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Geometria differenziale. —  On holomorphically subprojective 
complex manifolds. Nota di Shizuko Sato, presentata dal 
Socio G. Sansone.

R iassunto. — Si discutono varie relazioni fra la classe delle varietà complesse olomor- 
ficamente sottoproiettive e quelle della varietà complesse H—S-proiettivamente piatte. Si 
considera in particolare il caso in cui le varietà in esame siano kähleriane.

In this paper, we shall discuss relations between holomorphically sub­
projective complex manifolds and HS-projectively flat complex manifolds 
and, in the last section, deal with Kählerian manifolds.

§ I. Let M2m be a complex manifold with a symmetric F-connection F ^ , 
i.e. a symmetric affine connection with respect to which the complex 
structure F is co vari ant constant. If there exists a complex coordinate 
system such that every holomorphically planar curve is given by m -2 homo­
geneous linear equations in this system and one other equation that need 
not be linear, then M is called a holomorphically subprojective complex 
manifold. The following theorem is known:

THEOREM A  [6]. M 2w (m >  2) is a holomorphically subprojective complex 
manifold i f  and only i f  there exists a local real coordinate system (xl) such 
that

r$i =  P 0-8?) +  P «FÎV +  f a  ** - U  FI &  ( / [ «  = f r u Fii =  ° ) .

where p (resp. / )  is a certain covariant vector field {resp. covariant tensor 
field') and we define ■ p ̂  =  — Fj p,. and xh — ¥hf x r.

iNow we assume that there is given a vector field v in M and consider 
a holomorphically subplanar curve xh =  x h (f) with respect to vy i.e.

d2xh ( ^  dxj
~ d t2 At

d x l
d t a (Y)

dxh
dt

r. d rr
+  ß f )  F* +  Y (t) vh +  s (t) v h.

In [6], it is known that two symmetric F-connections F# and have 
all holomorphically subplanar curves with respect to the same vector field v 
in common if and only if

ri« =  r?i +  p < A  +  p «FJ, + f j i  ? - f jr f i  v * ( / w  = f r yF jj =  o ) .

This correspondence Thji -> is called a holomorphically subprojective 
transformation. Specially, a complex manifold with a symmetric F-con-

(*) Nella seduta del 16 dicembre 1978.
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nection which is obtained from a complex linear space Cm by a holomorphically 
subprojective transformation is called an HS-projectively flat complex mani­
fold.

Finally, let L and be the operators of Lie differentiation with respect
V

to v and the co variant differentiation with respect to a given connection. 
Then a vector field v is called an HSP-transformation if it satisfies

( 1 . 1 )  L  r $ i  =  4  F U V - f e i ]  =  ^ F î ]  =  0 )
V

and if it satisfies

(1.2) Vj vh =  a§hj +  b¥hj +  olj vh +  oij v h ,

then it is called contravariant analytic almost K-torse-forming.

§2. Let M2w (m >  2) be an HS-projectively flat complex manifold. 
Then the symmetric F-connection takes the form, for a suitable coordinate 
system (x%)}

(2.1) T% =  2 9  +  2 9  (,-F?) +  <?ji Vh — '-Pjr F< v h ((pim =  9, yFj] =  o) ,

where (resp. 9^) is a certain covariant vector field (resp. covariant tensor 
field).

In this section, we assume that the vector field vh is an analytic almost 
K-torse-forming one satisfying (1.2). The curvature tensor Kjit of T# can 
be written as below:

(2.2) Rjit =  — 2 (uky8i] — F* uryF-'] +  XJkji vh —  F[ XJrji v h

— V y9q 8* — V y9i] Fj) ,

where we puf

(2.3) Uji =  — Vi 9,- — 9,-9i +  9 , 9i +  (a —  <?r) 9ji +  (ß —  ̂  9r) 9js FI ,

(2 .4) U kji — —  V[,‘9 i]4 a ® e  9r V* *Pr [i1?*]« ^  •

Now we consider the differential equation

(2.5) =  — 2 z  (jpiy- +  2 z y<p0 — ̂ » r 9,i Fi •

By virtue of (1.2) and (2.2) ^ (2 .5 ) , we obtain

^  k ̂  j  ^  j ^  k %r y

which means that the integrability condition of (2.5) is satisfied identically and 
then there exist 2 m  linearly independent solutions zf*. Since V =  o , 4 a)

dXa
are gradient co variant vectors and if we put (%') are 2

2 m  linearly independent functions defining a transformation of coordinates.
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Thus, by the transformation law under — W (#*), it is easily seen that

Tto =  — —  V j4 a) =  2 9 (bK) +  2 9 (6F“) +  96c V8 — 9M fJ  t 8 ,

where 9&, etc. are components in coordinates (xa). We shall prove

THEOREM i. Let M2w (m > 2) be an YiS-projectively fla t complex mani­
fo ld  with a symmetric Y -connection given by (2.1). Then M is a holomorphically 
subprojective complex manifold under the following conditions',

(1) vh in (2.1) is an analytic almost Yss-torse-forming vector field  satis­
fy in g  (1.2),

(2) vh and v h are HSP-transformations, 
where (a — vr <pr)2 +  (b — vr 9r)2 ^  o.

Proof. We put /  =  a — vr <pr and g  =  b — vr <pr . Since vh is an 
HSP-transformation, in [4] it is known that

(2.6) ak — acLk +  b&k +  urk vr =  o , bk—  abik — bctk — urk v r =  o (1) ,

which imply that f j = g j  holds good by virtue of (1.2) and (2.3). Hence, 
from (1.1) and conditions, Zf =  (1 I ß  +  g 2) ( fv h — g v h) is an HSP-transfor­
mation and an analytic almost K-torse-forming vector field satisfying

v ,  V  =  «' 85 +  v  F? -f (a, -  y,) Ç* +  (a, -  f j)  %h , ( ^  =  (i I f 2 +  g*)

Cf i  +ggj)) > l r <?r —  a' =  — I , Zr §r —  b' =  o , 

from which we may assume that

(2.7) a =  vr <pr +  I and b =  vr <pr

and then taking account of (2.3) and (2.6), we get
j

(2.8) <xt =  9* +  cp4r V1 .

Now we prove that the solutions é f  = .of (2.5) satisfies é f  vr — xa.

Making use of (1.2) and (2.5), we have

V* (zr vr) — (a - vr 9r) Zk —  {b — ir f r) zk +  zT vr (a* — 9*. — 9*, v>)

+  *r v r (Sc* — 9s +  F» 9(S .»*) ■ ■

and substituting (2.7) and (2.8), we obtain that V*(<srr z/r) =  <s’&, which implies 
that éf* vr =  and ^  v r =  ira, i.e. and .= ~xa.

Hence we have F£. =  2 9  (68j +  2 f  (ftF?) +  96c Fj? and proved
Theorem 1 by virtue of Theorem A. q.e.d.

(1) For a function / ,  we put V j f — fj-
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§ 3. In this section, we consider an HS-projectively flat Kählerian 
manifold M 2m (m >  2) and replace the symmetric F-connection in the

\ h )
preceding section with the Christoffel symbol | . .j . Also we assume that vh

is an analytic K-torse-forming vector field satisfying (1.2). Then V yep*] =  o 
is valid in [8] and vh and v h are analytic HSP-transformations, see [5, 7].

\ h (Now we consider a transformation of in (2.1). If ... may be trans-
( p  \

formable to the form, by a suitable transformation xa =  xa of coordinates,

(3-0 I ^  j =  2 ^  (X)  +  2 I  (6F“) +  ï>bc v a — F? (?[fe]=î«j[»Fâ =  o),

then we indicate quantities corresponding to R jâ  , and in § 2 by
Rjil , hji and . We have the following

\ h )Lemma 3.1. I f  .. given by (2.1) is transformed to the form  of (3.1)
Ul I

by a suitable transformation of coordinates, then u]{ =  hji and =  V^ .

Proof. We put <j>,- =  <p, — ^  , wH =  uH —  vH and W kji =  — V kji
and then we have

(3.2) wyi] — V [j(j>q — o , wr yFq — V ,

(3.3) wrj vr +  Fjw srvr — 2 V v r =  — 2 V [4 s] F5 ,

(3.4) — w* ySt] +  F£«v yFjj — Ww, »» +  Fj Wrji +  V y fa  F* =  o .

At first we prepare necessary formulas by making use of (3-3)~(3-4). 

(3-5) (2 m  — i) w ki +  FI F- wrs +  2 (WK, i f  — Ff W Hr ï)r +  V [s<j>i] F|) =  o ,

(3.6) (m +  i ) V rA  =  W rtjV  =  o , (m +  i)'V =  — W rHv r ,

(3.7) 2 (W kir i f  +  Fl W siT 50 vh +  2 (W tir v* —  Fl W sir P) Ï,»

— (wkr i f  +  Fkwsr v r) 8i +  (Fkw„ i f  — wkr v 1) F?

—' 2 (V [r«S>i] VT S* — V [r<j>i] i f  Ft) =  o ,

(3.8) 2 (m — 2) V [r^ i  v r +  (wkr vr +  Fl wsr v r — 2 Ff Wsr, i f  v') =  o ,

where we use W* , y> = 0 .
Next we choose any i-form t)ì orthogonal to v and put r, =  rlr v r. If we 

transvect (3.7) with rih, then we have

(3-9) 2 4 (WHr v r — Ff W Hr vr) — (w,.r i f  +  F | wsr »f) vp

■ — (F | w„ i f  — w kr v r) { — 2 (V [f<j>i] Y)t +  V [4 *] tfrik) =  0 .
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from which it follows that Fkwsr vr — wkr v r +  2 W krt vr v l =  o by virtue 
of (3.2), (3.3), (3.6)^ and W*(# > = o  and moreovet from (3.8) we get 
w kY vr =  w kr v r =  V [r<l>fc] v r =  V vr =  o. Substituting the last equation 
into (3.9), it is clear that

(3.10) FÎ w ri +  2 Ff W sirvr =  0 , Wkir v r — FI W sir vr =  o ,

which imply that w r pFl] +  2 W[U]r v r =  °  and comparing with (3.6),
V =  o holds good.

Hence we obtain the desired equations w ki =  o and W ^  — o by virtue 
of (3.2), (3.4), (3.5) and (3.10). q.e.d.

In the case of Lemma 3.1, we have V y<pq =  V =  0 and
* ^  . V  cUC?'

V =  V ijtyi]. If we put z y  =  -^-r- for the transformation 

of coordinates, then we have

=  2 ^ (6S“) +  2 f (6Ft) +  tffo, v a — <j/M Ff v a

_  dx> 9xi A h I Sx® _  S2 £® \
3X* SX® \b 'A  dXh dX^dXi )

from which it follows that

V,- z f  f  22 gtyi) —  2 Z $$*) +  vr zr {a)̂ H — v r zr (% s F- =  o .

Thus it is easily seen that 2 m  co variant vectors z f ) must satisfy

(3.11) Vj Zi — - 2 z  2 z vr zr T v r Zf Fi

Ofc*] =  uFh =  °)*

Ih the following, we consider a converse of Lemma 3.1.

LEMMA 3.2. I f  we choose any closed i-form such that

(3.12) (a —  vr <\>rf  +  (6 —  vr $ r)2 ^  o , V =  V yq>4] ,

\ h )then j given by (2.1) can be transformed to the form  of (3.1) by a suitable 

transformation of coordinates.

Proof. We define ^  by

(3-13) hji =  uji

and then yF<] =  o hold good by virtue of (3.12). Hence the
integrability condition of (3.11) is

(3.14) — R jit zr =  2 (hk [jSq— Fl h^jFq +  V kji Vs —  Frk V rji v s— V y$4] Fk) zs .
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Here, with straightforward calculation, we obtain

(3* * 5) ^  j hhi ^  i 2  (fi'h [i^ i] H~ F# hr [ i$ i ]  “h ^  [ i î^ ])

—  2 ((a ~  vT *Pr) V t n  +  (^ —  vT $ 0  Ffc ^sji +  [jß i] —  tykr F  [$Yi]) >

where we put

ßi =  ai — +  Ki vr and y i =  bi — a5< — boc< — hri v r .

Since ^ is an HSP-transformation, we have

(3.16) V j uM —  V i ulcj^ ~ - 2 a l ] 1cji —  2 b ¥ l \ J rji .

Substituting (2.2), (2.6), (3.12) and (3.13) into (3.15), we obtain

V , —  V , =  —  2 <|/r U w  +  t f  $ ,  F i U *

+  (a -  t f  V w  +  (b -  t f  $f) FÏ V ^ ) ,

from which and (3.16) it follows that is valid by virtue of (3.12).
Hence the equation of (3.14) is satisfied identically and if we denote

2 m  linearly independent solutions by r- , then xa =  xa (xl) is the

desired transformation of coordinates. q.e.d.
As a consequence of Theorem 1 and Lemma 3.2, we have

COROLLARY. A n  YiS-projectively fla t Kählerian manifold M 2m (m >  2) is 
a holomorphically subprojective Kählerian manifold i f  vh appearing on the 
Christoff el symbol is an analytic Y-tors e-forming vector field.

Lem m a 3.3. I f  we choose a 1-form f i  $ such that 

(3.17) (a —  vr <pr)2 +  (b—  vr $y)2 =  o ,

i h )
then I I given by (2.1) can be transformed to the form  of (3.1) by a suitable

transformation of coordinates.

Proof. In this case, hji = — V* ^  +  4b4b and at first we
consider the following

(3 -i8) — =  %»»

whose the integrability condition is, by virtue of (3.16),

4v =  2 (tij [^i] ~f~ F̂* ur [#4̂ ] +  4b V jìic ' ^Fj U r^) ,

Vk (a —  vr <\>r) =  o ,, y h (b— vr $ r) =  O.

From (2.2), (2.6), (3.17) and (3.18), the above equations are satisfied identi­
cally.

Next we assume that 4bï satisfies (e.g. ^  =  9^).

2. — RENDICONTI 1979, voi. LXVI, fase. 1.
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Hence the integrability condition of (3.11), i.e. (3.14), is satisfied identi­
cally and the rest of proof is the same way as Lemma 3.2. q.e.d.

According to Lemma 3.1 '—'3-3, we have

THEOREM 2. In  an H S -projectively fla t Kählerian manifold M 2w (m >  2), 
in order that the Christoff el symbol given by (2.1) may be transformed to the 

form  of (3 .1), it is necessary and sufficient that and hold
goody where the given vector field  vh is analytic Y^-torse-forming.
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