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Analisi matematica. — On an inequality related to the motion, 
in any dimension, of viscous, incompressible flu ids (*\ Nota I (**> di 
G io vanni P ro u se , presentata dal Socio L. A m erio .

R iassunto. ■— Si considera una disequazione associata al moto di un fluido viscoso 
incomprimibile in un numero qualsiasi di dimensioni e si enuncia un teorema di esistenza, 
unicità e dipendenza continua dai dati per una soluzione « debole » ed una soluzione « forte » 
di un classico problema di Cauchy-Dirichlet.

i. It is well known that, except in the case of plane motion, no global 
existence and uniqueness theorem has as yet been proved for the solution of 
the classical Cauchy-Dirichlet problem associated to the Navier-Stokes equa­
tions, corresponding to the motion of a viscous, incompressible fluid filling 
a vessel Q, with given initial velocity u (x , o).

This circumstance could either be due to the fact that the analytical 
tools employed for the study of this problem are inadequate, or else that the 
equations considered do not represent in a completely satisfactory way the 
motion of a viscous incompressible fluid.

In the present note and in the following one we want to investigate one 
aspect of the second alternative and consider, in particular, an inequality 
which is associated in a natural way to the Navier-Stokes equations; we shall 
cJtien prove that the global Cauchy-Dirichlet problem is well posed for this 
inequality, in any number of dimensions, both for “ weak ” and for “ strong ” 
solutions.

Observe, to begin with, that the validity of the Navier-Stokes equations 
is obviously subject to the condition that the velocity of the fluid never reach 
a value close to that of the velocity c of light; in the latter case, in fact, the 
Navier-Stokes equations would have to be substituted by relativistic equations. 
If therefore we fix c <  c appropriately, and give the velocity at all points 
of the fluid at the initial time t  =  o (u (x  , o) =  a {%) , x e  Q , | a | <  d  ), we 
may, in a first appoximation admit that the solutions of the Navier-Stokes 
equations represent the motion of the fluid in Q during the time interval 
o < t  <  i, with

( i . i )  i == Sup {/ >  o ; I ~u (x  , t) I d  a.e. in Û X  [o , *]} .

Considering any subsequent time interval i  t  <  t'> the velocity, is, by ( i . i) ,  
such that I u (x  , t) | >  c on a set of positive measure c f i x  {1 , 1):  hence, 
u  loses, for t  >  I its physical meaning.

(*) Lavoro eseguito nell’ambito deir attività del Gruppo Nazionale per TAnalisi Fun­
zionale e le sue applicazioni del C.N.R.

(**) Pervenuta all’Accademia il 29 agosto 1979.



192 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LXVII -  Ferie 1979

By what has been said above, we can, in the description of the motion 
of a viscous incompressible fluid, substitute to the Navier-Stokes equations 
any other relation which coincides with such equations when o <  t  <  l\ for 
t  >  I this relation may also differ from the Navier-Stokes equations because 
these do not, anyway, have a physical interpretation.

2. Let us now give a precise formulation of the problem outlined in the 
preceding paragraph.

Denoting by £2 a bounded, open s e t e  Rm and by F its boundary, the 
Navier-Stokes equations which govern the motion in £2 of an incompressible 
fluid of unit density and viscosity [x are

/ ^
\ —— — |iAu  +  (u  -grad) ~u -)- grad p  =  f  

(2.1) j W

I div u  =  o

where u =  {ux , , um} is the velocity, p  the pressure, /  the external
force.

To equations (2.1) we shall associate the initial and boundary conditions

(2.2) ~u (x , 0) =  a (x) ( x e  £2)

(2 -3) u (x  , t) =  0 (0 <  t <  T j r e T )

We introduce the following notations:

J f  =  (v  (x) : 2  (Q) ( /  =  I , o ni) , d iv ~v =  0} ;

r m
N° =  closure of ^  in L2 (£2) ; (u  , v)^o =  (u  , z/)L2(&) =  ^  u$ v0 d£2;

J j=ia

N1 =  closure of ^  in H1 (£2) ; (u  , v)j$i =  (u , z')hJ(Q) =  [  2  — * * —  d£2;
0 J k,j=1 dxk dxh 

£1

N s — closure of T  in H s (£2) (s >  o) ; (u  , =  (u  , ^)h^(^) ;

K =  { v e  N° : | v  | <  c a.e. in £2}; the set K is obviously convex and 
closed in N° ;

(Ns)' =  dual space of N s ; (N0)' =  N° ;

b (u , v  , w )  =  ((u -grad) ~v , S ) No ;

'('u , v) =  duality between (N1)' and N1.
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We shall say that u ( t)  =  {u (x , f) \ x e  is a weak solution in [o , T] 
of the Navier-Stokes equations satisfying (2.2), (2.3) if:

aî) "u (t) e L°° (o , T ; N°) O L 2 ( o ,T  ; N1) ; 

b[) ~u (/) satisfies the equation
T

j  { — («  , 9 V  +  (i («  , ?)ni +   ̂ d/ =  (a , 9 (o))No
0

V9 (£) e L2 (o , T ; N s), with 9' (t) e L2 (o , T ; N°) , 9 (T) =  o ys =  m\2.

We shall say that u (t) is a strong solution in [o , T] of the Navier-Stokes 
equations satisfying (2.2), (2.3) if:

ai') ^ ( / ) g L ° ° ( o ,T ;  N1) , u' ( t)e  U  (o , T ; N°) , Au (t)e  L2 (o , T ; N°), 
u  (o) .=  a

bi') ~u (t) satisfies the equation
T

j { ( u f —■ [JiAu  — /  , 9 )no -f  b (u  , ~u , 9)} =  o V9 (V) e  L2 (o , T ; N s).
0

We shall say that v (t) is a weak solution in [o , T] of the Navier-Stokes 
inequalities relative to the convex set K, satisying (2.2), (2.3) if:

ai) v ( t)e  L°° (o , T ; N°) O L2 (o , T ; K O N1) ;

bi) ~v (t) satisfies a.e. in [o , T] the inequality
t

ì  II ^  C0  — ?  00  IIn° + {(9 ' , ? — 9 )n° + y. ( v  , V — 9)ni —  ( f , v

0
9 ) +

+  b (v > 7  ^  — 9)} dv] — 1 II a — 9 (o) Uno <  o 

V9 (t) g L2 (o , T ; K D N1) , with 9' (t) e L2 (q , T ; N°).

We jshall say that v (t) is a strong solution in [o , T] of the Navier-Stokes 
inequalities relative to the convex set K, satisfying (2.2), (2.3) if:

ai') v ( t)e  L°° (o , T ; K O N1) , At ( f ) e  L2 (o , T ; N°);

bi') v (f) satisfies the inequality, a.e. in [ö ,T ] ,

è  II v  (f) —  9  00  Uno +  { (9 ', V — 9)no — (i (Az> , v — 9)No — ( / ,  v —  9) +

+  b (v , v , v — 9)} dvj —  HI a — 9 (o) Uno < 0

V9 (t) e L® (o , T  ; K) with 9' (/) e L® (o , T ; N°).
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Let us now investigate the relationships between the solutions o f the 
equations and  o f the inequalities.

Assume, at first, that v (t) satisfies a£) and b )̂ and, moreover, that there 
exists I >  o such that

(2.4) I ~v (x  , /) I <  d  <  c a.e. in Q [ o , i ] ,

We shall show that v (f) is then a weak solution of the Navier-Stokes equa­
tions in [o , I] .

Let {Vj(f) ' } be a regularising sequence associated to ~v, such that

(2.5) Vj (f) g H1 (o , T ; N1) , Vj (t)l 2(o7 tTn1) v (t) , Vj  (o) =  a ,
t

(2-6) /  (v j  , ~v — z^)n° dï] >  o V te  [o , T ] ,
0

(2.7) I Vj ( x , /) I <  c a.e. in Q X [o , t\ , | Vj (x , t) | <  c a.e. in £2 X [o , T],

It can be proved (see, for instance, Lions [1], ch. 2, th. 9.1) that, under the 
assumptions made, such a sequence exists (1). Let moreover, ^ 00  be an
arbitrary function e L2 (o , T , j V"), with <j/ (t) e L2 (o , T ; N°) ,. ip (f) =  o when
t > t  and set in b2)

_^  —>-

(2.8) 9 =  V j — X<]> , X > 0

choosing X so small that | 9 ( x , t) | <  c in £2 X [o , t] ; this is obviously pos­
sible, since I Vj I <  c <  c in £2x 

We have then, , a.e. in [o , T],
t

(2.9) , l  II V. (t) — Vj (t) +  X<J> (t) IIn« +  (  {(v'j — x | '  , v  — Vj +  X^)No 4 -
Ò

+  [A (v , v  —  Vj +  X^)N1 —  (J  , v  — Vj +  X<p) +  b (v , v  , v  — Vj +  Xtp) } d-rç —

—  \  II (o) ||n® < 0

and consequently, by (2 .6),
t
r —> / -> —>

(2.10) I {(Vj , X<Jj)n® — V — Vj +  X<J0 n® +  [A-(w , V —  Vj  +  X<|>)Ni —
0

— ( /  » » —  V j  +  Xtp) +  b (v , V , V —  V j  +  X<J;)} d7) — \  IlX  ̂(o)||no < 0  W e [o , T],

(1) The functions Vj can be explicitely defined by

J-  v +  Vj =  v , Vj ( ° )  =  a  .
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Hence we can set in (2.10) t =  I and integrate by parts, thus obtaining, since 
V j  (O) =  a ,  ( f )  =  0  ,

I

{— [Vj , X<|/)N0 --  , v  ---Vj +  1<P)N0 +  [A (V , V — Vi +  X^N1 ---

— ( / ,  v — Vj +  X )̂ +  b (v , 7) , v — Vj +  X<|>)} dt  — (v j  (o) , X$ (o))No —

— ill 4 ( o )  Uno < 0.

It follows, letting j  00 and then dividing by X,

i
, r ^

(2.12) I {— (v , l|/)N0 — (<K , <IOn<> +  [i 0  , <|0n1 — ( /  , <p) +
0

+  b (v , t , 40} dt—  (a , 1  (o))N0 — — | 4  (°) IIn0 <  O .

We now let X —> o and obtain

i

(2.13) J { —  (v , Î')n° +  V-(v , I V  — < y , 41) + b ( v  ,~V A ) }  d t <  (5. , <Ko))N0.
0

—>-
Hence, being ^ arbitrary ,

I
Ç —j. ->  ̂ —>■

(2.14) I {— (v , t}/)No +  y.(v  , +)ni — ( / ,  +) +  b (v  , v  , 4/)}d/ =  (a , <K°))n°- 
0

Since L2(o , I ; JT) is dense in L2 (o , I ; N s) , (2.14) hold also (f)e
L2 (o , t ; N s) such that (j/ (t) e L2 (o , t ; N°) ,  ̂ (f) — o ; v  (t) satisfies therefore 
also condition bx) and is a weak solution in [o , I] of the Na vier-Stokes 
equations.

Assume now that ~v (f) satisfies a^), b^) and that also (2.4) holds; assume, 
moreover, that f  (f)e L2(o , T ; N°), that m <  4 and that Q is “ sufficiently 
sm ooth” . Then v (£) is a solution of the Navier-Stokes equations a.e. in 
Û X [ o ,  i].

By what been proved above, we have, in fact,

1

(2.15) I {— (v , <J/)no — (A (Av , <f)No — ( / ,  ^)n° +  b (v , V , I)} dt =  o
0

00  6 L2 (o , t  ; N°) , with <|/ ( f)e  L2 (o , i ; N°) (°) — °- Since, on
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the other hand,

(2.16) {(X (Av  , <j»)N0 +  ( / ,  40n° — b (v , v  , 40} cU < M  II41 I|l2(o,t:n°)

it follows directly from (2.14) that condition b^) holds.
Bearing in mind the observations made in § 1, we may substitute, for the 

description of the motion in Q of a viscous incompressible fluid, to the Navier- 
Stokes equations the corresponding inequalities. If, in fact, we choose c' 
sufficiently close to c, then neither the solutions of the Navier-Stokes equations 
or inequalities have a physical meaning for /  >  ?, while, when o <  /  <  I , 
the solutions of the equations and inequalities coincide, as has been proved 
above.

In what follows we shall therefore consider the Navier-Stokes inequalities 
and prove that problem (2.2), (2.3) is well posed both in the weak and in the 
strong sense.

Observation i . I f  ~v (t) satisfies a2), b2), then v ( t)e  C° ([o , T] ; N°). 
Let, in fact, Vj (t). be the regularising sequence defined at page 194 and set in

i —>■
b2) ^ we have then, bearing in mind (2.6),

t

è  II w (0  — Vj(t) Uno <  I*(— (i. (w , v  — w,)Ni +  ( / ,  v —  v })  +  b (v , v  , v  — v f)} dr). 
0

Since the right hand side of (2.17) tends to zero uniformly with respect to t  
when j  —>■ 00, we can conclude that v ( t)e  C° ([o , T] ; N°).

O bservation 2. The case m =  2 has been studied by Biroli [2] who 
has proved that problem a2), b2) is well posed V set K which is closed and 
convex in N 3, with o c  K.
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