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Calcolo delle variazioni. — /ntegral representation on W* (Q)
and BV (Q) of limits of variational integrals. Nota di GiuseppeE BuT-
TAzz0 e GIANNI DAL Maso, presentata © dal Corrisp. E. DE GIoRGI.

RIASSUNTO. — In questo lavoro vengono studiate le rappresentazioni integrali dei
T-limiti di successioni di funzionali del calcolo delle variazioni. Notiamo che, se I'interesse
principale del lavoro & rivolto ai I'-limiti di successioni i cui termini non sono tutti eguali,
riducendosi a quest’ultimo caso molto particolare si ottengono, come corollario dei risultati
di questo lavoro, vari teoremi di semicontinuitd di funzionali del tipo / Sfx,u,Duydx e

Q
di rappresentazione dei prolungamenti di tali funzionali a funzioni appartenenti a BV (Q)

(funzioni aventi derivate misure).

1. INTRODUCTION

We recall the following characterization of I-limits (see [6]): if (X, 1)
is a topological space satisfying the first axiom of countability, (F;) is a
sequence of functions from X into R and # is an element of X, then

A=T () lim F,(v)
h—>o0o

v—=>u

if and only if
() for every sequence (z;,) converging to # in (X, 1)

A < lim inf Fj (24,)

h—> 0
(7) there exists a sequence (u;) converging to % in (X, 1) such that

A = lim Fh (%h)
h—o00
Let Q be a bounded open subset of R? and let (#;) be a sequence of
Borel functions from Q xR xXR* into R,, with f; (x, #,:) convex for every
(x,u) e Q xR. ,
For each open subset A of Q and ue Li,. (A) we set @

A, u,Dyyde if weCr(A)
(L.1) P,y =<
\+Oo

(*) Nella seduta del 12 maggio 1979.

(1) We obtain the same results if, in (1.1), instead of C1(A) we take C!(A)nWL7 (A)
or WL (A) (or C1(A) if A has a Lipschitz boundary), with » = « in theorem 1 and 7 =1 in
theorems 2 and 3.

otherwise..
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The purpose of this paper is to give conditions under which:

(1) there exists I' Ly, (A)-) lim F, (v, A) = F (&, A);
h—>o0

v>u

(2) F(u#,A) can be represented as an integral.

This subject has been studied by several authors, e.g. [1], [3], [4], [5].
[12], {13]), [14), [15], [16], [19], [21].

In theorem 1 we prove that, under suitable growth conditions on
fi(x, %, p) and equi-continuity conditions with respect to the variable #,

(1) is verified at least for a subsequence of (Fj), and there exists a function f
such that

F(u,A)sz(x,u,Du)dx

for every ue WV*(A) (the space of functions in L*(A) whose distributional
derivatives are in L% (A)).

In theorem 2, by strengthening the continuity of f, and the convergence
of (f3), we obtain an explicit integral representation formula for F (z, A)
on BV (A) (the space of functions in L* (A) whose distributional derivatives
are measures with finite variation on A).

In theorem 3 the same formula is obtained without the hypothesis of
continuity of f(x, %, p) with respect to the variable », but assuming that
every fj, is positively homogeneous of degree 1 in p.

We note that, in the particular case in which f, = f for every 2, F (u , A)

coincides with the greatest lower semicontinuous function F (2, A) on Li, (A)
such that

Fu,A) < {f(x,u,Du)dx
A

on C*(A). Therefore, as a corollary of theorems 1, 2, 3, we get an integral
representation formula for F (z, A) on W"*(A) and BV (A). Such a problem
has been introduced by J. Serrin in [22], [23], and studied by several authors
in [2], 3], [8], [0, [1o], [11}, [13], [r7], [18].

We would like to thank prof. E. De Giorgi for many helpful discussions
on this subject.

2. We begin with the following theorem.

THEOREM 1. Let 1 <a < + 0 and 1 < B < + oo, Assume that for all
he N, (x,p)e QxR* M > o

@) 0<fn(x u P)<¢n(x)+€I%lB+A(%)|PI VueR

22. — RENDICONTI 1979, vol. LXVI, fasc. 5.
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(“) lfh(xyu:p>_“fh<x’7jap)l_<_
<ems@,lu—v])toy,(lu—v)falx,u,p) Vu,ve[—M,M], where

ap = Ao weakly in L' (Q),

A is continmous

e (-0 2) = em,e0 (¢ ,t) weakly in LN (Q) for all ¢,
oM, (&) = om0 (8) for all i,

pm,z (%, +), OM,p are nondecreasing functions for a.a. x

lim pym,e0 (% ,2) = lim 6y,00 (£) =0 for a.a. x€ Q.
t—>0 -0

Then there exist an increasing sequence (hy) and a function fo: Q XR X
XR* > R,, convex in p and satisfying (i) and (i5) with h = oo, such that
Jor every open subset A of Q and every we W"* (A) 0 LP (A)

T Lioc (A)) lim F, (v, A) = ffoo (xv,2,Du)dx.
paen A
In the following we denote by -#” the Lebesgue measure on R” and by
™ the m-dimensional Hausdorff measure (see [7]).
Let A be an open subset of Q,z e BV (A) and let u be the derivative
measure of . If p. = p 4- 0, with p absolutely continuous and 0 singular
with respect to ", then D« denotes the density of p with respect to #", and

M () is a Borel subset of A such that £*» (M (x)) = |0| (A —M (»)) = o.
Moreover we set

u(x)y=sup{t:{y:u(y) < z‘} has Z"-density o at x}
wuy(x) = inf {#:{y:u(y) > ¢} has L"density o at x}
N () = {re At u_ (%) < u, ().

Lt g: QXRXR" —~ R, be a Borel function, with g (x,#, -) convex
for each (x,#)e Q XR. We set, by definition ,

g<gr%)A>=Jg(x:%:Du>dx+ [go(x,m,—(%—)dlpl—l—
A

1\7[ (u)—N )

) %4 ()
+f[ 2y (20) — _ (%) Jg" (x’s’ diel (x)) d‘] dlpl@),
N(w) u_(x)
where gy (x, %, p) = lim g (x, u, plt)¢t.
t—>0%

LEMMA 1. Under the previous hypotheses

9w = [g(re 2 @ 9)alale, s

AXR
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where o is the derivative measure of the characteristic function of the set
{(x,99e AXR:s <u(x)} and §: QxR XR*XR_ >R, is defined by

g u, =it if t<o
E@x,u, p,t)= .
\go(x,u,p) Zf t=o0.
Transforming the functionals I, by virtue of the previous lemma, from

the Cartesian into the parametric form, and using some results of Yu. G. Re-
shetnyak [20], we can prove the following theorem.

THEOREM 2. Assume that (fy) converges pointwise to a function f such
that: '

(@) for all heN,M>o0,@x,u,p)eQX[—M, M]xR"
fh(xyurﬁ) Zf(x;”,P)‘—SM,h@f)(I —l" IPI)
where ey p ti0o in L. (Q);

(@) for Ha.a. (xy,us)€ QXR the following continuity condition
holds: Ve >o 38 >o0 suckh that

\fx,u, p)—F (o, %0, )| <+ 12D
Jor each (x,u,p) with |x—x,| <8,|u—uy| <3;
(#i2) for all he N,(x,u,p)e QXR XR"*
M) |l Shu,p)<a@ telul + MA@
with N, N continuous and strictly positive,

e LS () NLI(Q), 1<B<+oco.

Then for every open subset A of Q and every ue BV (A) N L? (A)
T (L (A)) lim Fy (v, A) =% (f, u, A).
h—>o0
v—>U

REMARK 1. Hypothesis (77) in the previous theorem cannot be weakened
by the assumption that f is continuous, as the following example shows:

thfWith
12| if [pllxl"<1
f(x’]’)=<zlp|-—|xr"2 if |pllel® =1

/O if <o

u(x)=\1 Q=]—1,1]

if x>o0

In this case ¢ (f, «, Q) =1 while I (Li,c (Q)) lim F,(v, Q) = 2.
h—>o0

r—>u
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LEMMA 2. If 2e BV(A),g: AXRXR* - R, is a Borel function and
g(x,u,) ds convex and positively homogencous of degree 1 for each
(x,u)e AXR, then

56,08 =[| o5 gl @) armie] o
2 L

where o, 1S the derivative measure of the characteristic function of the set

{reA:u(x)=s}

Using this lemma, we prove the following theorem, in which no assump-
tion is made about the continuity of « = f(x,x, p).

THEOREM 3. Assume that for all he N f, is positively homogenecons of
degree 1 in p and that (f) converges pointwise to a function f such that:

@) for all he N,(x,un,p)e QXRXR"
fh(x)u’p>Zf<x’%:p)_sh<x’%)|pl
were €, (-, u) >0 in L. (Q) for a.a. ueR;

(72) for every (u,p) eRXR" the function xw—>f(x,u,p) is continumons
H Ve in Q;

(¢4d) for each (x,u,p)e QXRXR"
Al pl <folx,u,p) SA@|p]

with A continuwous and ) (u) > o for a.a. ueR.
T/zen Jor eack open subset A of Q and each ue BV (A)

r (Llloc <A>_) hhm Fh <U ’ A) =9 (f s Uy A)

r—=>Uu

REMARK 2. If the functions f;, do not depend on z, the hypothesis (z77)
on the lower bound may be omitted. On the contrary, if every f, depends
on z, this hypothesis cannot be avoided, even if the functions f; do not depend
on #. Indeed, we can give an example in which f, = f for each %, f is
continuous, independent of %, convex and homogeneous of degree 1 in 2,
o< f(x,p) <|p|, but the conclusion of the theorem does not hold, even
for 2 e C(R").
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