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Equazioni a derivate parziali. —• Stability results fo r  a diffusive 
nonlinear deterministic epidemie m odels. Nota di V incenzo Ca- 
passo e D onato F ortunato , presentata <**> dal Socio C. M iran da .

R iassunto. — Si stabilisce un risultato di stabilità asintotica per la soluzione di equi­
librio di una equazione semilineare di evoluzione che descrive un modello epidemico.

In this paper we study the semilinear evolution equation (7); an existence 
theorem and an asymptotic stability result of the time independent equili­
brium solution zero are stated. The proof of these results is mainly based on 
the tools developed in [1] and [2].

The evolution equation we study is the abstract formulation of the following 
deterministic epidemic model proposed in [1], which includes spatial diffusion 
of both susceptible and infective individuals:

3
—  s (x ; t) =  dx tss (x ; t) — a (y ( • ; t)) (x) s (x ; t) — (x  ; t) dt

3
—  v (x ; t) — d2 ùsv (x ; t) +  a (v ( • ; t)) (x) s (x ; t) — \v  (x ; t)

\ with /  >  o , x  e Q.

supplemented by suitable boundary and initial conditions (A is the Laplacian).
Here s (x  ; t) and v (x  ; t) respectively denote the density of susceptibles 

and the density of infectives at time t , and at point x  of the habitat Q (a 
bounded domain in Rw with smooth boundary). d1 and d9:i the diffusion coef­
ficients^ are supposed to be positive constants.

In the interaction term a (y) s i the dependence upon the density of infec­
tives occurs via a map a : L 1 (Q) -> L°° (Q) which obeys to some assumptions 
[1], the most significant of which are:

(A. I) y f  e L 1 (Q) : || a ( / )  ||Loo<£i) <  ;
a ( / )  > 0  if /  >  o and a (o) =  o .

(A.2) v / , g  g L* (O) : Il * ( f )  -  * {g) ||Loo(n) <  c2 II f  — g  ||li(q)

(ct and c2 are positive constants).

(*) Work performed in the University of Bari under the auspices of the GNAFA [D. F.] 
and GNFM [V.-C.], CNR, in the context of the “ Progetto finalizzato di Medicina Preventiva 
del CNR ” .

This paper was communicated at “ Convegno GNAFA su Matematica, Medicina e 
Biologia” (Montecatini, Aprile 13-15, 1978).

(**) Nella seduta del 13 maggio 1978.



V. Capasso e D. F o r tu n a to , Stability results, ecc. 449

This kind of interaction allows us to take into account saturation effects, 
and also the possibility of some kind of “ d istan t’’ interaction between suscep­
tibles and infectives [i].

In the first equation the term — [x̂  takes into account immunization 
effects, while in the second equation the term -— \v  represents the removal of 
infectives due to recovery (with immunization), death, and isolation (X and [x 
are positive constants).

Zero Neumann boundary conditions will be assumed to indicate an 
isolated habitat during the evolution of the epidemic phenomenon. 

Moreover system (i) is supplemented by the initial conditions

(2) s (x ; o) =  *̂0 (x) >  o ; v (x ; o) =  v0 (x) >  o , x  e Q

(not identically zero).
In order to write the abstract formulation of system (1), (2) with the 

quoted boundary conditions, we introduce the following Hilbert spaces:

(3) X? -  H a (Q) , oc >  o

(the usual fractional order Sobolev space, whose scalar product and norm 
will be respectively denoted by (• | •)« and || • ||£ ([3, Chap. 1 ]), and

(4) Xa =  H a (Û )x H a (Û)

with scalar product

( /  I g)a =  (/1 I gi)l +  (/a I go)a , if /  =  ( ^ )  , g  =  ( ^ )

and norm

11 /11« = 11 u  11« +11 â  ni, if

The standard selfadjoint realization in L2(£2) of the differential operator
2%

u —> — Av with zero Neumann boundary conditions ----
denoted by B.

=  o will be
dn

Let us set

(S) A
- (

dx B +  (̂*1 o
o d<% B -J- XI t

where I is the identity operator in L2 (Q). A results to be a selfadjoint and 
positive operator in X° =  L2 (O) XL2 (Q), with compact inverse.

We further denote by F the following operator

/  = e X° F — a (A) A  
«C/0/i

(6)
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With this in mind, our problem can be reformulated as the following
/s  (• ; t)

semilinear autonomous evolution equation for u (f) =  ^   ̂ ^

(7) ~ ^ tw ®  =  Am W +  F (M 00) . t >  o .

To be more precise we look for a map w : [o , +  00 [-> X° satisfying the 
following conditions:

(i) w e ^ ( [ o ,  +  o o [ ,D (A a)) , a e ]o , 1 [ ;

(ii) u e D (A) for £ e ]o , +  oo[ and Au g  #  (]o , +  o o [ , X°) ,

(iii) u e ^  (]o , +■ o o [ , X°) ;

(iv) u solves (7) in ]o , +  oof ;

(v) « (o) =  w° =  ( ^ ( . ) )  6 D (A“)

where D (Aa) is the domain of Aa equipped with the graph-norm .
Due to the results obtained in [1] and in [2], the following existence 

theorem can be stated.

THEOREM i . Problem (7) admits a unique solution satisfying (i)-(v). I f  
the initial conditions are such that s0 (•) >  o , v0 (•) >  o, then s (• ; t) >  o , 
v ( • ; t) >  o at any time t >  o.

From Theorem 1 it follows in particular that the positive cone D + (Aa) 
of D (Aa) is an invariant set with respect to the evolution described by Èq. (7),
(i.e. if u° G D+ (Aa), then u (f) e D+ (Aa) at any t >  o). Furthermore we can
state that the only equilibrium solution of (7) in D + (Aa) is the trivial solution

0 =  j  . Due to the results listed in [2], the following stability result

can be proved.

Theorem  2. The trivial solution is D (Aa) — D (Aa) asymptotically stable.

This means that 0 is stable and attractive (i.e. for any s >  o, a >  o 
exists, such that if || u° Hdca«) <  $e, then || u (t) ||D(Aa) < ' e, and also 
lim H u (t) ||D(A«) =  0).

t - >  +00

Moreover it can be shown that for any £ >  o, a SE > o exists such 
that if II u° ||D(Aa) <  then

(8) Il u (t) ||D(A«) <  &rbt , t g  [o , 4 - 00[ , a e]o , 1 [ .

Here b G ]o , cr0[, where a0 =  inf a (A) if a (A) is the spectrum of A. 
By well known results of interpolation theory [3, Chap. 1], it can be 

deduced that D (Aa) (equipped with the graph-norm of Aa) is continuously
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embedded into X2a; then, by the Sobolev embedding theorem?, the following
I npointwise bound can be obtained ^if — <  a <  1

(9) sup I u (x ; t) I <  ze~bt
xeQ

where s and b are the same as before.
If a e  I3 /4 , 1 [ we have (e.g., see [3, p. 107])

dux
dn dQ =  O ,

du . j

dn
=  o

dQ

with the induced norm cf X2a.
This, by virtue of what has been said above, allows us to obtain in this 

case the X2a -  - X2a asymptotic stability.
Let us finally observe that a0 — inf c (A) >  min (pi , a); this implies 

that the greater the minimum of fx and X is, the greater b can be chosen 
in (9), improving the speed of decay of sup | u (x  ; t) | to zero, which is 
“ physically ” reasonable.
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