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Geometria differenziale. — On /Aolomorphically subprojective
complex manifolds. Nota di SHIZUKO SATO, presentata® dal
Socio G. SANSONE.

RIASSUNTO. — Si discutono varie relazioni fra la classe delle varietd complesse olomor-
ficamente sottoproiettive e quelle della varieth complesse H-—S-proiettivamente piatte. Si
considera in particolare il caso in cui le variethd in esame siano kiihleriane.

In this paper, we shall discuss relations between holomorphically sub-
projective complex manifolds and HS-projectively flat complex manifolds
and, in the last section, deal with Kihlerian manifolds.

§ 1. Let M2™ be a complex manifold with a symmetric F-connection I'};,
i.e. a symmetric affine connection with respect to which the complex
structure F is covariant constant. If there exists a complex coordinate
system such that every holomorphically planar curve is given by -2 homo-
geneous linear equations in this system and one other equation that need
not be linear, then M is called a holomorphically subprojective complex
manifold. The following theorem is known:

THEOREM A [6]. M (m > 2) is a holomorphically subprojective complex
manifold if and only if there exists a local veal coordinate system (x%) such
that

n - N
i = o 8 + 8 oFi + Fi 2 —fir FL 3 (fysiy = fiFiy = 0),
where p (resp. ) is a certain covariant vector field (resp. covariant tensor
Jield) and we define §; = —TFj o, and # = F 2,
‘Now we assume that there is given a vector field  in M and consider
a holomorphically subplanar curve x* = x* (#) with respect to v, i.e.

a2 i 5 da? dat

dxh dxr ~
T = e O S FBOF - @O ()

In [6], it is known that two symmetric F-connections 1";‘z and T‘?i have
all holomorphically subplanar curves with respect to the same vector field v
in common if and only if

Th =T + 0 i) + 8 4Fh + /50" —F Fi 0 (fy = fryFh = 0) .

This correspondence Iy — Iy is called a holomorphically subprojective
transformation.  Specially, a complex manifold with a symmetric F-con-

(*) Nella seduta del 16 dicembre 1978.
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nection which is obtained from a complex linear space C™ by a holomorphically
subprojective transformation is called an HS-projectively flat complex mani-

fold. :
Finally, let L and V; be the operators of Lie differentiation with respect
v

to v and the covariant differentiation with respect to a given connection.
Then a vector field » is called an HSP-transformation if it satisfies

(i) LT =98 4+ § Fh + b2 — by, FL 9% (Ypyiy = $osFly = 0)
v

~and if it satisfies
(1.2) Vot = a8} - 6F; + oj ot - &; 97,
then it is called contravariant analytic almost K-torse-forming.
§2. Let M2 (s > 2) be an HS-projectively flat complex manifold.

Then the symmetric F-connection I'}; takes the form, for a suitable coordinate
system (x%),

" ~ Th -

1) Ti =20 42§ Fy + " — o, Fi 8% (o = @, ;Fi = 0)
where ¢; (resp. ¢;;) is a certain covariant vector field (resp. covariant tensor
field). /
In this section, we assume that the vector field 2% is an analytic almost

K-torse-forming one satisfying (1.2). The curvature tensor R of I can
be written as below:

(2:2) Rjik= — 2 (8% — F 4, sFhy + Upyo oh — FL U, 5
—V i 3k — V 36 Fi)
where we put
(2:3) % =—Vi0;—;0;+ ;¢ +(@— 9) 95 + (¢ —v ) 95 Fi,
@4) Ui = — V@i — @ i — & ®ite Fi + @, @i 7" — @r (5043 F2 77
Now we consider the differential equation
(2:5)  Vizm=—2z4309+2%8y—20 ¢ +2 9 ¢, ;.
By virtue of (1.2) and (2.2) ~ (2.5), we obtain

7
VijZ‘i -—Vj Vic g, = — Rkj‘b' 2y,

which means that the integrability condition of (2.5) is satisfied identically and

then there exist 2 » linearly independent solutions 29, Since V (%1 =0, zf;a)
are gradient covariant vectors and if we put 2P =

il z* = Z* (x%) are

2 m linearly independent functions defining a transformation of coordinates.
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Thus, by the transformation law under #* = % (x%), it is easily seen that

= ‘95\5]. Qxi @) — = —_ — =A==
T = P o Vgl = 2% o3 + 29 oFo + $p 9 — Gy Fo 07,

where 9, etc. are components in coordinates (). We shall prove

THEOREM 1. Let M*™ (s > 2) be an HS-projectively flat complex mani-
Jold with a symmetric F-connection given by (2.1). Then M is a holomorphically
subprojective complex manifold under the following conditions:

(1) o* in (2.1) is an analytic almost K-torse-forming vector field satis-
Jying (1.2),

(2) v* and T* are HSP-transformations,
where (@ — V" @) -+ (6 — " §,)% # o,

Proof. Weﬂput f=a—v¢, and g=5b—2v'§,. Since »* is an
HSP-transformation, in [4] it is known that

(2.6) ap —— ady, + 5&]5 + Uyp =0 y bk — d&k — &O{k — Uy 7T =0 (l)

which imply that f; = g; holds good by virtue of (1.2) and (2.3). Hence,
from (1.1) and conditions, &*= (1/f? + g% (fo* — go*) is an HSP-transfor-
mation and an analytic almost K-torse-forming vector field satisfying

VB =a 3+ 0 F+ (=) 8+ G — 1 E, =+
(Fs +g), &or—a' =—1 , ¥§—4=o0,
from which we may assume that
(2.7) a=1v ¢, +1I and & =" §,
and)then taking account of (2.3) and (2.6), we get

(2.8) %=+ ot

Now we prove that the solutions £” = of (2.5) satisfies 2@ o = 72,

ox?
Making use of (1.2) and (2.5), we have
Vile, V) =(@—v" o)z — (06— 8 2 + 2,0 (o — Q5 — Pas )
+ 2, 97 (O — ¢ + Fé?ts”)

and substltutlng (2.7) and (2.8), we obtain that V, (2, 7") = 2, which implies

that 2 (“) = %% and z") o = x“ ie. v“ = Z* and 7% = 7%,
Hence wehave T, =29 (b&) + 2 <p (,,Fc) + @pe B — Ppq Fj," x* and proved
Theorem 1 by virtue of Theorem A. q.ed.

(1) For a function f, we put V;/=/;.
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§ 3. In this section, we consider an HS-projectively flat Kéihlerian
manifold M2" (# > 2) and replace the symmetric F-connection I'j; in the

preceding section with the Christoffel symbol

7t
is an analytic K-torse-forming vector field satisfying (1.2). Then V o5 =o0
is valid in [8] and 2* and ?* are analytic HSP-transformations, see [s, 7].
VA
ji
formable to the form, by a suitable transformation Z* = Z* (x%) of coordinates,

Now we consider a transformation of ¢; in (2.1). If ; may be trans-

Zf i =20 8 +2 U $Fo + Ppo 0% — Py Fe 7¢ @[bc] =, [bFf] =0),

(3.1

then we indicate quantities corresponding to Rjiz,uji and Ug; in §2 by
Rjik, kj and Vi;. We have the following

given by (2.1) is transformed to the form of (3.1)

V3
Lemma 3.1. If 3].2. |
by a suitable transformation of coordinates, then u,; = h;; and Uy = V.

P?’OO_f. We put (1)1' = (p]- nnd LI)j s wﬁ = %ji "—‘Uji and iji = Ukji —“—ij,‘:
and then we have

(3-2) wyin=Vybg =0 , wFq=Vydy,
(3.3) w0+ Fiwg, o' =2V ;b 5" = —2V g o Fj,
(3.4) —Wg [jS’il] + Fr Wy [;’F’iz] — Wy o* + F W.ji o +V [a'a’i] Fﬁ =0.

* At first we prepare necessary formulas bll)y making use of (3.3)~(3.4).
(3:3) (m—Dwy + FiFiw, 4 2 (Wi on —Fi W, 57 + V 6 F) =0,
(36) (n+ 1)V by =Wyor =0, (m+ 1DV by = — W,

7 2 (Wi + Fi Wy 97) 2 + 2 (Wi, 7 — FL W, ) 52
— (wiy O + Fiaw,, 07) 8 + (Fhwy o —wy, 0) Fi
—2 (Vi 57 8 — V iy o Fi) = o,
(3.8) 2(m—2)V ;o5 7" + (s, o + Frw,, 9" —2 Fp W, o7 5) =0,

where we use Wy, = o.

Next we choose any I-form v; orthogonal to ¢ and put 1 =, 9. If we
transvect (3.7) with v, then we have

(3-9) 27 (Wkir " —F} W, V) — (w’*r v+ Fi Wsyp 777) Ni

— (Frwy v —w, 97 7, — 2 (V i 97 + V rbi ) = o,

. Also we assume that 2"
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from which it follows that Fiw,, " —wy, 97 + 2 Wy, o" 9 = 0 by virtue
of (3.2), (3.3), (3.6) and W,y =0 and moreovetr from (3.8) we get
Wy V' =w, 97 =V [,i»c] 9" =V [,anc] 27 = 0. Substituting the last equation
into (3.9), it is clear that

(3.10) Fiw,, +2Fa Wy, v =0 , Wy 9" —Fi W, o = o,
which imply that w, ;Fy + 2 Wy, 97 =0 and comparing with (3.6),
V 1ié1 = o holds good.

Hence we obtain the desired equations w;; = 0 and W,;; = o by virtue

of (3.2), (3.4), (3.5) and (3.10). q.e.d.
In the case of Lemma 3.1, we have Vo=V ;=0 and

Vidy=V [j‘jpi]. If we put #? =~ for the transformation T*= %* (x%)

of coordinates, then we have

3@
be

=2 D 0% + 2 Y oFe + $po 9% — Py Fo 0°

_ad axt (yh| ame 92 7
T o \|ji\ et axdaxt )’

from which it follows that
v, zﬁ")—i—zz(a)nb)—zz(]n];)—i—v'z,()n[» 2P, Fi =o0.
Thus it is easily seen that 2 # covariant vectors z 2”2 must satisfy
G Vig=—22G% +2 £ by — 0 2, s + 5" 2, 4y, Fi
iy = ¥, iFiy = 0).
In the following, we consider a converse of Lemma 3.1.

LEMMA 3.2. If we choose any closed I-form Y, such that

(3.12) (@—v P+ G—v P +o , Vybg=Vydy,

then

]é. given by (2.1) can be transformed to tﬁg Jorm of (3.1) by a suitable
transformation of coordinates.

Progf. We define {;; by
(3.13) By = nj;

and then {pi; = ¢, yFfj = o0 hold good by virtue of (3.12). Hence the
integrability condition of (3.11) is

(3.14)  —Ryrz, =2 yd %] -Fi 4, [9Fi] + Vi ?® — F; Vi 9°—V []"P'] Fp) 2.
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Here, with straightforward calculation, we obtain

(3.15) Vil — Vikg = Rupd, + 2 G by + Fihy 0y + G2 V 0i)
—2((@—v" 4) Vs + (6 —v §) Fi Vi + be iy — i F Yid)

where we put

Bi = a; — awm; + 0%; - et and vy = by — ad; — bay — hy; 57 .
Since 7 is an HSP-transformation, we have
(3.16) Vg —Viuy = —2aUp;—286F;U,;.
Substituting (2.2), (2.6), (3.12) and (3.13) into (3.15), we obtain

Vit — Vimy = —2 (@ 4, Uy; + o §, Fi Uy,
+@—v" ) Vi + 60— ‘Lr) Fi Viji) »

from which and (3.16) it follows that Uy;; = V3, is valid by virtue of (3.12).
Hence the equation of (3.14) is satisfied identically and if we denote

. . . oZ®
2m linearly independent solutions by 2 = ;xi ,

then #* = Z* (x%) is the

desired transformation of coordinates. qg.e.d.
As a consequence of Theorem 1 and Lemma 3.2, we have

COROLLARY. An HS-projectively flat Kiklerian manifold MI# (m > 2) is
a holomorphically subprojective Kdiklerian manifold if v* appearing on the
Christoffel symbol is an analytic K-torse-forming vector field.

LEMMA 3.3. If we choose a 1-form ; such that

(3-17) @—=o 4P+ —v§r=o0,
then 3]}; given by (2.1) can be transformed to the form of (3.1) by a suitable

transformation of coovdinates.

Proof. In this case, A;=—V;{;—;¢; + §; &; and at first we
consider the following

(3.18) — Vil — b+ O b, =2y,
whose the integrability condition is, by virtue of (3.16),
— Ruii §p = 2 (5 pbiy + Fj o, pdig + 3V iy — aUj — 6F; U,y
Vile—v¢)=o0 -, Vi(b—v'J)=0.

From (2.2), (2.6), (3.17) and (3.18), the above equations are satisfied identi-
cally.

. ut
Next we assume that {;; satisfies Vg ; = Uy, (e.g. by = Pji)-

2. — RENDICONTI 1979, vol. LXVI, fasc. 1.
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Hence the integrability condition of (3.11), i.e. (3.14), is satisfied identi-
cally and the rest of proof is the same way as Lemma 3.2. q.ed.

According to Lemma 3.1~3.3, we have

THEOREM 2. [n an HS-projectively flat Kéihlerian manifold M*™ (m > 2),
in order that the Christoffel symbol given by (2.1) may be transformed to the
Sorm of (3.1), it is necessary and sufficient that w;; = hy; and Uy = Vi, hold
good, where the given vector field v* is analytic K-torse-forming.
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