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Equazioni funzionali. — Abstract monotone mappings and appli-
cations to functional differential equations. Nota di M1ua1 TuriNicr,
presentata ® dal Socio G. SANSONE.

RIASSUNTO. — In questa Nota si dimostra un teorema di punto fisso per una classe di
applicazioni monotone in senso astratto.

1. Throughout this Note, for every nonempty set X, Z(X) denotes the
class of all nonempty Y < Y. Let X be a nonempty set and let << X?=
= X XX be an ordering on X. For every z€X,Yc X, put Y, <) =
{yeY;x <y}. Denote by = the associated dual ordering (i.e.,, x >y iff
¥y <x) [2, p- 3], and let © << (resp. © =) denote the set-ordering defined on
P (X) by: Y2 <Z (resp. Y>=>Z) iff Y2Z and, for every y€ Y there is
a zeZ with y <z (resp. y = 2).

Let (X, 7) be a topological space and let << be an ordering on X. < is
said to be a closed ordering iff X (x, <) is closed, for every xe X. (X, 1)
is said to be @ < (resp. ® =)—compact iff, for every > << (resp. @ =)—
directed family # < 2 (X) of closed sets, N % £ g. Clearly, if (X, 1) is com-
pact.in the ordinary sense [5, ch. 5], it is also > << (resp. > =)—compact,
but the converse is not in general true (take X = R_(resp. R,) with the
usual topology and the usual (resp. dual) ordering).

2. Let X be a nonempty set, << an ordering on X and T: X - X a
monotone mapping (i.e., * < y =Ty < Ty) from X into itself. An useful
result concerning the fixed points of T (a result that may be considered as a
partial refinement of [1, Theorem 3]) may be stated as follows.

THEOREM 2.1. Let X, <,T and xe X satisfy
(2.1) every chain C < T (X) has a supremum (infimum)
(2.2) x < Tx (resp. x = Tx).

Then, there exists a ve X (resp. aueX) suck that (a) v ="Tv (resp.
u="Tu), (b)x<Tx (resp. x =Tx)=>x < v (resp. x = u).

Proof. Suppose x < Tx (the proof for the dual ordering = is similar)
and put Y ={reX;x <Tx}. From Hausdorff maximal principle [s,
p. 33] there exists a maximal chain L ¢ Y; with x€L; as T is monotone,
T (L)< T(Y) =T (X) is also a chain in T (X) and so, from (2.1), there exists

(*) Nella seduta del 10 marzo 1979.
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v =sup T (L). Since x <TxeT (L), we get + <o, which gives (again by
the monotonicity of T) Tx <Tw, vz €L., and therefore (from the definition of
the supremum) v < Twv, ie., veY. Now, since x <v,Vrel, we infer
(from the maximality of L) veL. Asv =supT (L) and Toe T (L), we get
Ty < v and thus (combining with the preceding.relation) » = T, completing
the proof. . Q.ED.

Remark 2.I1. A sufficient condition for (2.1) is

(2.3) every chain C < X has a supremum (infimum).

COROLLARY 2.1. Suppose that, in the above theorem, conditions (2.1) and
(2.2) are replaced respectively, by

(2.1) every chain C < T (X) has in the same time a supremum and an
: infimum

(2.2) either x <Tx or x>Tx,

Then, theve exist v,ue€ X such that (a) v="To, u="Tu, ® »<Tx
@esp. x=Tx)=22<v (resp. x=u), (c) x=Te=ulr>=0

Remark 2.2, Under the conditions of the above corollary, it is justified to
call  (resp. %) a maximal (resp. minimal) solution of the equation x = Tx.

3. Let (X, 7) be a topological space, < an ordering on X and T a mo-
notone mapping from X into itself. The main result of this Note (a result
that may be considered as a ‘‘ topological ”’ version of Theorem 2.1) is the
.following.. ‘

THEOREM 3.1. Let (X,x),<,T and xeX satisfy
(3.1){ both < and = are closed ovderings
(3.2) T (X) (the closure of T (X)) is both = < and > >—compact
(3-3) : either x <Tx or x =>Tx.

Then, there exist v;uEX such that () v=Tov,u=Tu, () »<Tx
(resp. x ZTr)y=x <v@esp. x =u), () zx=Tax=zu<zx=<wo :

Progf. Let C< T (X) be an arbitrary chain in T (X). Firstly, we prove

that for every € C ,x€ C, z and x are comparable. Indeed, suppose z and x
~are not comparable. From (3.1) there exists a neighborhood U € ¥” (2) such
that, for every # € U, » and x are not comparable. Let V€7 (2) be arbitrary
(without loss of generality we may suppose V<U). As our assumption implies
z2€C\C, there exists a y € C such that ye V< U, ie., y and z are not com-
parable, a contradiction, proving our assertion. In this case, the family
{Cx,<);2eClc 2 (T (X)) is a  <—directed family of closed sets and so,
from (3.2), N{C(x», <);x€ C} =M is nonempty and closed. Furthermore,
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for every we M,C< X (w, =), and this gives C< X (w, =) = X (w, >).
From this fact, M will consist of a single element, i.e., M = {2}, for some
ze X. Firstly, from the above remark, + <z, VxeC. Now, let e X be
such that # < #, VxeC. This means that C < X (#, >) and thus #eCc
X (u, =) =X (u, =), i.e.,, 2<u, showing that #=supC. An analogous
reasoning may be done for the dual ordering =, and so, (2.1)" holds. On
the other hand, (3.3) coincides with (2.2)". Therefore, corollary 2.1 applies,
and this completes the proof. Q.ED.

Let A be a nonempty set and let < be an ordering on A. A family
{Tq; @€ A} of mappings from X into itself is said to be a monotone fumily
iff, for every @¢,6€ A ,a =<6, and xe€ X, we have T, x <T, x.

Now, suppose {T,; @€ A} is a monotone family of monotone mappings
from X into itself, having a unique maximal and minimal fixed point.

COROLLARY 3.1. Suppose that, for every a€ A, conditions of Theorem
3.1 are satisfied, with T replacea’ by Ty Furthermore, for every ac A, let S (a)
(resp s(@)) denote the maximal (resp. minimal) solution of the equation x =T, x.
Then, necessarily, the mappings S:A — X and s:A —X are monotone.

4. Let » =1 be a positive integer and let (R* |[-|) be the euclidean
n-dimensional space endowed with a norm [|-]|. Furthermore let {I, ]} be
a partition of {1,--.,#}. Define an ordering < on R” by

2) (xls"')xn>s(y1"",yn> iff x'isyi: VieI’ijyj) er]

where, in the right hand, < denotes the usual ordering on R, and > its dual.
Clearly, < is a closed ordering on R~

In what follows, X (résp. A) denotes the set of all continuous x: R, —R"
(resp. a: R, = R,). For every x€ X, define ||x] €A by

@) xl®O=1x@|, VteR,
and |x|eA by |
di)  |x|@=suwp{lx@)l;sefo,}, VieR,.

It is well known that X is a locally convex space, with the topology
defined by the directed family of seminorms & = {|-|(#);z€ R,} Denote
also by < the ordering on X induced by the ordering < on R?, in the usual
way, i.e.,

) x<y iff 20) <y, Vte R, .

Clearly, < is a closed ordering on X and so is = its dual.

Let #— ¢ € Z (R,) be a given mapping. Denote for simplicity R, =
={f;teR,). Let 22¢Rr and £: X xR, —~R" Then, we may consider

13. — RENDICONTTI 1979, vol. LXVI, fasc. 3.
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(formally) the functional differential equation

(4.1) @O =4k(x,, VieR,; x(0)=a1a
and the associated functional integral inequalities
d -
(4.2) x(t)Sx"—I—fé(x,.?)ds, Vte R,
0
¢
(4-3) x(z‘)Zx"—l—f/e(x,i‘)ds, VieR,.
0

The main result concerning (4.1)—(4.3) may be stated as follows.

THEOREM 4.1. Suppose there exist g€ A, K: AXR+ —-R,, and xeX
such that (denoting X, = {xeX;||x|| < g} and Ay ={acA;a <g)

(4-4) Vx € X, the map t+—Fk(x, 2) is comtinuous
(4.5) VYae€A, the map ¢t — K (a, ;‘) is continuous
(4.6) k is monotone (x,ye X, x <y=>k(x, )<k,

4.7 K is monotone (a,beh,,a <b=K(a,)<K(,"))

@8 k@, HI<K(=xl,", VreX
t
we) 1M1+ K. 9dssg@).  WeR,
0
(4.10){ xe€ X, and satisfies at least ome of the associated jfunctional

integral inequalities (4.2), (4.3).

Then, there exist v,u € X, such that (a) v and u are solutions of (4.1),
(b) & xe€X; is a solution of (4.2) (resp. (4.3)) then x <v (resp. x = w),
() if xeX, is a solution of (4.1), then u <x <v.

Proof. Let T:X, =X be defined, for every x € X,, by
t .
(4.11) - Tx(t)=x°+fk(x,§)ds, Ve R, .
0 .

From (4.8)+(4.9), T (X)) = X;, ie, | Txu <g,VxeX,. On the otkler
hand, from (4.7)+48), (o) =14, ) <K=zl ) <K, 5,
Vr e X;. So from the well known Arzela—-Ascoli theorem [4]; [5, p. 234],
T (X,) is relatively compact. Finally, (4.6) says that T is monotone. Thus,
‘Theorem 3.1 is entirely applicable, and this completes the proof. Q.E.D.
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Remark 4.I. As in § 2, it is justified to call v (resp. #) a maximal
(resp. minimal) solution of (4.1).

Remark 4.2. In the above theorem, the mapping T defined by (4.11)
is not in general continuous. Therefore, Banach’s fixed point theorem,
as well as Schauder-Tychonoff’s fixed point theorem (see, e.g., [4]) are
not in general applicable.

Remark 4.3. An useful application of these methods might be done
in the context of projective functional (differential) equations, [3], [6], in
which the class of (abstract) monotone mappings plays an essential role.
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