of K9, since this set is dense. Thus the complement
of He is open and dense, and contains K9 Let ¢, be any positive sequence
converging to zero. The intersection of the complements to He, is, by Baire’s
Theorem, a &5 dense subset, containing K° This intersection is, actually,
K% any % not in K° would have p;(#) positive on a set of positive measure,
hence for some ¢, > 0, it would belong to H Hence K° is a ¥; dense
subset of K.

En "

NOTE ADDED IN PROOF. The function p is concave, i.e—~p is convex. A result
much more general than our Lemma is in: C. OLECH, The weak lower semicontinuity of
integral functionals «J. Opt. Th. App.» 19 (1976), 3-16.
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