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Equazioni differenziali ordinarie. —- On oscillatory property of 
bounded solutions of functional differential equations (*>. Nota di 
L u -S a n  C h e n , presentata <**> dal Socio G. S a n s o n e .

R iassunto. •— L’A. considera l’equazione

[r (t) x(n~mì (t +  a (t)k {x (J)) p  (.x \ t ))
+  b ( t ) f ( x [ g1 ( t ) ] , - - - , x [ g l (t)]) =  c(t) 

e studia il comportamento oscillatorio delle soluzioni limitate.

i . In t r o d u c t io n

Recently, Staikos-Sficas [5] discussed the oscillatory behavior of boun­
ded solutions of the following differential equation

\r (t) x ln̂  (7)] <”»> +  b ( t ) f  (x [gx ( t ) ] , - - - , x  [gt (if)]) =  c (t)

where t a [t0 , 00) , I , m  , n are positive integers such that n^>_ 2 ,1  <  m  <  
<  n —  I , b (t) , c (t) , g i (t) , (i' =  I ,2  , • • • , / )  and r  (t) are real-valued con­
tinuous functions on [/o , o°) and f  (jyi ,• * > •> yi) is a real-valued continuous

00
r  dtfunction on R ; and also assume that r ( t )  > o , such that — =  oo,J r (t)

y i f  (yi r  yi) > O for y t o , {i =  I , 2 ,• • -, /) and l i m ^ i ( / ) = o o ,
t-> OO

(*" =  I ,  2 ,  • • • , / ) .

In this paper, we extend Staikos-Sficas’s result to the following more 
general functional differential equations:

(1) [r (t) x (n~m) (/)](m) +  a (t)h (x (0) p ix ’ {t))

+  b [gì 00] , • • •. ^  [gi (0]) =  c (if)

where t e  [/0 , oo) are positive integers such that » > 2 , 1  <
m  < n  —  I .

In what follows we restrict our consideration to those solutions of (i) 
which exist on some half-line [tx , oo). Also we shall consider the oscillatory 
character of the solutions in the usual sence, i.e. a solution is called oscillatory 
if it has arbitratily large zeros. Otherwise it is called nonosdilatory.

In addition, the following assumptions will be made for the rest of this 
paper.

(*) This research was supported by the National Science Council.
(**) Nella seduta del 12 maggio 1979.
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Assumptions:

(i) a (f) , b it) and c (t) are continuous real-valued functions on [t0 ,00) ,
a 00 >  °  , (t) =  max {b (t) , 0} and b~ (t) =  mas {-— b (f) , 0} ;

(ii) r (t) is a continuous real-valued function on [tQ , 00) such that
0 0

[ — 00 and r  (t) >  c ;
J r( t )

(iii) gi(f ) , (f ~  1 , 2 , • • •, /) are continuous real-valued functions on 
[t0 , 00) such that lim g  (f) =  00;

t - ^ 0 0

(iv) h (t) is a continuous real-valued function on (— 00 , 00) such that 
xh  (x ) >  o fo r  x  7̂  o ;

(v) p  (%’') is a continuous real-valued function on (— 00 ,00) such 
that k2 p  (V) >  kx >  o ;

(vi) f  (y x , * • •, yì) is a continuous real-valued function on R* such that 
y i f ( y i , - - - > y i ) > o  fo r  yi¥= o , 0 ‘ =  1 , 2 , • • • , / ) .

In order to obtain our result it is convenient to give the following lemma.

LEMMA (Staikos-Sficas [3], [4]). Let u it) be the solution of the linear 
differential equation

, a . H (t) u — — u +  — =  o on [1 , 00) 1 >  o ,t t

satisfying u (T) — o , where a is a positive constant and  H (/) is continuous 
on [T , 00). I f  lim I H if) | =  H* exists in the extended real line R*,- then

t —>■ 00
lim I u (t) I — u* exists in  R*. In  particular H* =  00 implies u* == 00.

t  — 0 0

2. Main result

Theorem. Let equation (1) satisfy (i)-(vi) and, in addition, any one of 
the following holds\

For some integer k , o <  k <  m  — 1 and fo r  every constant ^  >  o , (ji2 >  o 
and  >  o

0 0

J  & [{As a it) +  [Xj i>+ (t) — b~ (/) — [Xjj c (if)] dt =  oo ,

or
OO

j t* [— y-s a 00 +  î i b- (0 — (0 +  («-a c (0] àt =  00.

7% ^  bounded solution o f x  (f) of f  1) is either oscillatory or such that

lim inf \ x  (t) \ =  o.
t —>  0 0
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Proof. We suppose, now that the conclusion of the theorem is not 
valid, when there exists a bounded nonoscillatory solution x  (t) of (i) with 
lim inf.I x i f )  I 7^0. W ithout any loss of generality, that ^  ( /)>  o eventually.

t —> o o

The case in which x  (t) <  o can be treated similarly.
From (iii), (iv) and (vi), there exist a T >  max {tQ , o}, and positive 

constants cX i c%ihY and k 2 such that

(2) hx <  h (x (t)) <  h% ,

( 3)  y  < /  ( x  [g i  0 0 ] .  • • • , *  [ g ì  (O D  ^  %  »

for t  >  T  .
If

t

uij f ) = J s l [r (s) x (n~m) ds , I <  i  < j .
T

An integration by pasts yields

u ^  (i) =  tl \r(t) x {n~m) (0 ] (̂ 1>
t

— T* [r (s) *<»->»> (D]s3=t1> — i J  s* '1 [r (s) x (n~m> (Y)]«-« ds
T

=  t tH - u - i  00 — (t) — T* [r (s) x {n~m) (s')](sZt ,

which shows that «ì _ i ,j_i (0  is a solution of the differential equation

(4)  u  —  ~  U +  — j i -V L  =  o
1 t

where H y (*) :=  — u tj (t) -T* [r (j) x (»-m) . Obviously, 1 (t)
satisfies the initial condition Ui-i^^xÇT) =  o. Since

0 0  —  u h,m ( f )  ~~~ [ r  ( j )  %(n-m) ,

s

=  Js*  {a (s) h (x (0) p  (*' (Y)) +  b (s)f(x [gi (s)] , • • - , x [*-,(*)])
T

— r (s)} ds — T *jy  (s) x (n~m) ( j ) ] & 1)

consequently, from (V), (2) and (3), we have
t

/* r h k  -,
(f) >  cz I sIc ! a (s) 4- b+ (s) — b~ (s) ----- — c (s) I ds

T L 2 C2 CZ j

— T * \r (s) X{n~m) (s)](Z T iy ■
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and
c

H (0 < c 2j  s* [ a (s) +  b+ (s) b- (s) -  - -  c (s) d s

— T* [r (s) x (n~Jm) (j)]s” x1)
for every t >  T.

Hence, by assumptions of the theorem,

and consequently 

Since

lim I H*iOT (Z) I =  00
t —> OO

lim I 00
t —>00

Ht_ifW_i (0 =  — (0 — T̂ -1 [r (J) (^](“ t2) ,
whe have

lim I H (0 I =  00 .

Applying, now the lemma again, we obtain

lim I uk_2,m-z (t) I =  00 .
t - > o o

Following the same procedure, we obtain finally 

which gives that

lim I u0,m-jc (f) I =  o° ,
t - > o o

6izi*£ I.

lim I r  if) x {n~m) it) I =  00 .
t —> OO

lim r  (/) x in~m) (t) — 00
i - > o o

If so, there exists Tx >  T such that 

(5) r  {t) x {nr~m) (7) >  I for t  >  Tx.

Dividing (5) by r  (7), integrating from T x to / , we have

which by (ii) gives

I

(T ■ ) + /
di*

r ( j )
for / >  Tx ,

and consequently

lim x (n~m~1) it) =  00
£ —>-00

lim # (7) =  00 ,
t —>00

which is a contradiction,
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Case 2.

lim r (f) x in~m) (t) =  — oo .
£-> oo

In this case, following the same procedure we obtain the contradiction 
lim x  (f) — — oo .

t —> oo

R em ark  i . For the case a (t) =  o, Theorem becomes a result of 
Staikos-Sficas [5].

We conclude with the statement that this theorem can be extended to the 
following equations

(6) 1> (f) (tyy +  a (t)h (x (0) p w  (t)) +  b (t ) f \ x  [g (/)]) =  * (t)

and

(7) [r (0 *' W * * '  +  a m  {x (t))p {x' (0) +  b if) f i x  [g (*)]) =  * (0

which are the special cases of (1) with m  =  1 , /  =  1; and n =  n — 1 , I  =  1 
respectively, and the above theorem leads to a generalization of a result of 
the author [1].

Remark 2. Kusano-Onose [2] considered the equations 

[r (t) x ^  (/)]' +  b (f)f(x [g (/)])■ =  *.(/)

and

[r (0 *' m n~l) +  b it) f i x  [g it) 3) =  c (/)

which are the special cases of (6) and (7) with a if) =  o, respectively.
Also, we may extend to the following equation

[r (0 i*)Y +  * (t) h \x (/)) p ix' it)) +  b i t ) f  (x [g if)]) =  c it)

which is a special case of both (6) and (7) with n — 2.

Remark 3. It is easy to extend our result to the following differential 
equation .

[r (t) x (n~m) (f)](m) +  a (f) h (x (fj) p  (xf (/))

+  F it ; x <(T0 (/)) , • • •, ar(n- 1> ( v i  09» =  o

where xH) (c* (jt)> =  (x(i> [ah (*)] , • • •, x (ii [aim_ (/)]) and

lim ai} it) =  0 0  , i =  o , I , • • n —  i ; j  =  i , 2 , • • -, .
t —>oo

23. — RENDICONTI 1979, voi. LXVI, fase. 5.
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