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Analisi matematica. — A  hysteretic semilinear parabolic equation. 
Nota <*> di E ugenio  S in estr a r i e P aola V ernole , presentata dal 
Socio G. S a n so n e .

RIASSUNTO. — Si studia il problema di Cauchy per una equazione parabolica semili
neare con ritardo. Si dimostra l’esistenza e l’unicità della soluzione e la dipendenza continua 
da tutti i dati. Inoltre si studia la regolarità e l’esistenza in grande.

i. Introduction

In this paper we study the problem of finding a function u from R+X fi 
into R, solution of the following problem:

(I)

u t ( t , x) — Au { t , x) -f-
t

+  H ( t , s , x  , u  ( t , x) > u (s , x) , V x u ( t , x) , V x u( s  , x)) ds
— r

/ > o , i e ( l  ; u ( t , x )  =  o , t > o , x e  30 ;
u ( t , x) — h ( t , x) , — r <  t <  o , x  e O .

Here Û Ç RÄ is a bounded open set with ‘ nice ’ boundary 30 , r  is a 
positive number and h is a given function from [— r , o] X O to R. We 
shall assume that H ( t , s , x  , uL , u2 , wx , w2) is a continuously differenti
able function from A =  { ( t , s , x  , ux , u2 , w 1 , m2) , — r <. s <. t < y  oo ; 
ux , u2 e R ; w 1 , w 2 g Kn)} into R.

We shall write the equation (i) as an abstract retarded functional diffe
rential equation in an interpolation space and we will use some abstract theo
rems to solve it they; extend the results of [4] to our problem.

2. E x is t e n c e , u n iq u e n e s s  a n d  a p p r o x im a t io n  of t h e  s o l u t io n s

Let us choose 0 and p  such that

(2) 1/2 <  0 <  I , n\(2 0 — I) < p < +  00 .

Let E =  (O). It is known that the operator A defined by: Da =
=  W2'2’ (£2) n Wo’p (Ü) and Au  =  Au verifies:

(Lj) A is the infinitesimal generator of a holomorphic semigroup {eM} on E 
and II eAt ||jg?(E) <  , t >  o , || AeAt ||^ (E) <  M J t  , t >  o.

(*) Pervenuta all’Accademia il 26 luglio 1978.
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Let us denote by D a (0 , ft) the real interpolation space between Da and E, 
with parameters 1 — 0 and p  (see [3]): we have DA (0 , ft) — Wo’27 (Q).
II • (I denotes the norm in E and || *||e>2? the norm in Da (0 , ft). If a <  b let us 
set Xa,& =  G° ([a , 6] , E) and Xa,6 -  C° ([a , Ò] , DA (0 , ft)). Let u ft) =
u (t y •) , h ft) =  h ( t , •) and

(3) ^  ( t , u (ft) , — r <  s <  t) (x) =
t

=  j  H ( t , s , x  , u ( t , x) , u (s , x) , u ( t , x) , Vx u (s , V)) dj .
-1

Then problem (1) can be written as:

( u' ft) ~  Au ft) +  SP ( t , u (s) , — v <. s <. t) t >  o
(4)

( u ft) ~  h ft) — r  <  t <  o .

Here u g X_r>T , A e X_r>0 and F  ( t , u ft) y — r  <  j  <  t) is a Volterra 
functional determined by t >  o and the values of u {s) for — r <  s <  foll
owing Driver [2] we call (4) a hysteretic parabolic equation and denote 
F  ( t , u (ft , — r  <   ̂ <  /) by F  (t , u (•)) for t >  o. We call a mild solution 
of the problem (1) or (4) in [— r  , T] a function ^ G X_f>T satisfying:

/ < '
« (0 =  eAth (o) +  (  ÊA(J- 5) .F (*,«(•))  dj *e [o , T] ,

'  | d
\ u (ft) — h ft) t e [— r , o] .

It is easy to check (owing to (2) and to the continuous differentiability of H) 
that the following properties of F  hold:

Fj) Given T >  o and u e X_r>T , t F  ( t } u (•)) is continuous from [o , T] 
to E.

F2) Given T >  o and u 0 G X_rjT there exist positive numbers r0 and 
k 0 such that sup { || F  (t , ux (•)) —■ F  (t , (*)) II » 0 ^   ̂ <  T } <
<  k 0 II ux — u2 ||x_r T for each ux , u% e X_r,T such that || u { ft) —■ 

^0 (0 lie,3? <  Tq , i =  I , 2 , *e [— r , T].

Theorem i. For hG X_r>0, there is a positive number T0 such that 
there exists a unique m ild solution of (ft) in  [— r  , T 0]. Moreover there exist 
80 >  o such that i f  hx G X_n0 and  || hx — h\\x_r 0 <  $0 the m ild solution ux corre
sponding to the initial value hx is still defined in  [— r  , T0] and we have 
Il Ux —  u ||x0iXo <  C0 II h — hx ||x_ri0 •

The proof is based on a suitable use of the contraction mapping principle 
in order to obtain the above mentioned dependence of T 0 on the initial function 
h and can be carried out on the same lines of the proof of Theorem 2.1 of [4].
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It follows from theorem 1 the uniqueness in the large of the solution 
of (P).

For every n e N let A n : D <= E -> E be a linear operator verifying the 
condition (Lx) with the same constants Mx and M2. Let the following 
condition hold:

(A) lim II eAnt x  — eAt x  ||e>3> =  o uniformly in t e I (compact interval of R+)
n-> 00
and x  G K (compact set of E).

For every n e N let F n be a functional verifying Fj) and F2) with the 
same constants r 0 and k 0. Let the following condition hold:

(B) Given T >  o and u e X_yjT then lim sup {|| F n ( t , v) (•)) — F { t , v { - ) )  ||,
[o , T]} =  o. ’ ■M̂ 00

The following theorem describes the dependence of the solution on all 
the data A , IF and h\ the proof is similar to that of Theorem 3.1 of [4].

Theorem 2. Given h e X_r>0 let 80 and T0 be the positive constants given 
by Theorem I  and let (A) and (B) hold. I f  we choose hn e X_r> 0 i \\hn — h ||x_y o <  80 
(n e N) and  To e ]o , T 0 [, then fo r  each n > n 0 {depending on h and To) there 
exists a unique solution un to the following problem'.

t

\ un (t) =  eAnt hn (o) +  f  eAn{t~s) (s ,« „ (•))  dj , t e [o , To] ,
{ rn) j J

I (0 =  K  (t) , t e [ — r , o] .

I f  in addition u is the solution to (P) and  lim hn — h in then we have
lim u n ~ u  in X_r>To •

n-> 00
From this theorem and by means of a compactness argument we can 

derive a result which shows that a solution of (P) can be uniformly approxi
mated by solutions of (Pn) in every compact interval of R+.

THEOREM 3. Let A n , F n and hn verify the assumptions of Theorem 2. 
Let u  : [— r  , T] -> Da (0 , p) be a solution to (P). For sufficiently large n there 
exists un : [—- r , T] — Da (0 , p') a solution of (Pn) and we have lim un =  u
• v  n-> 00m  A_r?T.

3. Regularity and existence in the large o f  the solution

The regularity of the mild solution can be studied by using the theory 
of Da Prato-Grisvard [1 ]; the following theorem can be proved with the aid 
of Theorem 4.7 of [1].

Theorem 4. Let F  verify the condition'.

(C) there exist p f 6 [1 , +  00] and 0' e ]o , 1 [ such that fo r  every T >  0 and 
u 6 X_r,T , t —> F  { t , v ( •)) . is continuous from  [o , T] to Da (0', p ’).



H Lincei -  Rend. Sc. fis. mat. e nat. -  Vol. LXV -  Ferie 1978

Then every mild solution is classical ix . fo r  each t  >  o , u (t) e Da, u is conti
nuously differentiable from  ]o , T] to E and u ’ (t) =  A u (f) +  &  (t yu  (•)) 
holds.

The asymptotic behaviour of the maximal mild solution can be descri
bed by the following theorem, which is not difficult to prove:

T heorem  5. I f  u* : [— r  , T*[ —* Da (0 , ff) is the maximal solution of 
(P) and  T* <  +  00, we have sup { || u* (t) \\QfP , t  e [— r  , T*[ } == -f 00 .

We give now some results concerning the existence in the large of the 
solution.

We need the following Lemma, whose proof is similar to that of 
Theorem 4.1. of [4]. If x  , y  e E, let D + || a; || 4/ denote the right derivative 
of the function t || x  +  ty  || at zero.

LEMMA. Let verify the condition'.

(Fs) For every T >  o and u e X_r,T , D+ || u (f) || &  ( t , u ( •)) <  o , t e [o , T] .

Then fo r  each solution of (P) in  [— r , T] we have || u if) || < \ \ u  (o) || fo r  every
t e  [o , T].

Remark. A simple case in which (F3) is satisfied is when we have 
ux • H ( t , s , x  , ux , u%, w 1 , w 2) < 0  in A (for example H =  — ux | w21 ).

Now we give a last theorem about the global existence of the solution.

T heorem  6. Suppose (F3) hold and let there exist a , ai}j (i , j  =  1 , 2),
continuous functions from  { ( t , s , x) y —-r =  s -< t <  +  00 , x  € £1} into R+
such that

1,2
(F4) \Y{(t  , s  , x  , u 1>ui , w l , w ^ ) \ < a ( t  ,s , x ) \ u 1-ui \ +  ^  ai , jQ ^> x) I u% I

in A. Then fo r  any h e X_y>0 there exists a unique solution to the problem (P) 
in [— r  , +  00].

In fact we can deduce from the lemma and from (F4) that sup { ||^ 001le,p> 
t e [ — r , T[}  <  +  00. The conclusion follows from Theorem 5.

R eferences

[1] G. Da Prato and P. Grisvard (1975) -  Sommes d'opérateurs linéaires et équations 
différentielles opérationnelles, «Jour. Math. Pures Appi.», 54, 305-387.

[2] R. D. Driver (1962) -  Existence and stability of solutions of a delay-differential system, 
«Arch. Rat. Mech. Anal.», to , 401-426.

[3] J. L. LIONS and J. PEETRE (1964) -  Sur une classe d'espaces d'interpolation, «Pubi. 
Math. I.S.H.E. », ig , 5-68.

[4] E. S inestrari and P. VERNOLE (1977) -  Semi-linear evolution equations in interpolation 
spaces, «Non Linear Anal, Theory, Methods and Appi.», J, 249-261.


