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Teorie relativistiche. — Comparison between optical and totally 
geodesic coordinates in general relativity in connection with the first 
two Cauchy-Green tensors <’>. Nota di A n t o n i o  Cl a u d i o  G r i o l i  e 
R a f f a e l e  B a l l i , presentata <(*) **> dal Socio D. G r a f f i .

R ia s s u n t o . — A. Bressan fonda la sua teoria relativistica dei materiali di ordine n 
su una relativizzazione del gradiente ^-simo della posizione ottenuta mediante derivazione 
su una superficie totalmente geodetica e tempo ortogonale.

D’altra parte Lianis, nella sua teoria di elasticità relativistica, introduce una relativiz 
zazione del gradiente primo di posizione, differente almeno concettualmente da quello di 
Bressan, espresso in coordinate ottiche mediante derivazione della posizione sulla ipersu-o
perfide Ç0 =  cost.

In questo lavoro calcoliamo l’espressione della derivata di un arbitrario doppio tensore
o . . . . . . . .

sulla ipersuperficie Ç =  cost, e la chiamiamo derivata ottica, quindi determiniamo il gra 
diente secondo della posizione in coordinate ottiche, infine mostriamo che, mentre le espressioni 
dei gradienti primi di Bressan e Lianis coincidono, i gradienti secondi differiscono per termini 
dipendenti dall’accelerazione. Pertanto le due teorie coincidono soltanto per quanto riguarda 
i materiali del primo ordine.

i. In t r o d u c t io n

A. Bressan (see [i]) has introduced, for developing his theory about 
materials on ^-th order, a sort of relativistic n-th gradient of position, obtained 
by total derivation of the position on the totally geodesic and time-orthogonal 
hypersurface. The way of calculating this derivative for every value of n 
was .indicated in [2]. '

On the other side, for his theory of relativistic elasticity, Lianis has intro 
duced (see [3]) a relativistic first gradient of position, different from Bressan’s
at least conceptually, expressed in optical coordinates by total derivation of

0 0the position on the hypersurface E, =  const.
In this paper we calculate the expression of the derivative of an arbitrary

0 0double tensor on the hypersurface Ç =  const., and we call it optical deri 
vative. Afterwards we determine the second gradient of position in optical 
co-ordinates. Finally we show that the expressions for the first gradient de 
termined by Bressan and Lianis coincide while for the second gradient they 
differ in terms depending on the acceleration. Therefore the two theories 
coincide only for first-order materials.

(*) Lavoro eseguito nell’ambito dei gruppi di ricerca matematica del C.N.R.
(**) Nella seduta del 12 maggio 1979.
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2. T h e  O p t i c a l  d e r i v a t i v e

We denote by S4 a dinamically possible determination of the space-time 
in general (or special) relativity and by (x9) an admissible system of co-ordinates;
furthermore we assume the s ig n a tu re ---- b +  +  with g 0Q <  o for the metric
tensor g 9a of S4.

We consider a continuum system C moving in S4 and we denote by S3 
the intersection of the world tube described by C with a spatial cross-section 
of S4. In this section we p u t (1):

(1) y L =  Sp x p atu =  &LM (on S3)

with:

(2) g  pa — gpa “b Up Uq

Afterwards for the sake of semplicity, we identify a particle with the triple 
y L of its co-ordinates in the reference configuration; we also denote by W^l 
the world-line of y h, and by P an arbitrary event point on W2/L+d2/L, the 
world-line of the particle y L +  dyL.

o o
We consider, moreover, along W^l , an orthonormal tetrad AS, in which 

three of the unit vectors are spacelike and satisfy the Fermi-Walker tran-
O osport equation (2), and the last one, Aq , corresponding to the identification 

of the 4-velocity of matter:

(3) A 90 =  u9 .

We denote by P1 that event point on W^l from which an observer fixed on y L 
must give out a light signal to have it arrive at P. Furthermore we denote by 
P2 the event point to which the reflected signal from P comes back to the 
observer.

We call s1 and s2 the values for Pa and P2 respectivels, of the proper time 
on W^l , furthermore we put:

(4) t (p ) = ^ -

(s) •

(1) Afterwards we state that the Greek indices range from o to 3, while the Latin 
indices range from 1 to 3.

(2) See for example [5].
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The optical co-ordinates of P are defined, as is known (see [3]), by:

|°  =  T(PV

l l =  l ( V ) ^ ( s ) k l (s)

where [xp is the unit vector of the geodesic through P, ortogonal with W^l , 
and where s is the value of the proper-time, for the intersection point of that 
geodesic with W^l .

The link between the optical co-ordinates and the (x9) was calculated in 
[3] by Lianis. Now we denote by TßJ;;.*;!§£ a double tensor connected with 
the points x 9 of S4 and y L of S* that are mutually related by the equations 
of the motion of C :

(6) x 9 =  x 9 ( t , y L) .

We call optical derivative of Tß*’!l‘.’ with respect to y A at the event point E
on W^l , and we denote it by TßJ the total co variant derivative of

^  with respect to y A carried out on the hypersurface T for E of 
equation (3):

(7) t V )  =  ° .

Therefore this derivative has to be carryed out by total derivation of 
T == T ^  ; ’’.7, [x9[ t ( t , y L) , y L]] with respect to y A for a choice t  of the time
parameter t  =  t ( t , y L) in (6), such that the equation t (x9). =  o represents 
T (4). We have therefore:

(8) =  [T £ ; ( / ( ? , / ) ,  / ) ) ] ;A.

The same definition is valid for the derivatives of higher order:

(9) Tßjb--, ßjg A-l,..., A„ =  [TßJ , .. ßj « = «(?, yL)]; A]. , •••, An *

We limit ourselves to calculate those derivatives up to n =  2. If we identify 
t  with y°, we have:

(10) . Tg:::::^|A =  Tg;::::^p(^A +  4 )/A) +  Tg:::::&A

Cu) Tg:::::g:|AB =  t£ ;: : : :£ /pt (A +  A  A) (A +  A  A ) +

+  T ß J ß ( / p (xjAb +  x pfAo y%, +  #/ob Ta +  ^/oo Ta Tb x o T/ab) +

+  TßJ ß(/pb ( A  +  x o Ta) +  T p J ß(/Ax (x b  +  xç> Tb) +  ^ P i B^ / a b  •

(3) Without loss of generality we can choose the origin of the abscissa s on W^l in 
such a way as to have the left-hand side of equations of Y vanish.

(4) By analogy see [2].
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3- A PROCEDURE FOR THE EXPLICIT CALCULATION OF

a n d  T g ::::;£1AB

The quantities lying in (10) and (11) are all known except y \ , y°B 
and jp/AB. From (6) and (7), by the substitution of the time parameter;

t =  t {t , y L) ,

we obtain:

(12) 1° [xp (t ( / , / ) , / ) ]  = 0

By differerentiating (12) with respect to y A, we have:

C*3) (x a  +  %o Ta) =  o .

Since we have calculated the (10) and (11) on WyL without loss of 
generality, we obtain from (13) and [3] 4 (21), [3] 4 (30c):

(14) U9 (*A + Xo y l )  =  O .

Thence we obtain:

(15)

under the definition:

0y  a =  -
Up XPa  

u9 Xo
u i D/

Ds

u \  =  u9 Xa .

By further derivation of (13) with respect to we obtain:

(16) £/°ab =  l/po (*A +  Xo y  a ) (*°B +  Xo y %  +
o0

+  (* /A B  +  */A O  T°B +  * /O B  y°A  +  * / 0 0  T a  JFb +  * 0  JP/Ab) =  O .

By formulas [3] 4 (21), [3] 4 (30,,),- [3] 4 (32) we have on W L̂ :

(17) =  «pA, + «((A p - {  j * x + ( a p] =  +  u° a p •

From (16) and (17), by (15), the orthogonality of u and A , and the equality 
x a b  =  x Pba  we have the following expression:
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which yields:

/ ON 0 f p , D *pa + T>x pb + , p + + /D A * !  Dt
(18) y / A B  — X/AB H--- 0 0 -  UB +  - g j -  UA +  X/oo UA UB I -0 0  I -0 0  .•

The relations (10), (11), (15) and (18) give us the expressions sought for the 
optical derivative of the first and second order on W^l .

4. C o m p a r i s o n  b e t w e e n  t h e  r e l a t i v i s t i c  g r a d i e n t s  o f  p o s i t i o n

DEFINED BY LlANIS AND BRESSAN

Now we want to calculate the expressions of the optical position gradients 
of the first and the second order. In order to reach this goal, we consider a 
natural frame, proper and locally geodesic at a point P of W^l  . By the [3] 
4 (30c) and (15) we have:

êT
(19) l ì  A =  — - (x A +  Xo y°A) =  (xA +  up ui )  .

For the second gradient we have, by [3] 4 (30c), (15) and (18):

(20) l ì  a b  =  ■ (xA +  Up u t)  (xaB +  U° u t)  +

+  Ai [ * B H----Ub +  X%B u t  +  Xoo UB ^ -0 0 1 +

, p /  o . D x l  + ,  o + Dt  0 + + (  Dt  Y W
+  U Ua p A B  H---- 0 0 -  UB +  X OBUA +  X q o Ua  UB I I I '

Expression (20), by [3] 4 (32J, [3] 4 (32f>) yields (5)

(21) IjAB =  — è A«, (xA XB +  x \  *a) +

+  A™ g% [ , 1 b H----0 ^ -  UB +  ,0B «A -0 0  +  ,0 0  u t  UB ^-00^ J
/ \ £0 a 0 "̂P F ° I F)#a + o 4- I o + + (  \  "j(22) ||AB =  Ap^S I ^  AB +  UB +  X° B +  ^00 ^B I - g j  I I *

Since from [3] 4 (21) we have:

A°Pi P.  =  o

(5) In the formula [3] 4 (32) there is a mistake in a sign that we have corrected.
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we can write (21) and (22) as:

(23) £]  AB =   J  A p A0 (#1 #B +  * 1) +

+  Ap g l  [ , 1 b  +  +  X°OB ”̂ 7  +  X ° °  UA ("5 7 )  ]  *

If we choose the time-ortogonal parameter t, by the meaning of the vectors 
Ap, from the relazions (19), (23), [2] (61), [2] (69), [2] (70) we obtain:

(24) !Ìa  =  *ÌTa =  «a

(25) £4 ab = -— J A0 gl (al ocb+ a i al) +  #Jab =  —  \  A0 £ ^(alaB +  a l al) +  aAB

which give us the relations asked for between the correspondyng relativistic 
position gradients defined by Lianis and Bressan. We observe that those 
expressions coincide as far as the first gradient is concerned, while in connection 
with the second gradient they differ by terms depending on the acceleration. 
If we put, in according with [4] (19):

(26) CLa =  5 t^ l Via 

and

(27) CLAB =  It 4L I] AB

o o
where CLA and Cl a b obviously denote the Cauchy-Green tensors with respect 
to the expressions (19), (23) of the optical gradients, from (24), (25), (26), (27), 
[4] (19), we obtain:

(28) Cl a  =  Cl a

(29) Clab =  Clab — J Cla A0 a l — \  Clb Aa a l .
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