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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Ferie J979 (Luglio-Agosto)
(Ogni Nota porta a pie’ di pagina la data di arrivo o di presentazione)

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi m atem atica. — On the non linear vibrating rod equation. 
Nota II di G io v a n n i  P r o u s e ,  presentata(,) dal Socio L. A m e rio .

Riassunto. — Si dà la dimostrazione del teorema enunciato nella nota I e di un teorema 
ausiliario.

4. -  Let us begin by proving the following auxiliary theorem.

T heorem  2. -  I f  the assumptions made in Theorem 1 are verified, there 
exists, V fixed  z >  0 , a function u (f) such that

ai) u if) e L2 (o , T ; HoD H 3) , u (t) e KQ , u (o) =  z0 ;

bi) u (f) satisfies, V<p (t) e K0 with <p' if) e L 2 (o , T ; Ho H H 3) ,
9" (/) 6 L 2 (o , T ; L2) , the inequality

(4.1) - i . | |  «'(0l l^ — (H (D «(0) ,  i)L2 - Ì | | G ( D ^ ( 0 )  HhJ -

— —- II ^  (t) HhVih;; +  (u ' ( t ) , 9' ( +

t

+  J  [s (u , «pOhViHj +  a (u , 9') — {u! , 9")L2 — ( / ,  9' —  u \ l \  drj >
0 ' (*)

(*) Nella seduta del 14 giugno 1979.

1. — RENDICONTI 1979, vol. LXVII, fase. 1-2.
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>  -  è Ik  Ù  -  (H (D^o) , i)lì -  è II G (D*0) ||2HJ -  

---- — 11*0 IIhViH® +  (^1,<?' (o)l 2

a.e. in [o , T] .
Let {gj} be a basis in I lo n  H 4 and set

n
(4.2) un (x ,o  =  2  <**» (x) ;

let, moreover, v be a penalisation operator associated to K0. By the definition 
given we can set (see, for instance, [1] ch. 3, § 5)

(4.3) V (v) =  V — ?v  ,

where P is the projection operator from L2 (Q) to K0. The operator v is mono
tone and hemicontinuous from L2 (Q) to itself and

(4.4) K0 =  { » : n e L a ( Q ) , v ( » ) = o } .

Consider now the system of ordinary differential equations in the unkn
own functions &jn (t)

(4.5) (Un (t) +  »V (Un(t)) —f ( t )  , gj)lß +  S (Un(t) ,g})  h«0 h* +  a (Un(t) , g}) =  O

U  =  1 »• • •>n

satisfying the initial conditions

(4.6) un (o) =  n „  20 — z0>n un (p) =  n nz1 ==zu n ,

where ITW denotes the projection operator on the subspace defined by 
S i ’ As it can be immediately verified, (4.5), (4.6) admit a solution in a
conveniently small neighbourhood of t =  o; we shall show, by means of a 
priori estimates, that this solution exists in [o , T].

Multiplying (4.5) by ajn , adding and integrating between o and t e [o , T ] , 
we obtain, in exactly the same way as (3.8) and bearing in mind that 
(v \ß ^  O ,

(4-7) è II u'n (t) III« +  (H (Dun (t)) , i)L2 +  i  II G (Dun (i)) ||hJ +
t

+  —- II un 00 IIhViH2 <  f  ( /  > Un) dï] +  i  II 2 ltn ||l2 +  (H (D^0,n) > O l2 +
0

+  2 II G (D,s0)B) ||hJ +  — II Zo.n llH3nH  ̂•
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From (4.7) it follows, by the assumptions made, that, V / e [o , T] , 

(4-8) IL«» 00 IIl2 <  Mi , y £ II un (t) ||h3oh^ <  m 2

with independent of n and £; consequently, denoting, as we shall always 
do in the sequel, again by {un} an appropriate subsequence selected from {un} ,

(4*9) (ß) tdf (̂ ) un (̂ ) u (̂ )

respectively in the weak-star topologies of L°° (o , T ; L2) and of L°°(o , T ; 
H 3DHo). Moreover, since

(4.10) L2 (o , T ; H 3) O H 1 (o , T ; L2) c  H 1/6 (o , T ; H 5/2)

and the embedding of this space in L2 (o , T ; H2) is completely continuous, 
it follows from (4.9) that

3un du 32 un 32 u
dX dX ’ dX2 dx2

in the strong topology of L2 (Q ), i.e.

32 u (x , t)

dUn (x  , t) du (X , t) d2 Un (X , t)
dX dX dx2

dx2
a.e. in Q.

The a priori estimates obtained assure us that a solution of (4.5), (4.6) 
exists on the whole of [o , T] ; we must now prove that, when n 00 , the 
limit function u (t) satisfies ai), bi).

Observe that, by (4.7), (4.8),

(4,12)

T

Un (t) \ 2 <  M 8

and, consequently,
T

(4 .13) lim
7l~ * 0 0 0

j  (yun , un)L2 dt =  o .

Using a standard procedure (see, for instace, [2], ch. 3, § 5) (1) we can then 
prove that u (t) e K 0 ; hence, by (4.6), (4.9), u (t) satisfies condition ai).

Denoting by K 0 the set Iv (t) e H 1 (o , T ; L2) :

33 v
~dÖ?

dv P v
dX

< N x , dX2
<  Ni

<  N i' a.e. in Q } , let 9 (t) be a function e K 0 D H 1 (o , T ; H 2 O H 4)

(1) The bibliography is given at the end of note I.
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with <p" (i) e U  (o , T ; L2) and set

CO ■ ~ ■
(4.14) 9 (*»0 =  2  Yi (0 Si (*) - <Pp (* , 0  =  £  Yi (0 9/ O)

/=1 — *

/  Yi '» j  < P
with Yj ~

\  o , y > p .

Assuming that n >  p , multiplying (4.5) by Yj —  Xjn adding and inte
grating between o and t 6 [o , T] , we obtain

«

(4*1 s )  j  \.(un ~t~ (Mn) f  ’ *Pp — un)lß ~h S (un \ 9# ~  un) H3n H2 +
0
+  a (un , — «4)] dv) =  o .

Integrating (4.15) by parts and bearing in mind that, since v (<pp) =  o ,(2)

t t

(4.16) J  (v (un) , 9p — u’n)iß dv) =  J (v («^) — V (<Pp) , <Pp — Un)L2 dt) =  o ,
0 0

we have, W e [ o  , T ] ,

(4.17) -  i  II Un (0  IlL* -  (H (Dun (0) , i)L2 — 2 II G (D«. (0) HhJ —

— — II un {t) HhVih2 +  (« » (0 , 9p (0)l* +

t

+  j [a (un > 9p) ’ (un > 9p )l2 +  s (un , 92?)h3oh2 — (/-» 9p — un)iz\ dyj >
Ô

— i  11*1, n ù  — (H (0*0,*), i)L2 — 1 II g  (D ^ ^ IIh J  —

11̂ 0,n I|hsOH2 “b (pi,n ) 9p (o))l* •

Observe that, by (4.9), (4.11) , V  ̂6 [O , T] ,
* «

(4.18) lim I « (« . , (fr) dr) =  lim J (D% ) D2 %  , D (g  (Dun) 1 )<&))& d* =n->ooJ n-̂ ooj0 0

(2) Since 9p (if) co(0jT.h4) ' 9 W implies <pp (/) ,c0(o>TTÿ j~ >' 9 W . is obvious that, 
for sufficiently large p  , <pp (t) e K0 , with <pp (0) -  Up 9 (o). Hence by observation I in note I,

9 . M e K0 => y (9') =  o .
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I t

=  j  (g  (Du) D2 u  , D (g  (Du) D cpp))L2 dy =  Ja(u , <pp) d r) ,
0 o

t t

(4 .19) lim (un , tpp)H3riHg dr) =  (u , cpp)H3nH2 dr) ,
00 J J0 0

i t

lim [(un ,dfp)ifi—  (f,<?p— Un)L2] dr] =  I \(u', 9p)L2 — (f,<?p— u ’)\ dr).
n->oo J J0 0

Moreover, if (t) is an arbitrary function eC° [o , T] with 4* (t) >  o, we have, 
again by (4.9), (4 .11) ,

T

(4 .20) lim I 4> (t) [( H (D«„) , i )L2 +  11| G (Dun) | |hJ — (u'n , <pp)L2] dt =
00 J 0

T

=  J [(H (Du) , i )L2 h- i  II G (Du) IIhJ — («', 9p)L2] dt

and also, by well known properties of the weak limit,

(4.21) lim inf tp (t) II un I00) lb  +  — II »n (f) llH3nH,n-+ 00 J L 2 10
o]d * >

> J  + (0 [è  II «'■ 0  ||l2 +  — II « (f) H2H3nH2l  d t .
A J

Letting! therefore » - ^ 0 0  in (4 , 17)  and taking the inferior limits 
obtain, by (4.18), (4.19), (4.I20), (4.21), (4.6),

we

(4.22)

i

/  4, (t) {— i  II u '(t)  Ik  -  (H (Du (t)) , I )L2 -  4 II G (Du (t) ||at

S
2 II u  00 llH3nH2 +  («' (jf) , <p„ (^))L2 +  j  [a (u , cpp) _

Ô

(u > ?p )l2 +  s (^ , 9p)h3oHq — ( /  > — *0l2] dy)| dt  >
t  )

> J  <K0 j — è. II si Ik  — (H (D*„), i)L2 ■

• III G (D^0) II hJ —- Il z 0 ||H3n h2 +  ( z \ , <?p (o))l2 1 dt
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Hence, u (f) satisfies bi) a.e. in [o , T] V test function cpp defined by the second 
of (4.14) and also, letting p  00 , V9 given by the first of (4.14).

Since, on the other hand, the space K0 O H 1 (o , T ; Ho O H4) f l H 2(o ,T  ; L2) 
is dense in K0 O H 1 (o , T ; Ho O H 3) O H 2 (o , T ; L2) , relation (4.1) holds a.e. 
in [o ,TJ .  This completes the proof of Theorem 2.

5. -  We now give the proof of Theorem 1.

Let uz (/) be a solution of a )̂ , bi) corresponding to the coefficient s. 
Setting in (4.1) 9 =  0 ,  we obtain, by the assumptions made,

(5-0 II nz 0) ||L2 <  M4 a.e. in [o , T]

and also, since uz (t) e K 0 ,

(5-2)
duz
dx < N i

32 uz
dX2 < N 2

33 uz 
dX3 <  Nn

3

a.e. in Q. Since the embedding on L2 (o , T ; H 3) O H 1 (o , T ; L2) in 
L2 (o , T ; H 2) is completely continuous, we have, by (5.1), (5.2) ,

(5-3) lim 00 =  u' (t)
e—>0

in the weak-star topology of L°° (o , T ; L2) and 

(5-4)
' d u z dU '.  32 Uilim ------= -----  , lim ■ u
>0 dX dX 0 dx2 dx2

a.e. in Q.
Since uz (o) = z 0 and uz (t) e L2 (o , T ; Ho) , it follows from (5.2), (5.3), 

(5.4) that u if) satisfies condition a').
fey (5*3)v (S-4) we have also, V 9 if) e K0 fi H 1 (o , T  ; Ho D H 3) O 

O H 2 ^ o , T ; L 2),

t t

(5*5) lim a (uz , 9) dY) =■ a (u , 9) dyj
s->0 J J0 0

.y .

and, denoting by v{j (t) an arbitrary function e C° [o , T] with ^ (t) >  o ,

T

lim f  i  (Z) [(H (Du.) , i)L2 +  i  H G (Du.) |f c  -  ( * i , 9 V ] d / .=
s-">0 J 0

T

=  J O  (0 [(H (Du) , i)l2 +  h II G (Du) |fHJ -  (*',.<p)L2] dt ,
0

(5-6)
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T

(5 .7 ) lim inf f  +(*) || us (t) ||L* dt >  [ <\> (t) || u' (?) | |^  .
£ -> 0  J J

0

Moreover, by .(5.2),

T t

(5-8) lim J  (t) — II us (?) ||h3o h 2 +  j  s (us , ? ) n W 0 dv)j dt =  o .
0 0

Letting s —> o in (4.1) we then obtain 

(5-9) - 1 \W  (?) Ù  -  (H (Du (*)) , i)L2 ■— Hi G (Du ?)) ||hJ +

+  (U■ (f) , 9 ' (/))L2 +
t

+  j  [a (u , cp') — («' , <p" ) L 2 — ( / ,  <p' — >
0

>  -  i  Ik Ù  -  (H (Ds0) , I)L3 _  1 II G (Ds0) HhJ +  &  , 9' (o))l2

a.e. in [o , T] , V 9 (*) e K0 D H 1 (o , T ; Ho n  H3) O H2 (o , T ; L2).
Since the space of such test functions is dense in K0 O H 1 (o , T ; Ho) O

H H 2 (o , T ; L2) , condition b') is satisfied and the theorem is proved.


