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A nalisi fu n zion a le . —  Operators of A — ® type . Nota<*> di 
N icolae T it a, presen ta ta  dal Socio G. S a nso ne .

R iassunto. — L’Autore generalizza una classe di operatori e dà una risposta negativa 
ad un problema posto da un altro autore.

1. Let E , F be normed spaces and T : E -> F a linear and bounded 
operator (T e L (E , F)). In the paper [3] the class of Ia~p operators is 
introduced in the following way

T g / a ^  if X  ( i p  IömI ai ( T) j  <  00 , O <C p  <C 00 ,

where A =  \ \a f  \ is an infinite m atrix satisfying some properties and oq* (T) 
are the approximations numbers (oc,- (T) =  inf ||T — K || , dim K < / ) •

Tc
In this paper, using the norm functions of R. Schatten [4], [6], the 

class of /a -o  operators is introduced. Also, replacing the numbers olj (T) 
by the approximation numbers Sj (T) and d^ (T) [2], the classes / A_$ and 
7a_(ï> are introduced.

2. Let ^  be a norm function of R. Schatten [4]

(<D : c -> R +) ; ® (x -f  y) <  ® (x) +  ® (y) , x  , y  e c ;

<D (Xx) =  IAI • ® (x) , X e R ,  j e ?  ; O (1 , 0  , o ,•••)■= 1 ;

^  (x1 , x z r  ■- , x n , o  , o , - ■ =  <$>(\xh \ , \ x i2 \ ,■■■, \x in \

where £ is the space of all sequences x  =  {xx , x2 , • • •, x n , o , o , • • •} , '
Xi e R , n <  00 and ^ , i2 , • • •, G is a permutation of 1 , 2 , • • - , n).

The approximation numbers Si (T) and d i (T) are defined in the 
following way

8 * ( T ) =  inf sup inf \\Tx —  y\\ c: F , dim <  i  , x e E .
s e n 11* 1 |< 1  y e & n

d  ̂(T) =  inf {\\T  |e,-||}, codim E^ <  i (T \e - is the restriction of T 
to E<). E’

D e fin it io n  2.1. The operator T e /A_<j> (E , F) if 

® ( { X  Æô ai ( T)} .)  < 00 (1>-

(*) Pervenuta all’Accademia il 12 settembre. 1978.
(1) ay  >  o ; ai0 >  aix >  ai2 >  • • •. For =  8^ we have the I$ class.

<1> (x) =  sup O (x1 , • • *, xn , o , o , • • •) if x  € c.
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/  \ l f P
If ® (x) =  (x) =  \xj\vj  , p  >  I we get the class /A_p [3]

Replacing the elements otj (T) by (T) and dj (T) we get the classes
/ a- o and / a—® •

PROPOSITION 2.1. /a -$  (E , F) ^  a linear quasinormed space with the

quasinorm ||T ||a_o =  ® aW ajC o j  j  •

Proof. Consider the sequence

K  (Tx +  T2) , oq (T, +  T2) , a2 (Tx +  T2) , • • •} .

Since

a2i+i (T] +  T2) <  a2i (T, +  T2) <  oq (Tj) +  a$ (T2) , Vz € N ,

we have

2  a w °b‘ Ĉ i 2̂) —  2 a i j a2̂ (T] + t 2) <
3 3

< 2 _ X « y ( ^ ( T i )  +  «,-(Ta)).

Hence

I I  T x +  T 2 ||a_* =  ^  (  {  Ç  « «  « ,  (Tx +  T*) j _)  <

(*, (Tl) +  », (TO) ) )  <  2 ® { (  Ç  «« (Tx)) +

+  ® ( x  fl« «, (To) } =  2 (||TxI|a_® +  ||T ||a_*) .

Iff X G R we have

II XT ||A_* =  <D (  j X  a ,i ai, (XT)} J =  IXI • 3> (  j Ç  av a, (T) j )  =  | X | • || T ||A_<,>.

Hence /a_o (E , F) is a linear space and ||T ||a_o is a quasinorm.
This proposition is also true for the classes /a -$  and / A_® since the 

properties of the elements Sj (T) and d̂ - (T) are similar to the properties of 
the elements » ,(T) [2].

Remark 2.1. In the proof of Proposition 2.1 the condition, from [3], 
|# i f2j| + |^»,2i+i |  is not necessary. Hence the answer to the
problem raised in [3] is negative.

Using the methods of [1] and [3] one proves:

P roposition 2.2. I f  T3 e L (E , F) and  Ta e /A_$ (F , G) then T2 T3 e 
£ / a - s > (E ,G )  and  ||T2 T JIa-o  <  IIT̂ I • ||T2||a-<d •
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P roposition 2.3. I f  Y is a Banach space then /a-o> (E -, F) is complete.

Remark 2.2. If, in the definition of /a-<e> class, the function (x) =  
== S | ^ |  is replaced by a function we get the class /a_®,^..

(T e /a-®,* if $  ({+ (ai} a,- (T)}) <  oo).

D e fin it io n  2.2. Let O be a norm function. The conjugate func­
tion Oj is

(x) =  sup , k =  {(Xi) e c  I Xf >  0} ; x - y  =  {x1y 1 , x&y 2 , ■ ■ ■}
ye k v-T/

( ® > )  =  s u p - | ^  ([4], [6]).
y e k /

P roposition 2.3. Let O , (2) be norm functions, then i f  Tx € /a-<i>,<i,(E, E)
and T2 e 4* (E , E) , T 1 T2 6 /A_a> (E , E).

Proof.

$  a,- (T, -T2)}) <  2 O (  { Ç  (T,) • a, (T2) } J  <

<  2 O ({'j' («y a, (T,)) •<];* (a, (T2)}) =

=  2 ^ (a ,C T 0 )-® ({ 'K « tf« i(T 1) )} ) < o o .

3. Between the classes /a -$  , /a -o  and 7a_o exist the following relations 
/a_$ <= /a-® and /a_o c  / a_<& , since 8̂* (T) <  onj (T) and d̂ - (T) <  olj (T) [2]. 
Also, if T e / A_$ then T ' e /a_<e> since a;- (T) =  olj (T'), where T ' is the 
conjugate operator of T.

Remark 3.1. Using the expressions of the elements clj , 8 -̂, d̂ - for the 
tensor product operator T i ® T 2 [5] we have that the classes /a -o  , /a-cp 
and /a -o  are stable with respect to the tensor product.
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(2) <]> #  =  sup \xi\ , x  =  {xt , x2 ,-- - , * „ , 0 , 0 , . . . } .I .


