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Presiede i l  Presidente della Classe A ntonio Carrelli

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

M a te m a tic a . — A  Characterisation of Symmetric Functions. Nota 
di S amuel A. I lori, presentata (*>, dal Socio E. M a r t in el l i.

R i a s s u n t o . — Si esprimono le funzioni simmetriche, elementari e complete, mediante 
polinomi inscatolati (« nested polynomials »). Ciò permette di esprimere i polinomi di Poincaré 
e il genere di Todd generalizzato delle varietà di bandiere per mezzo di funzioni simmetriche.

i. Introduction

Consider the identity
g g+1

n O  +  Tit) =  2  ar (Yo . • • •» Y«)f -
i =0 r=0

Then for r =  I , • • •, q +  i , ar =  ar ( y 0 , • • *, y ?)  is called the r-th elementary
symmetric function in To > * * * » Yq (Po =  0* ao is the sum of all monomials
in ° f total degree r.

Consider also the identity
g oo

n  ( !  —  Y i O - 1  =  S  (Yo . •  • •» Yî )  tr.
i — 0 r— 0

Then for r  =  I , 2, 3 , • • • , a r — ~är ( y 0 , • • • , y?) is called the r-th complete
symmetric function in y0 , • • •, yq (g0 =  1)

®r =  s Y o ° . - - - > Y « ?.

(*) Nella seduta del 12 gennaio 1980.
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where the summation is over all permutations (k0 , ••*, k f  satisfying the 
conditions o <  k* <  r  (o <  i <  q) and — r.

In section 2, we shall give an explicit characterisation of ar and 'or in 
terms of nested polynomials. This characterisation then enables us to show 
that the Poincaré polynomial (cf. Section 26 of [1]) of a Grassmannian, 

(Cm ), can be expressed as a complete symmetric function. Similarly, 
one shows that the generalised Todd genus (cf. Section 10 of [3]) of an 
incomplete flag manifold,

W  (% - • • • > 1 , n) =  U  in +  1)/ U  (a1+  i) XU (aa — <%) X • • • XU (n — am̂ ),

can be expressed as a product of complete symmetric functions. 

Notation. ([2]). We shall interpret the expression

to mean

2
To

S ï i r Ê Y i oi ̂=0 i0=0

1 2 n
+  Ï1 • . 2  Y*0 + Y2 • .S Yi0d--- b Y« • X  Yi0ift=o i n= 0

By iteration, the expression
%k

0
y*- . 2u-i=(

Yi*-i
*1

.2  Yio
i n= 0

will be interpreted similarly. We shall denote the last expression by

n V+in S y<*. where 4+1 =  ^ »
i k =0 0

and It is a /è-nested polynomial in y0 , *“ , yw.

2 . Symmetric fu n ction s

Proposition 2 .1 . 7%̂ elementary symmetric function ar =  cr,. (y0 , • • •, y$), 
r — I , • • •, q +  1, in Yo > • • •. Y« is i iven by

r - 2  V+i
(To > * * * > Y#) n  Tv+i > 

i=—1 v - 1

where 1 ~  Ç — r +  2 .
Proof. The proof will be by induction on r. When r  =  1, the Pro

position is true since

°i (Yo > • • •. Y«) = 2  Yi-i-i = Yo d--- b Yj •
*-l" 1
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Now assume that
h— 2 V+l

°k (ïo . • • • > Yî) =  n 2 T ij+j - where 4 -i =  $ - -&  +  2
i= -1 V=1

for all <  r. We then show that the Proposition is true for k — r. Now
q-r+ 2

Y ^V-l (Yo > * * * > Yij+r-3)Ì,y = l
q-r+2 r r-3 V+l “1

=  2 ïi,+r-2 s  n Tij+j > where *',_2 =  i,
is = 0 l j= - l  ij = 1 J

(by the inductive hypothesis)
r— 2 v+l

=  IT 2  Y»,+j . where 4 -i =  f  —  ̂ +  2 .i= -l  iy=l

Hence the Proposition is true for all r.

Proposition 2.2. The complete symmetric function ar =  ~ar (y0 , • • -, y q) , 
r =  I , 2 , 3 , • • • in Xo ,•••,  Yg is given by

r— 1 V+l
°r (ïo > • • • » Yï) =  n  2  Tij >j=o  ̂=0

where ir — q.

Proof. The proof will also be by induction on r . When r  — i> the Pro
position is true since

Q
°1 (Yo . • • •. Yî )  =  2  y y =  Yo + •  ■••■ +  Yî  •

Now assume that
Jc-l V+i

(Yo . • • •. Yî) =  n  2  Yy> where ik =  q ,
j= 0 V = °

for all k <  r. We then show that the Proposition is true for k — r. Now
Q

® r= 2 y) V i ( Y o . ” ',Y,)s=0
“r—2 V+l? rr— 2 V+l 1

=  2 . Y» n  2  Yi/1 , where ^  =  js= 0  Lj= 0  i j= 0 J

(by the inductive hypothesis)

r—l V+l
=  II 2  y if > where ir =  q .

j= 0  i j =0 y

Hence the Proposition is true for all r.
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Corollary 2.3.

___ ^2(m+2)^  ^2(wH-3)^ « . .  . ̂ 2(w+l)^

(I — t2) (I — /4) • • • (I — /2(n-m)) A t2 t 4 A 1 A  A
/2 (n—m)')■

Proof. 
in [2].

The proof follows easily from the Proposition and Lemma 2.1

COROLLARY 2.4. Tife Poincaré polynomial of a Grassmannian, Gm+1 (Cw+1), 
£9 given by

P ( G^  (C«+i) , 0 =  äm+1 (I , A A • • •

Proof. The proof follows easily from Corollary 2.3 above and Corollary 
2.2 in [2], where W (m.} n) =  Gm+1 (0 +1).

Corollary 2.5. The generalised Todd genus of an incomplete flag 
manifold.

W • •, am_ i , tz) == U (n +  1) G {a\ 1) X U (a2 <2̂ ) X • • • X U (Vz am_fl >

Ls- given by

T v QN{a1 , - - - , a rl̂ l ,n)) =
m—1

= IT At-«-! 0 > —y • • • » ( ~ y ) \  • • •, ( - A ai) . Oo = — G •£=l

Proof. The proof follows easily from Proposition 2.1 above and Theo
rem 2.3 in [2].
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