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Geometria algebrica. — Zjicorems A and B for henselian sche-
mes. Nota ® di SiLvio GRECO e RosAarRio STrRANO, presentata dal
Corrisp. E. MARCHIONNA.

RIASSUNTO. — Schema di una dimostrazione dei Teoremi A e B per fasci quasi coerenti
su uno schema henseliano affine.

INTRODUCTION

Henselian schemes were introduced by Hironaka [15], and later on studied
by Kurke, Pfister and Roczen [17], and independently in [8], [9] and by
Mora [18]. They provide a good notion of ‘‘ tubolar algebraic neighborhood”
of a closed subvariety of an algebraic variety, as shown by Cox [3], [4]-

In this note we outline a proof of the so called Theorems A and B for
affine Hensel schemes, which show that quasi coherent sheaves over a Hensel
scheme behave as they are expected to do. Applications of these theorems to
equivalence of embeddings are given by Roczen [20]. The complete proofs,
which are long and involved, will appear elsewhere. :

I. PRELIMINARIES AND STATEMENTS OF THE MAIN RESULTS

A couple (A, @), consisting of a commutative ring A and of an ideal «
of A is an H-couple (Hensel couple) if the Hensel Lemma holds for it (see [10],
[20], [17]). To any couple (A, 2) one can associate, in a canonical way, a
Hensel couple *(A | @), called kenselization (1. cit.). If B is an A-algebra we
usually write B in place of (B, aB).

To any H-couple (A, @) one can associate the ringed space
(X, 0x) =Sph (A, &) (the lenselian spectrum of (A ,q)), and to any
A-module M one can associate a quasi coherent sheaf M over X, defin-
ed by: T'(X;, M) = M®a"*A;, where X;=sph(®A;)) < X. Recall that
X = spec (A/a) (as a topological space), and that Ox = A.

A ringed space isomorphic to a henselian spectrum is an afine Hensel
scheme (see [8], [17]).

THEOREM 1.1. (Theorem A). Let X — sph (A, @) be an affine Hensel
scheme, and let F be a quasi coherent sheaf over X, and put M =T (X, F).
Then F = M (that is F is generated by its global sections).

THEOREM 1.2." (Theorem B) Let X, F be as above. Then H? (X, F)=0
Jor all p > o. '

(*) Pervenuta all’Accademia il 13 agosto 1979.
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Remarks 1.3. (i) The above results are known in many similar cases:
"see e.g. [7] or [14] for ordinary schemes, and [13], [12] for coherent sheaves
over a formal scheme, and over a Stein space respectively.

(ii) One can deduce from 1.1 and 1.2 several results, by easy adapt-
ments of the ‘‘ordinary’ case. However we are not -able to prove the
fundamental Theorem on affine morphisms ([6], 9.1.10), but in this parti-
cular case:

COROLLARY 1.4. Let f:X =Y be an affine integral morphism of
Henselian schemes. Then if Y is affine also X is affine.

2. AUXILIARY RESULTS

Let (A, a) be a Hensel couple, X =sph (A, 2), f,g€ A with (f,g) A=A.
Put R ="A;®a"A;, Rzar = Rysgr, and let ¢ :Reae Ay, §: R > Ay be
the canonical morphisms.

THEOREM 2.1. @ is an isomorphism.

THEOREM 2.2.  és swurjective.

To prove.the above we need the following notion:

Definition 2.3. A ring A is AIC (absolutely integrally closed) if every
monic polynomial in A [X] has a root in A.

By general properties of H-couples (see [10]) one can show:

LeMMA 2.4. If A is AIC and Y is a connected component of X; then
there is a multiplicative subset S < A such that (As, aAs) is an H-couple and
Y = sph (As).

THEOREM 2.5. Assume A is AIC and let Y = sph (As), Z = sph (Ar)
be connected components of Xy, X, respectively (see 2.4). Then "Asr = Asr.

Proof of 2.1. (outline). By adapting an argument of M. Artin [1] one
can reduce the problem to prove 2.5 when A is a domain. If C = Agr, then
it is sufficient to prove: (1) C/aC is connected, and (2) aC < rad (C). For (1)
we need:

LEMMA 2.6. There are an affine Hensel scheme W = sph (B, aB) and
a monomorphism j: W — X such that j(W)=Y UZ, and B is an AIC
domain.

By Gruson [11] (or [17], 4.5.1) the scheme spec (B/aB) is simply
connected, and from this one can deduce that it is connected. But
spec (B/aB) =Y U Z = spec (C/aC) (as topological spaces) and (1) follows.
By a direct computation one can prove (2), and hence the Theorem.

Theorems 2.2 and 2.5 can be deduced from 2.1, by using similar
tecniques.
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3. PROOF OF THEOREM A

Notations as in 2.1. It is sufficient to show that I ={feA;Fx, is
generated by I' (X;, F)} is an ideal of A. ‘

The hard part is-to show that if £, /,€l, then f, + f,€1; and after
replacing A by #Ay s, we may assume (f;, f,) A = A, so that we are in the
situation of section 2. We have to show that the canonical homomorphisms
M ®aAy, = T (X4, F) are surjective.

Now one can embed A into a faithfylly flat A-algebra which is AIC and
integral over A, and hence one may assume A is AIC. By using 2.5 one can
show that the kernels of the two maps "Ay, ®a Ay, —"Ay, ;. are generated
by a nice set of idempotents; this allows to get our result by a diagram
chasing, which involves also 2.2.

4. PrOOF or THEOREM B

By general nonsense and by Theorem A it is sufficient to. compute the
Cech cohomology (see [5] and [14]). Let U={X ,---, X} be a basic open
covering of X, and let C = C (U, F) be the Cech complex relative to U and F
(see [3). Pt M=D(X,F),B=®",, and let D: M @4 B® be the
Amitsur complex associated to B and M (see [21]). Let p: D — C be the
canonical morphism, and recall that D is exact because B is /. flat (see [21]).

By 2.4 and an argument similar to the one used in the proof of Theorem
A one can compute Kerp, and from this one can deduce:

LeMMA 4.1. If A is an AIC domain the image of o is an exact complex.

Moreover by using 2.2 one can show:

LEMMA 4.2. A fixed element of C? can be lifted to DP, after a suitable refi-
nement of the covering U. .

By 4.1, 4.2 and the exactness of D we have:

LEMMA 4.3. Assume that A is a domain, and let A be the integral closure

Ff A into the algebraic closure of the quotient fied of A. Then H? (X, M) =0
oor all p > o, and all the A-modules M.

Now by general facts on direct limits and on cohomology one can show
that it is sufficient to prove Theorem B when A is a regular domain. In this
case we have, ‘

LEMMA 4.4. If A is a regular domain containing a field and A is as
in 4.3, then the canonical homomorphism E — B @ s A is injective for every
A-module E.

Proof. We have A = lim A; where A; is finite over A. By the so

called ‘‘ direct summand conjecture ”’, proved by Hochster [16] (for rings‘

7. — RENDICONTI 1979, vol. LXVII, fasc. 1-2.
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containing a field) we have that A is an A-direct summand of each A;,
whence the conclusion.

This lemma allows us to show that the functors E — H? (X, E) are effa-
ceable for p > o (see [14], p. 206): this is immediate from 4.3 and 4.4 when A
contains a field. For the general case one can use an effaceability criterion
by Buchsbaum [2], which allows to check the effaceability locally, that is
on finitely generated modules; and by using associated primes one is finally
reduced to prove that A/p can be embedded into a acyclic A-module for all
P €spec (A), which is easily done by reduction to the previous case. The
conclusion now follows by general facts on cohomological functors.

Note added in proof: Recently the authors found a more simple proof
of Theorem B, which will appear elsewhere, together with the details of the
proof of Theorem A.

BIBLIOGRAPHY

[1] M. ARTIN (1971) — On the join of Hensel rings, « Adv. in Math. », 7, 282-296.

[2] D. BUCHSBAUM (1970) — Satellites and universal functors, « Ann. of Math.», 71, 199~209.

[3] D. Cox (1978) — Algebraic tubolar neighborhwods 1, «Math. Scand. «, 42, 211-228.

[4] D. Cox (1978) - Algebraic tubolar neighborkoods 11, «Math. Scand. », 42, 229-242.

[5] R. GODEMENT (1958) —~ Thédorie des faisceaux, Hermann, Paris.

[6] A. GROTHENDIECK and J. DIEUDONNE (1971) — Eléments de Géométrie Algébrigue 1,
«Grund. Der Math.», 166, Springer Verlag.

[7] A. GROTHENDIECK and J. DIEUDONNE (1961) — Eléments de Géométrie Algébrigue 111,
« Publ. Math. », 17, THES.

[8] S. GRECO (1971) ~ Sulla nozione di preschema henseliano, « Rend. Acc. Naz. Lincei»,
50, 78-81.

[0] S. GRECO (1973) — Swl sollevamento dei rivestimenti étale, « Symp. Math.», 11, 67-80.

[10] S. GRECO (1973) — Awnelli Henseliani, in «Categories and Commutative Algebra », Cre-
monese, Roma.

[11] L. GRUSON (1972) - Une proprieté des couples henséliennes, « Coll. d’Algebre Commutative,
Exp.», 1o, Université de Rennes.

[x2] R.C. GUNNING and H. RossI (1965) ~ Analytic functions of several complex variables,
Prentice~Hall.

[13] R. HARTSHORNE (1968) - Cohomological dimension of Algebraic Varieties, « Ann. of
Math. », 88, 403-450. '

{14] R. HARTSHORNE (1977) - Algebraic Geometry, « GTM », 52, Springer Verlag.

[15] H. HIRONAKA (1968-1969) — Formal line bundles along exceptional loci, « Symp. Alg.
Geom. », Bombay, Oxford.

[16] M. HOCHSTER (1973) — Conmtracted ideals from integral extensions of regular rings,
«Nagoya Math. J.», 51, 25-43.

[17] H. KURKE, G. PFISTER and M. ROCZEN (1975) — Henselsche Ringe und Algebraische
Geometrie, VEB Deutscher Verlag der Wissenschaften, Berlin.

[18] F. MORA (1975) - Jdeali di definizione e morfismi di schemi henseliani, « Ann. Mat. Pura
Appl. », 105, 191-204.

[19] M. RAYNAUD (1970) — Anneaux Locaux Henséliennes, « Lect. Notes Math. », 169, Springer
Verlag.

[20] M. ROCZEN (1975) - Henselsche dquivalenz von singularititern, Wiss. Beitr. Martin Luther
Unv. Halle Wittenberg M 6, « Beitr. Alg. Geom. », 4, 29-46.

[21] R. STRANO (1978) - Teoria della discesa, « Quaderno C.N.R.», Catania.



