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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — Zeorems of the Cartan-Thullen Type and 0-enve-
lope of Holomorphy for Every Holomorphy Type 0. Nota di Luiza
A. MoraEgs, presentata® dal Corrisp. E. VESENTINI

RI1ASSUNTO. — Dopo aver enunciato alcuni teoremi di tipo Cartan-Thullen sugli aperti
c—olomorficamente convessi e cé-olomorficamente convessi, si costruiscono i 6-inviluppi di
olomorfia per ogni tipo di olomorfia 6.

1. THE CARTAN-THULLEN THEOREM

DEFINITION 1.1. An open set U < E is c-kolomorphically convex
if Ko={ecU;lfOI<Ifl Vet (U}

is U-bounded for all compact K = U. An open set Uc E is cé-holomorphically

convex if By ={eU;|f@®)| <|Iflls VFf € #4(U)} is U-bounded for all
U-bounded sets B < U.

DEFINITION 1.2. We say that fe #, (U) cannot be extended to a compactly
holomorphic function in a neighbourhood of § € U if it is impossible to find
two connected open sets U,,V such that: () UNV2oU,# 2 ,5eVEU,
(74) 3f1€ #,(V) such that £, |y, = [y, .

(*) Nella seduta dell’8 marzo 1980.
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DEFINITION 1.3. We say that fe # 4 (U) cannot be extended to a com-
pactly holomorphic function of U-bounded type in a neighbourhood of £e U
if it is impossible to find two connected open sets U, , V such that: G) U NV 33U,
Uy #2,6eVEU,; (&) 3f,€ #y(V) such that £/Uy = f|U,.

THEOREM 1.1. Let U be a connected open subset of the Banackh space B suck
that eack £€ U has a fundamental system of neighbourhoods N, (8) such that.
U NN, (§) is connected for each n. Then the following properties are equivalent:

a) For eack e U there exists fe H,(U) which cannot be extended to a
compactly holomorphic function in a neighbourhood of &,

b) For each sequence (Eney of elements of U which converges to some
point in U there exists f € H,(U) suck that sup | f (€,) | = oo.
n

PROPOSITION 1.1. Let U be a connected open subset of the Banach space
E suck that it is impossible to find two open connected sets Uy, U, such that (1)
U,0U 22U, #9 and U, U ; (2) VfeH,(U) there exists fie H,(U,) suckh
that fluo, = filv,. Then, for all compact K <U | K, is U-bounded (iff K, is
compact) and d (K,, 30) = d (K, 9U).

THEOREM 1.2. Let U be a connected open subset of the Banack space E such
that eack £ € U has a fundamental system of neighbourhoods N, (§) such that
U NN, (&) is connected for each n. Then the following properties are equivalent:

a) For cach & € U there exists feH 3 (U) which cannot be extended to
a compactly holomorphic function of U-bounded type in a neighbourkood
o & ‘
b) For each sequence (E,)mer of elements of U which converges to some
point in U there exists fe Ky (U) such that sup |f(E,)| = co.
n

THEOREM 1.3. (Cartan-Thullen I). — Let E be @ Banack space. Let U be
a conﬂected open subset of E such that each & € 39U has a fundamental system
of neighbourkoods N, (&) suck that UNN, (§) is connected for each n. Then
the following properties are equivalent: ‘

(1) For each % e U there exists fe H 4 (U) which cannot be extended
to a compactly holomorphic function of U-bounded type in a neighbourkood of .
(2) 1t is impossible to ﬁnd two open conmected sets Uy, U, such that:
(@) U0U 22U, %3 and U, U (40) Vel (U) there exists fre # 4 (U,)
such that flu, = f1 lu, -
(3) U ids cb-holomorphically convex.
@) B, is U-bounded for all U-bounded sets B < U .

(s) For eack sequence (Ey)mer of elements of U which converges to some
point in U there exists f € H 4 (U) such that sup |f(&,)| = + oo.
n ‘

THEOREM 1.4. Let U be a connected open subset of the Banach space E.
The following properties are equivalent:
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a) For each £€ 93U and (E nmic U ,E, —E& as n— 00 there exists
FeH o (U) (fes,(U)) suck that the radius of normal convergence of f about €,
tends to zero as n — 00.

b) For each sequence (&,)ne1 of elements of U whick converges to some
point in U there exists fe H y (U) (feH,(U)) such thatsup | f(E,) | = + oo.
n

THEOREM 1.5. (Cartan-Thullen II). Let E be a separable Banach space
and U a connected open subset of E. The following properties are equivalent:

(1) For eack £ € U there exists f € H 5, (U) which cannot be extended to
a compactly holomorphic function of U-bounded type in a neighbourkood of &;

(2) 1t is dmpossible to find two open connected sets Uy, U, such that:
@ U,NU2U,# g and Uy U, (7)) YV fe #,(U)there exists f, € # 4 (U,)
such that f\u, = fi lu,

(3) By is U-bounded for all U-bounded sets B< U ;

(4) There exists fe H 4 (U) suck that it is impossible to find two open
connected subsets Uy and U, of E satisfying the following conditions: () U NU, >
DU, 7# @ , U, U . (#) there exists fy€ Hy(Uy) such that flu, = fily,-

2. CONSTRUCTION OF THE 0-ENVELOPE OF HOLOMORPHY FOR EVERY
HOLOMORPHY TYPE

Notation: see [11] or [14].

DEFINITION 2.1. Let (X, ¢) be a Riemann domain over a Banach space
E. A function f: X — C is holomorphic of type 6 at x € X if there exists a
neighbourhood V of x such that V ~¢ (V) and a function ¢ € #, (o (V)
such that / = o9 on V. We say that f is holomorphic of type 0 on X if f is
holomorphic of type 6 at every xe X.

Notation: #g(X) = set of the holomorphic functions of type 6 on X.

DEFINITION 2.2. Let (X, ¢) and (X', ¢") be Riemann domains over a
Banach space E. A morphism # from (X, @) over (X', ¢') is a 6-holomorphic
extension of (X , @) if to every f € #p (X) we can associate one and only one
S e #s(X') such that f = f'ou.

DEFINITION 2.3. A 6-envelope of holomorphy of a Riemann domain

(X, @) is a Riemann domain (X, $) and an extension #: X — X such that:

Cif (X7, ¢) is a Riemann domain and #': X — X’ is a §-holomorphic extension

of X, then there exists a 6-holomorphic extension of X', % : X’ — X such
that « =dou'.
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THEOREM 2.1. Let E be a Banach space and X an open connected subset
of E. Then there exists a O-envelope of holomorphy of X, unique up to an iso-
morphism.

THEOREM 5.2. Every connected Riemann domain over a Banach space E
has a B-envelope of holomorphy, unique up to isomorphism.
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