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Equazioni differenziali ordinarie. — ANonoscillatory generating
delay terms in functional differential inequalities®. Nota ) di Lu-—
San CHEN e CHEH-CHIH YEH, presentata dal Socio G. SANSONE.

RIASSUNTO. — Questa Nota estende precedenti risultati di altri e degli stessi Autori
ad alcune classi di disequazioni differenziali.

INTRODUCTION

This note extends and improves the results of the authors [Nonoscillation
generating delay terms in odd order differential equations, ** Rend. Accad. Sci.
Fis. Mat. Napoli ”’ 43 (1976), 180-198] and Dahiya’s [Nonoscillation genera-
ting delay terms in even order differemtial equations, ‘‘ Hiroshima Math. J.”,
5 (197%), 385-394] to the more general differential inequalities of the form

* (&) {Lnx<z>+sgm@mx[gﬂ@],-~-,x[gik<z>]>—h<z>}so, #: odd

and

x (2 {Lnx ®+ 32%’ Ofix g @2 [ga@®]) ——/z(z‘)} >o0, #n:even

where L, is an operator defined by

Lox () =x(@, L.x(® = _;I_~

3 (I) (Lx—lx (f))'» Vn (t) =1,

=41, n=1,2,--,7%.

Recently; Dahiya [2] and the authors [1] discussed the non-oscillatory
property of solutions of the following equations

2o () ﬁ PO (8B = h(P),

2D () - gpi Oxg: @] =71@).

The purpose of this note is to improve and extend their results to the more
general differential inequalities of the form:

(A) x@OM[x®,3] <o, for # odd

(B) x(OM[x®),98] =0, for # even,

(*) This research was supported by the National Science Council.
(**) Pervenuta all’Accademia il 6 luglio 1977.
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where

Mx@®,3] =L,x() + 3 gﬁi(f)fi(x [ga @], x [ga D — A @)

Here L, is an operatof defined by

Lix@ =2, Lix@®=—rr Taax@®), =1, 3==%1

(f)
foro=1,2, -, 5
Throughout this note, we assume that the following conditions always

hold:
(@ pi,giy:h,ne€C[Ry=[0,00), R\{o}],g;;(®) <¢,

llm g (&) = oo, g4 (&) is nondecreasing, g (f) = max g,, ®,
s
and

[

er(l‘)dt=‘oofor = 1,2, 0,m; j=1,2, -+, R k=1,2,"%n—1L
&) fie CIRY, R = (— o0, 00)] 7s nondecreas?ng and for each
y;j =0 (j=1,2,",k)
o<fin ,yar v S —Ff (= =25 — )

Moreover,
FOs ey = min fi (31,52, 5 V)
1<ism

liminff(yl’yz"":ylc> =0 and lim sup f(yl ,J’z,“',_J’k><0

(min y7)-—>o00 (max y;)—>00

where <y17y2)' : ';yk)e Rk .

A function is called osci/latory for ¢ >¢,(> o) if it has arbitrary large
zeros. Otherwise it is called #nonosciilatory.

The following lemma is an analog of a result due to Lovelady [4], so we
omit the details.

LEMMA 1. If u(f) is a bounded positive function for t >t, such that
L,z >oforn even or L, u(t) <oforn odd, then (— 1)“L, u (£) > o for
X=0,1,, %

 THEOREM 1. Suppose that

Cy lim sup | 7y (sp-1) f f 21 pi(dsdsy -+ ds,,
foo g Sp-1 81
. 2
> lim sup

&—>00 f(Z,"',Z') .
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Then, if 8 = + 1, every bounded nonoscillatory solution of (A) is eventually
positive, while if 8 = — 1, every bounded nonoscillatory solution of (B) is even-
tually negative.

Proof. The proof will only be given for (A). Suppose to the contrary
that x (¢) is an eventually negative solution of (A) for # >¢#,. Then

(1) Mx{®,1] =o0.

Let # >4% be large enough so that x[g;(®] <o for =4,
i=1,2,---,m By (1) and conditions (@), (6) we have L,x () > o.
By Lemma 1 for x =0,1,---, %

(2) (— 1) Lyx(®) >0 for £>¢.
If s <¢ then g;(s) <g:;(H) <g(®). By (2)

x[gi@®] <x[g: D] <x[g®].

From (1),

L, (—x () — ﬁp; 0 fi e Len @7 [eu (O] < —h () <o,

which by condition (8) implies
G Ly(—x®) 42O fi(—x[ga @], — 2 [ga @D <o.

Let y (#) = —x (). Integrating (3) #-times we have
. t
YO =5 [ O1 + (= 0 Lay @ [ 7 G dsur -
9

t t

+ (— 1L, 7O 16 f e (59) dsy sy - -+ sy

g Sn-1 32

t

+ > [g®],-- ,x[g(z‘)]) rl(sn_l)f le_m(s) dsds1-~~dsn_1<o,

g Sp—1

which implies

@ @2y @+ Oy @D f " (ead) f

g o fr1

fﬁ_‘{pi(s)dsdsl---dsn_l. ‘
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Since ¥’ (!) <o and y(¥) > o for >4, it follows that ¥ (¥) and y[g (]
decrease to a limit ¢ (> 0) as # - co. From (4) we have ¢ = o, and

7 [g @) / % e ds
() Fle®1, - vg®D 2”“:’1 (Sn—-l)/l s/l {;p, () dsdsy -+~ ds,y

Sy

for £ >¢,. Taking the limit superior as # — oo of both sides of (5), we obtain
a contradiction to condition (C,).

COROLLARY 1. Lzt condition (C)) hold. Then every bounded nonoscillatory
solution of M [x (£) , 1] = o is eventually positive, and every bounded nonoscil-
latory solution of M [x (¢),— 1] = 0 is eventually negative.

REMARK 1. Let7, () =1,%x=1,2, -+, % Then condition (C,) implies
t

m
6 li f — o (] (s)ds > (# — 1! lim sup —— .
©  limsup | [s—g @O X £i(9) ds > (v — D)l lim sup oy
g
REMARK 2. Letr, (=1, x=1,2, -5 If

3

@ tim sup [ 33 [g6) —gs (1" 2: () ds > m

t—>00
g@®

Then, by the Authors [1] and Dahiya [2], the conclusion of Theorem 1 holds.
The following example shows that in some cases (6) is better than (7).

Example. Consider the delay differential equation
iv) a TN -
®) () — S x () =

where & is a positive constant. It has no eventually positive solution, as
follows from Theorem 1, since

t
lim sup f% [s —VZ]P dt = oo.
t—>00 J oS
Vi
On the. other hand

2

~

. i 18 _ oL
Jlim sup | 2 /7 — 5P ds ==,

0

so that the criterion (7) is applicable to (8) only when « > 18.

LemMMA 2. (Kusano and Onose [3]). Lez

von PO o _
©) ' () 0! w®+ <75 b =o,




L.-S. CHEN e C.~C. YEH, Nonoscillatory generating delay terms, ecc. 437

where
$@®eC[[T,o0),R], p®eC[[T,o00),R]

and

p(® >0, (@ >o0,limp()= oco.
. t—>o00

Suppose that 1 () is a solution of (9) on [T, o0) satisfying w(T)=o0. If
im | $ (&) | = * (&) exists in the extended real line R¥, then lim | u(f) | = u* ()
t—> o0 t—c0

exists in R*.  In particular, &% (£) = oo implies u* () = oo.

THEOREM 2. Lez condition (Cy) and limw, (f) = oo, v =1,2,- -+, % —1
t—-00
et m
Y Wy () 21 pi()dt = oo
=
€ [woni@n@ar < o0

holds, where w,_, (£) is defined by

t

wy () =1 ,wu(t)zfru(s)wn_l(s)ds‘, Ek=1,2,--,n—1I.

to

Then every bounded nonoscillatory solution of (A) or (B) approaches zero
as ¢ — o0,

Proof. We only consider the case (A). Let x(¢) be a bounded nonoscillatory
solution of (A). By Theorem 1, x (¢) and x[gy;(®)],i=1,2,---,m;j=1,
2,:++, k are pdsitive for #>¢,. But for ¢ > ¢, the inequality (A) implies

(10) Lo () + %g i@ fix (g @)y x (g0 (D) <4 (@) .
We put

¢
%(t)=fwn—u(5)1';p—ux(s)d5’ X=0,1,-,n—I1.
4 .

) 0
An integration by parts yields

0 () =Wy @) Ly 2 () —wyn () L ¥ (20)

t

~

— [ 72k @ s () Ly () s

io
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_ Wy (t)
Tp—x (t> Wp—n_1 (t>

Wy—y—1 (t) Lrlb—x—l x (t)

t

—— Wpx (lo) Ln—x x <t0> - { Wp—u—1 (.S‘) L?"L—K—l x (S) dS

o

to

= 2t O (0 — () — s (69) Ly (00

Wy (£)

which shows that u, (¢) satisfies the differential equation

P Wy ® - ® —
(11) u' (£) m”(ﬂ""m‘bn(t =0,
where &, (&) = — w3 () —wy,_, (¢o) L o) -
Since 2, (¢)) =0, Wy () >0,y (£) >0 and lim w, , (¥) = oo by
{—o0
Lemma 2, we conclude that lim |, (#) | exists in R* whenever lim |2, 4 () |
t—>o00 t—>o00

exists in R*.
Multiplying (10) by w,, (¥) and integrating from ¢, to ¢, we have

t

(12) f Wy () Ly % (5) dSJ.r:Z_‘,l W1 (8) 2i() fi(x g (D], - > x [ga ()] ds

to

< fwn_l () 2 (s)ds.

Suppose
69 % [ 0n0 L @) @) & = .

From (12) and condition (C;) we have lim %, (#) = — oo. From Lemma 2
t—>00

applied to (11) with » = 1 it follows that tlim | 2, (£) | = co. Applying Lemma 2

again to (11) with » = 2, we have lim | %, (f) | = oco. Repeating in the same
t—>o00
way, we arrive at lim | %, (¢) | = oo, which implies lim x (¥) = oo, a contra-
t—>cc t—co

diction to the boundedness of x (£). Hence (13) is impossible. Thus

1 j.wﬁ—l @ p:i®) fi(x [ga @], x [ga(B)]) dz < o0

to

3

-
I

Letting # > oo in (8), we see that lim #, (¢) is finite. From Lemma 2 it follows
t—> o0

that lim #, (¢) exists in R*. This limit must be finite, since otherwise we would
t—>oco
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be led to a contradiction to be boundedness of x (f) as before. Continuing
in this way, we find that lim #, , (#) exists and is finite. This shows that
t— 00

lim x (#) exists and is finite. On the other hand, using (&) and condition (C,),

t—>00
we have

liminfx (¢) = liminfy [g;; ()] =0 i=1,2,--",m; j=1,2,---, k.
t—> 00

=00

Therefore lim y (#) = o.

t—> o0
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