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DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta dell’8 aprile i g j 8  

Presiede i l  Presidente della Classe A ntonio Carrelli

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Equazioni differenziali ordinarie. — Rem arks on the oscillation 
theorem fo r  a nonlinear even order damped differential equations. 
Nota di L u- S an Ch e n , presentata (*> dal Socio G. S a n so n e .

R ia s s u n to . — Si danno condizioni sulle funzioni p  ,q  , f  , g  e h sotto le quali tutte le 
soluzioni continuabili di

u(ff) ^  _|_ q (/) h (u {t) , • • •, (/)) +  fi (/) (u {t))a g  (u' ( t ) , • • •, u(ì2r~1) (/)) =  o ,

sono oscillatorie su [o , oo) quando a >  o , oc -J~ i è il quoziente di due interi dispari e n è 
un intero pari. Se n =  2 questi risultati si riducono ai ben noti teoremi sufficienti di Baker, 
e per: n — 2 , q if) =  o , g  (u' (/) , ••  •, û n~ls> (t)) — 1 si riducono anche ai teoremi sufficienti 
di Atkinson e Belohorec.

i. Introduction

In this paper we are concerned with the oscillatory behavior of the 
solutions of the nonlinear even order damped differential equation

(1) u <»> (t) +  q(t) Â ( « ( / ) , - . . , (t)) +  p  (t) (u ( t ) f  g  ( g  (t) , • • •, *< -»  (fj) =  o .

Our main purpose is to extend to equation (i) some of the recent results of 
Baker [i ].

A non-trivial solution u (t)  of (i) which exists on the interval [o , oo) 
will be called oscillatory on [o , oo) if and only if for each t0 e [o , oo) there is 
t\ >  to such that u (tj) =  o; otherwise, u (f) will be called nonosdilatory on 
[o , 00). Equation (i)  will be called oscillatory on [o , oo) if and only if 
every solution u (t)  of (i) is continuable and oscillatory on [o , oo).

(*) Nella seduta dell’8 aprile 1978.

24. — RENDICONTI 1978, vol. LXIV, fase. 4.
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O <

Throughout this paper the following assumptions are assumed to hold:

(i) h e  C [R», R] and there is a constant M >  o such that 
h (x • • • %
— -----1— <ç M fo r  any x n f i  o, where R is the set of all real numbers.

(ii) q e C [R+, R] , q if) >  o fo r  all t e [o , 00) and fo r  fixed  T >  o,
t s

lim Q ( t , T) =  lim I exp I — M I q (z) ds I ds =  00 . 
t-> 00 t-> 00 J I J )

T T

(iii) p  e C  [R+, R] , p  if) >  o fo r  all t e [o , 00).
(iv) g e C  [Rn_1, R] , g  ( * i , • • •, x n_ O >  k >  o fo r  all x l f ---,  x n^  e R.

Lemma i . Suppose that assumptions (i)-(iv) I f  u(t) is a continuable
nonosdilatory solution of

(2) u {n) (t) f iq ( t ) h ( u ( t ) r  • •, (7)) +  p  ( f ) f  (u 00) g (u '( t ) r  • - ,u  {n- x) (fj) =  o

[o , 00) then there is a T >  o such that

u  00 u {n- x) 00 >  o

fo r  t >  T, where n is an even integer, / e  C [R , R] , x f(x )  >  o fo r  all x  f i o  
and f  is monotonie.

Proof. Let u(f) be a continuable nonoscillatory solution of (2) on [o , 00). 
We m ay assume that u (t) >  o on [T , 00) , T >  o. Suppose that there is 
A) e [T , 00) such that (t0) <  o. Then there exists t e [t0 , 06) satisfying
u {n~x) (t) <  o. Multiplying (2) by u^n~x) (t) and observing that

t

J  P (s) f  (u ÇS)) g  (u* (/) y • * *> (j)) ^ (îï-1) (i*) di* <  O ,
h

we find
« t

(3) ^ (w-1) (j*) (s) ds f i  j* q (s) h (u (s)  , • • •, ^ (n_1) (j)) ^ (n_1) ($) d^ >  o ,
0̂ 0̂

from (3) using (i) we get the following estimate
t

C»'"-1» (V))2 >  O 1«-1» (V0))2 — 2 M j  ç ( s ) (u*«-1» 0))2 ds .
to

Hence by the Langenhop inequality [6],
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Since u in 1} (t) <  o on [t0 , oo), we have from (4),

t
(S) « <*-1> (?) <  «<»-« (*0) exp j — M J  q (j) d j

to

Integrating (5) from /0 to t, and noting (ii), we obtain

(?) <  (*0) +  »<*-» fo) Q (?, t0) -* — 00 , (/ -  00) ,

which implies lim « (/) =  — 00, a contradiction. Thus ^ (n- 1) (Y) >  o on
t—> CO

I/o,00). Suppose that there is e [/0 ,00) such that u (n- v (Q  =  o, then (2) 
implies that

u<n) (O  =  — P  (O  /  (« (4)) («' ( O , • • •. ^ <K~1> (/*), o) <  o .

It follows that cannot have a zero larger than *0. Hence u {n- x) (f)
is eventually of constant sign. This completes the proof of the Lemma.

LEMMA 2. Suppose that u (t) is a positive real valued function defined on 
[t0 , 00) and satisfying (— i) i+1 u {i) (t) >  o fo r  i  =  1 , 2 , • • - , n — 1, and 
u {n) 00 <  o on [t0 ,00). Then there is a number x > o and tx >  tQ such that

(6)

fo r  t > t x.

u (t) 
u ^ f i t ) >  xtn~x

Proof. We can easily prove the lemma by argument of Heidel [4].

2. Main results

Theorem i. Suppose that assumptions (i)-(iv) hold. I f  a >  1 is the 
quotient of odd integers and

(7) J  sn~x p  (s) ds =  00
h

fo r  some tx >  o, then every continuable solution of (fi) is oscillatory.

Proof. Let u (t)  be a continuable solution of (1) which is nonoscillatory 
on R+. In view of Lemma 1, we may assume that there is a t0 such that u (t)  
and u^n~x) (t) are positive on [t0 , 00). From a lemma of Kiguradze [5] 
it follows that

(8) (— i)**1 u (n~1} (t) >  o
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on [t0 ,0 0 ) . Hence there exists a finite limit lim u(£)  =  u { 00). If n is even,
t —>■ 00

then u  (t ) > 0  by (8) and hence u  (00) > 0 ,  or u  (co) =  o. Suppose that 
u  (00) >  o. Then there exists tL >  t 0 such that

(9) h (u (t) , • • •, u in- 1] (/)) >  o ,

on \tx , 00). It follows from (1) and (9) that

(10) u (n) 00 +  p  (/) (u (/))“ g  (u! ( / ) , • • • ,  u (nr~1} (/)) <  o

on [tx , 00). M ultiplying (10) by t n~1j ( u( t ) f '  and integrating it from tx to. / ,  
we get

( i o
çn - l  «An)U { n ) ( s )

(u (s))a ds f  k / s™*1 p  (Z) ds <  o ,

which, after successive integrations by parts, yields

(12) tn~~x 00
(u (/))' (« 1)

tn~2 (if)n(0 I i r

+  a
Z*/ (j)

t/  O0)a+1
h

^ (n-1) (j) — (n — 1) sn~2 ^ (îl_2) (j) +  •

0

• +  (—■ i)^-1 — 1) ! u (/)} ds +  k J sn~1 p  (s) d̂ - <  c ,

where /  is a constant. Using (8) and the boundedness of u(f),  we conclude 
from (12) that

00

k

which contadicts (7). Therefore, we must have u (00) — o. This completes 
the proof.

J sn~x p  OO ds <  00 ,

Theorem 2. Suppose that assumptions (i)-(iv) hold. I f  o <  a <  1 /^£
quotient of odd integers and

(13)

OO
J  s (n- l )a  p  ^  ç j ç  _ _  QQ 

h

fo r  some tx >  o, then the conclusion of Theorem I  holds.
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Proof'. Suppose that u(f)  is a continuable solution of (i) which is non­
oscillator y on R+. As before, we may assume that there is [t0 , oo)  such that 
u(f)  and u {n~x) (f) are positive on [t0 , o°). As in the proof of Theorem I ,  

the equation (io) is then valid. M ultiplying (10) by (u{n~1] (fj)~a and integrating 
if from f  to t , we obtain

Since u in) (f) <  o on [£, , oo), Lemma 2 and an integration of the first term 
in (14) yield

where K is a positive constant. But (15) is impossible as t -> 00 . This con­
tradiction shows that u if) is oscillatory on R+.
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