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Calcolo delle variazioni. —  Integral representation on W1’“ (Û) 
and BV (Q) of limits of variational integrals. Nota di G iuseppe B u t-  
tazzo e G ianni D a l  Maso, presentata <*> dal Gorrisp. E. D e G iorgi.

R iassu n to . — In questo lavoro vengono studiate le rappresentazioni integrali dei 
T-limiti di successioni di funzionali del calcolo delle variazioni. Notiamo che, se l’interesse 
principale del lavoro è rivolto ai T-limiti di successioni i cui termini non sono tutti eguali, 
riducendosi a quest’ultimo caso molto particolare si ottengono, come corollario dei risultati

di questo lavoro, vari teoremi di semicontinuità di funzionali del tipo j f ( x , u , Du) àx  e
a

di rappresentazione dei prolungamenti di tali funzionali a funzioni appartenenti a BV (Q) 
(funzioni aventi derivate misure).

i. I n tr o d u c tio n

We recall the following characterization of T-limits (see [6]): if (X , t )  

is a topological space satisfying the first axiom of countability, (FÄ) is a 
sequence of functions from X into R and u is an element of X, then

\ = T  ( t - )  lim FÄ (v)
h—> 00 
v—>u

if and only if

(i) for every sequence (u£) converging to u  in (X , t )

X <  lim inf Fh (uj)
h—>00

(it)  there exists a sequence (%) converging to u  in (X , t )  such that

X =  lim Fft (uh)
h~̂ > 00

Let Q be a bounded open subset of R*1, and let ( /Ä) be a sequence of 
Borei functions from fì x R  x R n into R+, with / ^ ( ^ ,^ ,* )  convex for every 
( x , u ) e Q  xR .

For each open subset A of Q and u e  Lfoc (A) we set (1)

(1.1)

/  f f h ( x  > u > dx  . i f  u e C 1 (A)

Fa (u , A) =

OO otherwise.

(*) Nella seduta del 12 maggio 1979.
(1) We obtain the same results if, in (1.1), instead of C1 (A) we take C1 (A) n W1,r (A) 

or (A) (or C1 (Ä) if A has a Lipschitz boundary), with r — a in theorem 1 and r  =  1 in 
theorems 2 and 3.
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The purpose of this paper is to give conditions under which:

(1) there exists F (L ^  (A)”) lim FÄ (v , A) =  F (u , A) ;
oo

v->u

(2) F  ( u , A) can be represented as an integral.

This subject has been studied by several authors, e.g. [1], [3], [4], [5], 
[12], [13], [14], [IS], [16], [19], [21]-

In theorem 1 we prove that, under suitable growth conditions on 
fhÇx , p') and equi-continuity conditions with respect to the variable u  , 
(1) is verified at least for a subsequence of (FÄ) , and there exists a fu n c tio n / 
such that

F O  , A) =
A

for every u e  W 1,0C(A) (the space of functions in La (A) whose distributional 
derivatives are in La (A)).

In theorem 2, by strengthening the continuity of / ,  and the convergence 
of ( /A), we obtain an explicit integral representation formula for F (u , A) 
on BV (A) (the space of functions in L 1 (A) whose distributional derivatives 
are measures with finite variation on A).

In theorem 3 the same formula is obtained without the hypothesis of 
continuity of f  (pc >u , / )  with respect to the variable u , but assuming that 
every f h is positively homogeneous of degree 1 in p.

We note that, in the particular case in which / Ä — /  for every h , F (u , A) 
coincides with the greatest lower semicontinuous function F (u , A) on L^c (A) 
such that

F (u , A) <  j f  {pc , u , T>td) dx
A

on C1 (A). Therefore, as a corollary of theorems 1, 2, 3, we get an integral 
representation formula for F  (u , A) on W1’“ (A) and BV (A). Such a problem 
has been introduced by J. Serrin in [22], [23], and studied by several authors
in [2], [3], [8], [9], [io], [ ir ] , [13],

We would like to thank prof. E. De Giorgi for many helpful discussions 
on this subject.

2. We begin with the following theorem.

T heorem  i. Let 1 <  a <  +  00 and  1 <  ß <  +  °°* Assume that fo r  all 
h  6 N , (x , / )  g Q x R n , M >  o

(y) o <  f h {x , u  , p) <  ah{x) +  c I u |ß +  A (u) | /  |a V ^ e R

J f ( x , u ,  Du) dx

22. — RENDICONTI 1979, voi. LXVI, fase. 5.
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(«) \fh {x  , u  , p) —  f h (x ,v  , p ) \ <
<  ?M,h(x  >\u —  v I) +  ffMi>5( U — v\)-fh(x,  U, p)  'iu  , v e  [ -M , M], where

aoo weakly in  L 1 (O) ,

A is continuous

Pm,a (• > t) Pm ,00 (• , t) weakly in L1 (Û) fo r  all t ,

O'M,h (f) * Om,oo (f) fo ^  &ll I y
9m,Ti ( x  ) *) > om,a are nondecreasing functions fo r  a.a. x  

lim pm,00 (x > I) =  lim om,oo 00 — °  f or &-a- x  e Q .
t—0 t—>■ 0

Then there exist an increasing sequence (hf) and a function f ^  : û XR X 
XR**—*R+, convex in p  and satisfying (i) and (it) with h =  oo , such that 

fo r  every open subset A  o f Q and every u e  W1,a (A) f! i f  (A)

r  (L}oc (A)-) lim Fhè (y , A) =  I /«, (x , u , Du) dx .
&->oo J
V - ^ U  A

In the following we denote by £Pn the Lebesgue measure on Rn and by 
the ^-dim ensional Hausdorff measure (see [7]).
Let A be an open subset of £2 , u e BV (A) and let pt. be the derivative 

measure of u. If [x =  p +  6, with p absolutely continuous and 0 singular 
with respect to «Ä7*1, then T>u denotes the density of p with respect to 3?ny and 
M (u) is a Borei subset of A such that JTn (M (u)) =  | 0 | ( A — M (u)) =  o. 
Moreover we set

ujpc) =  sup {t : {y : u (y) <  t] has density o at x)

u+(x) — inf {t : {y : u (y )  > t} has J5?n-density o at x}

N (u) =  {xe  A : u_ (x) <  u+ 0*0}.

Let g : O xR X Rw R+ be a Borei function, with g  (pc , u , •) convex 
for each (x , u )e  Q xR. We set, by definition

& (g  , U , A) =  J g  (x , u  , D«) dx +  I  go ( x  , u + , —^  J j  cl I (A I +

+ /[■

M (m)—N (u)

d(x
u+ (x) -— u^ (pc)

N (u) u jx )

u+(x)

à 11* I (*) ,

where g 0 (x , u , p)  =  lim g  (pc , u , , /̂jf) A 
^0+

L emma i. Under the previous hypotheses

A) =  J  g  ( x , s ,  (a?, j j j  d I « I (* , j)
A xR
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where oc is the derivative measure of the characteristic function of the set 
{(x , s) e A x R  : s <  u (x)} and g  : fi x R x R Bx R _ ^ R + is defined by

/  —  g  (x , u , — p(t) t  i f  t <  o
g { x  , u ,  P ,t)  =  <

^ g o ( x , u , p )  i f  t =  o .

Transforming the functionals FÄ, by virtue of the previous lemma, from 
the Cartesian into the parametric form, and using some results of Yu. G. Re- 
shetnyak [20], we can prove the following theorem.

Theorem  2. Assume that (/a) converges pointwise to a function f  such
that'.

(i) fo r  all h e N , M > o , ( x , u , f i ) e Q .  X[— M , M] x R n 

f h  (* > U , p)  >  > P) —  £M,A ( x )  (i +  \ p \ )

where £m ,ä— 0 L^c (fi) ;

(zï) fo r  d fn~a.a. (x0 , z/0) e Q XR the following continuity condition 
holds'. Vs >  o 3S >  o such that

I / ( * ' ,  «  , —/ ( ^ 0  Ì U0 > P )  I <  S ( I  + 1̂ 1)

fo r  each .(x , u , p) with \x  — x 0 | <  & , | u — u0 | <  S ;

(fit) fo r  all h e  N  , (x , u , p) e Q x R  x R n

x (u) I p  I < f k (x , u  , / )  <  a (x) +  c I u Is +  A (u) \ p  \ 

with  X, A continuous and strictly positive,

a s  L& (Ü) n L 1 (Q) , I <  ß <  +  00 .

Then fo r  every open su i set A of O and every u e BV (A) fl L*3 (A)

T (Lfoc (A)-) lim Fa (y * A) =  <9( J , u ,  A) .
h - > o o
v-+u

REMARK i . Hypothesis (ii) in the previous theorem cannot be weakened 
by the assumption that /  is continuous, as the following example shows: 
fh  =  /  with

u (x) =

■\p\ if 1 / I I *
J1/2 <  I

■2 \P 1 - if 1 / 1 \ * jl/2 >  I

O if X  <  0
Q =  ] ----  I , I [

I if ^  >  0

In this case ^  ( / ,  u  , fi) =  I while T (Lioc (fi)-) lim  FÄ (y , fi) =
h—>- 00 

v - > u

2 .
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Lemma 2. I f  u e BV (A) , g  : A x R  x R w — >  R+ is a Borei function and 
is convex and positively homogeneous of degree 1 fo r  each 

( ^ , « ) e A  x R  , then

■9 ( s  >u >A) = J [ j  g  (* >s  > d à^ s I d Ia* I ( * ) ] d s
R A

where as A derivative measure of the characteristic function of the set 
{ ^ e A :  u(x)  >  s}.

Using this lemma, we prove the following theorem, in which no assump
tion is made about the continuity of u ^ f ( x , u , p ) .

Theorem 3. Assume that fo r  all h e  N f h is positively homogeneous of 
degree 1 in p  and that (ff) converges pointwise to a function f  such that\

(1) fo r  all h e  N , (x , u  , p )e  Q x R  x R w

fhipc , u  , p) > f ( x  , u , p )  — eh (x yu ) \ p \  

were zh ( • , u) o in  L^c (Q) fo r  a.a. u e  R ;

(it) fo r  every (u ,p) e R x R n the function x t - > f ( x ,  u , p )  is continuous
^ n- '  —  a.e. ' in  ß ;

(Hi) f o r  each (x , u , p )e  Q x R  x R n

*k(u) \ p\  < f h (x , u , p) <  A (u) I p  I

A continuous and  X (V) >  o fo r  a.a. u e R.
Then, fo r  each open subset A of £i <2?  ̂ BV (A)

T (Lfoc (A)-) lim F* (*», A) =  âf ( / ,  « , A)
h->oo
v~>u

R emark 2. If  the functions f h do not depend on x> the hypothesis (Hi) 
on the lower bound may be omitted. On the contrary, if every f h depends 
on x, this hypothesis cannot be avoided, even if the functions f h do not depend 
on u. Indeed, we can give an example in which f h —f  for each h , /  is 
continuous, independent of 'u, convex and homogeneous of degree 1 in p> 
o < / ( #  , p) <  I p  I , but the conclusion of the theorem does not hold, even 
for u e C 1 (Rn).
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