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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta dell’ i l  marzo 1978 

Presiede i l  Presidente della Classe A ntonio Carrelli

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

M atem atica. — On periodic meromorphic functions on CP. Nota 
di A b ram o H e fe z , presentata <*> dal Corrisp. A . A n d r e o t t i .

RIASSUNTO. — Si dimostra che per una varietà quasi abeliana il corpo delle funzioni 
meromorfe ha grado di trascendenza infinito.

Let G be a discrete subgroup of O  with rank G =  r  ( <  2 n). We are 
concerned here with the field of meromorphic functions on O  having G as 
group of periods. It is a classical result that if r  =  2 n> then this field is an 
algebraic field of functions of transcendence degree over C less than or equal 
to n. It is equal to n if and only if O /G  is an Abelian manifold. In this 
paper we show that if r  <  2 n and O /G  is a quasi-Abelian manifold, then 
the transcendence degree is infinite. This fact has been conjectured by 
A. Andreotti to whom I am indebted for very useful suggestions.

I. Introduction

Let G be a discrete subgroup of O  of real rank r  and complex rank s. 
O /G  has a natural structure of an ^-dimensional complex Lie group. From 
real analytic point of view, these quotients depend only on n and r, more 
precisely, O /G  is isomorphic to (Sx)r X R2w-r. The field of G-periodic mero
morphic functions on O  is naturally isomorphic to the field of meromorphic 
functions on O /G . It is easy to verify the following facts:

(*) Nella seduta dell’l l  marzo 1978.

18. — RENDICONTI 1978, vol. LXIV, fase. 3.
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(a) If s <  n, then Cw/G ^  Cs/G 'x C w'® (as complex Lie groups), 
where G' is a discrete subgroup of Cs.

(b) If s =  n =  r, then Cn/G ^  (C*)n.
(c) If s — n <  r, then with a change of coordinates in Cn, we can 

suppose that G is generated over Z by vectors e1 , • • •, en , vx , • • •, vm) which 
are linearly independent over R, here {e1 , • • •, en} is the canonical basis of 
O  and r =  n +  m.

So in cases (a) and (b), the field of G-periodic meromorphic functions is 
obviously of infinite transcendence degree.

Let G be as in (c), then G generates over R a real vector space of dimension 
n-\- m which we denote by Rg+w. It is easy to see that Rc+m contains a com
plex vector subspace F of dimension m (and not bigger than m). Consider 
now the following two conditions due to Gherardelli and Andreotti [2]. 

There exists a Hermitian form H on Cwx C w such that:

(A) H/fxf is positive defined
(B) Im H has integral values on G x G .

Note that these conditions, when r  =  2 n> are exactly Riemann’s condi
tions for the lattice G, since in this case F =  Cn.

D e fin it io n  (Gherardelli-Andreotti) if conditions (A) and (B) hold for 
G, then O /G  is called a quasi-Abelian manifold.

In the same paper, Gherardelli and Andreotti prove the following

THEOREM. Let Cn/G be a quasi-Abelian manifold, then there exists a discrete 
subgroup G' of Cn, such that Cn =  Ro+m® Rg7^ and Cn/T is an Abelian manifold 
where T =  G©G',

We suppose that G is generated over Z by the vectors ex , • • •, en , v1 , • • •, vm, 
we may suppose that F  is generated by e1 , • • •, en , vx , • • •, vm , vm+1 , • • •, vn . 
Put these vectors as columns of a nX 2 n matrix Q. O is then a Riemann matrix. 
Conditions (A) and (B) for V are equivalent to the existence of an invertible 
2 nX 2 n skew symmetric integral matrix A  such that

(1) AIA.-1* D >  o and DA-1* Q =  o .

The relations between the matrix A and the Hermitian form  H are given by

(2) H -1 =  ÄLA.-1* a  and A =  *QHQ — HD .

For the proof of these classical facts see for example Siegel [4].

2. The trascendence degree

Take B =  — HD, then from the second formula of (2) we get 
*BD — *DB =  A. From this, (1) and the existence theorem of Jacobian 
functions ([4], Theorem 12) we can guarantee the existence of a non zero entire
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function h such that

h (z  +  ej) =  / nil{bJ’z)+^ k ( z )

n
where bh is the >£-th column of the m atrix B , [bk , z) =  ^  b%kz % and the

are any complex numbers. The above mentioned Jacobian functions are called 
of type (Q ; B ; [*!, ••• ,  (x2J .

Take a sequence {XjieN of complex numbers such that the set {i , X0 , 
, * • •} is linearly independent over Z. For each i e  N, choose a Jacobian 

function of type {Q ; B ; o , • • •, o , X J  and take h of type (£1 , B ; o , • • •, o}.

Define f \ .  — • f \ .  is a meromorphic function periodic with respect to

ei ) * * * > en ) vi f * * * > vn-1 and satisfies trivially the functional equation

Theorem. The functions fx£ ) i e  N, are algebraically independent.

Proof\ Suppose by absurdity th a t/x 0 ,* • - ,/*/ are algebraically related, 
then there exists a non zero polynomial

(3) h i  (z +  kv^  =  f x. (*) for every i e N .

such that

(4) p CA0 .--->/x/) =  o-

From (4) we get, where it is defined, that

( 5 ) O P (A, (p ~b hvf) , • • •, A/ kvff) —

here X =  (X0 , • • •, Xz) and as usual, (a , X) =  oq X,-.

Fix now an order function

t : { i >'2 , - . . , N } - ^ { a 6 N H - 1/ l « l  <  ß}

and define

w t (z) =  «T(0/x f)o <*) • • - f l f 1 (z)

00 , x} •
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From (5), taking Æ =  o , • • •, N — 1, we get for each z e  Cn where 
everything is defined, a system of linear equations with coefficients not de
pending on z

I N

2  w t 0 )  =  °t= i

2  w t (z) £27uS/ =  o «=1

t= i

but for some z0e Cn, this system clearly admits a non trivial solution 
(w1 (#0) , • • *, (#o)) 9^ o, so the determinant of the coefficients’ m atrix M
is zero.

M
2ttìEie
4kìSie

I

4tt iS2

2 (N -1 )tuS 2

is a Vandermonde’s matrix, so
N (N -l)

det M =  (— 1) n
3<k

I
^2toSn

^4tcìSn
^ 2 (N -1 )tcÆ n

e****) =  O .

Then for some j  ^  k , =  einilli, this implies that — E^e Z which
gives us a non trivial relation with integer coefficients between 1 , X0 , • • •, Xj.

C o r o lla r y  i. I f  Cn/G a quasi-Abelian manifold, of G-
periodic meromorphic functions on Cn has infinite transcendence degree over C.

COROLLARY 2. I f  G is a discrete subgroup of C2 such that rk G < 4 ,  then 
the field  of G-periodic meromorphic functions on C2 has infinite transcendence 
degree.

Proof '. If G satisfies condition (a) or (fi) (of the introduction), then the

result holds. We now suppose that G is generated over Z by e1, e% , v =  ^ 1 *̂

The conditions (A) and (B) are always satisfied, so apply Corollary 1 to con
clude the proof.

Comment

Let G be a discrete subgroup of rank 3 of C2, suppose G generated by
( vi \

ei y e2 ì v  ~  I • The following conditions are equivalent:
\ vz)

(i) The only holomorphic functions on X =  C2/G are the constants
(ii) I , vx , v2 are linearly independent over Z (or Q).
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This can be found in Morimoto [3].
So we can construct a manifold X satisfying the above conditions. 
Denoting by K (X) the field of quotients of global holomorphic functions 

on X and by J i  (X) the field of meromorphic functions on X, we have 
AlK(X) ^  (X) =  tâ cJ ÏÇ £ )  =  00. Compare with [1], p. 79-80.
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