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SEZIONE I 
(Matematica, meccanica, astronomia, geodesia e geofìsica)

Analisi matematica. — On A -p-summing operators. Nota di 
N i c o l a e  T i ta ,  presentata <*> dal Socio G. S a n s o n e .

R iassunto . ■— Si generalizzano alcune proprietà degli operatori A-p sommabili e si 
risolve una questione presentata da altri A.

In this paper the class of A-^-summing operators [2], [1] is generalized 
and an affirmative answer to the problem raised in [2] is presented.

Let O be a norm function of R. Schatten [4], [3]

($> : c -> R+ ; ® (x +  y)  <  ® O') +  ® O ) , x  , y e c ;
® ( olx)  =  I a I O ( x )  , a e R , ^ e ?  ; 0 ( i  j O j O c * * )  =  1 ;

O  , x<2, , • * *,  %n , o  , 0  , * • ^  (I x ^  J , I x ^ 2 1 , * * •,  I r  in I , 0 , 0 , - - - ) .

Here , i% , • • - , in is a permutation of 1 , 2 , • • - , n and c is the spaces 
of all sequences x  =  (xx , x 2 , • • •, x n , o , o , • • •) , x i e R , n <  00.

Let k  be the space of the sequences x e c  for which x i ‘> o .  In [3] it 
is generalized the notion of the dual function from [4], in the following way.

* Y  (xy)
(1) (x) =  sup ; x - y = { x 1y 1 , x 2y 2 , - - - , x n y n , - - - } .

y e k  \ y  )

(In the particular case of (x) =  p  >  1 ; <Dy (x) =  (Lxi)1,ri r  >  1,
x i >  o, one has (®*)<x>̂  == where <Dff (x) =  (2;t;?)1/g and i/jb =  i / r  +  1 /y). 

Let A =  H be an infinite m atrix satisfying some properties [1], [2].

(*) Nella seduta del 15 giugno 1978.

1. — RENDICONTI 1978, vol. LXV, fase. 1-2.
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DEFINITION i . Let E , F be normed spaces. A  linear operator T : E -> F 
is called an K-Q-summing operator i f  fo r  all sequences {xf$ e E (1) there 
exists a constant c >  o such that

® ( | s  «m»llT*»llj)  =  c sup ® ( I  Ç  amn\ (xn , a} | j )  ,a  6 E'.

The smallest constant c such that [2] holds is denoted by II* (T).

Remark . For $>v (x) =  (2 jrf)1/2? one has the class of A-^-summing 
operators [1], [2] and if A  =  || 8^ || (ßu =  1 ; =  o , i j )  one has the
class of O-summing operators [5].

Let II* (E , F) be the set of all A-<j>-summing operators from E to F.

P ro p o s itio n  i . Ilo (E , F) is a normed space with respect to Ilo (T). 

Proof. Let S , T e Ilo (E , F). Then for any sequence {xn} g E

® (  j S  amn II (T +  S) Xn II j  ̂ <  O I I  2  amn II Tx„ |||  ̂ +

+  * ( { ?  Il II I  ̂ ^  Ĥ ) CO SUp ^  ̂I I ( f I j  ̂ +

+  II* (S) sup <D (Jazmn I (#»,«)  I) =  [II* (T) +  n $ (S)] sup <t> (S«mj| I {Xn , a) | ) .
N l< i  N < i

Hence T +  S g Ilo  (E , F) and II* (T +  S) <  II* (T) +  II* (S). For any 
real a one has aT g H* (E , F) if T G Ho (E , F) since II* (aT) — | a | II* (T )(2).

P ro p o s itio n  2. I f  T g II* ( E , F) then T is bounded ( T g L ( E , F ) ) .  

Proof. Let {.xJ  =  {x , o , o , • • •}. Then

Il T* Il <ï> ( K J )  <  n* (T) sup O ( K J )  ♦ | {x , a) | .
||a||<l

Hence

Il t  il <  n* ( T ) .

P ro p o s itio n  3. I f  F is a Banach space then II* (E , F) is a Banach 
space.

Proof. Let {TJ- be a Cauchy sequence in II* (E , F) (lim Ho (Tw — T m) — o).
n,m

(1) The sequence {xn} is a sequence of finite rank {xn}^= 1 , k <  00 , {xn = 0  if n >  k). 
<p (x) =  sup 4> (x± , x%, • • •, xn , o , o , • • • ; if x € c .

n
(2) n *  (T) >  o , n *  (T) =  o iff T =  o.
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Then {TJ- is a Cauchy sequence in L ( E , F )  since ||T n— Tm|| <  II^(Tn— Tw). 
Since L (E , F) is a Banach space one has lim T n ~  T e L (E , F).

n

From the relation 11  ̂ (Tn — Tw) (z  , n , m )  N (s) (Vs >  o) and from the 
continuity of the functions ®, one obtains

lim rio (Tn — T m) =  n* (T — Tw) <s , N (s)) .

Hence l im T n =  T (in the topology of (E , F)) and T G 11$ (E , F).
n

P ro p o s itio n  4. Let E , F , G be normed spaces. I f  T g L (E , F) and 
S e n ^ ( F , G )  then ST é Ü® (E , G) and n*(ST) < | | T | |  IU(S). If T e I I $ ( E , F )  
and S e L (F , G) then ST e n $ (E ,  G) and (ST) <  || S || II® (T).

P r o o f If { x ^  is a sequence in E one has

P ro p o s itio n  5. Let cj>, T* be norm functions T  (3), then i f
T G II® (E , F) one has T g H ̂  (E , F).

n

and H* (ST) < | | T | | - n * ( S ) .
The second part is straightforward.

Proof. Consider the sequence x f  e E , (ti) e k. Then

Hence

(3) Tl (*) =  s  I xì I , (x) =  sup I xn I , {x = {x1, • • -, xn , o , o , • • •}).
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Or

^  ( f t»
<  n* (T) sup Y Î  ({S*w I

INI<i
x i . a) 1» •

From the definition of the function one obtains

Y® ( { 2  aij II Txj  ll] )  <  II* (T) sup n  C(S«„ I [ x , , a) |}) .
\ {  j  ) J ||«i|<l

Hence T e n n ( E . F ) .

Remark. If  ® =  $>v and T  =  xFr (i < r <  co) one has x¥*> =  $>q if 
i\p  =  i / r  +  ilç. Since i <  r  <  oo one has q >  p  and hence if T g Up 
then T e Uq. This is an affirmative answer to the problem raised in [2].
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