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Topologia. —  On S-closed subspaces. Nota di T a k a s h i  N o ir i ,  
presentata <*> dal Socio E. M a r t i n e l l i .

R iassunto. •— Thompson [6] ha introdotto il concetto di spazio S-chiuso. Scopo 
del presente lavoro è studiare alcune proprietà di un sottospazio S-chiuso, introdurre e carat
terizzare gli spazi detti localmente S-chiusi.

i. Introduction

Let X be a topological space and S a subset of X. The closure of S in X 
and the interior of S in X will be denoted by Clx (S) and Intx(S), respectively. 
In [i], N. Levine has defined a subset S to be semi-open if there exists an open 
set V of X such that V c S c  Clx (V). Recently, T. Thompson [6] has defined 
a space X to be S-closed if for every semi-open cover {Va | a e V} of X there 
exists a finite subfamily V0 of V such that X =  U {Clx (Va) | a e V0}. In [4], 
the present Author has obtained several properties of such spaces. In this 
paper, in order to investigate S-closed subspaces we shall define and study 
a subset S-closed relative to X. Moreover, we shall define the concept of locally 
S-closed spaces and obtain some basic properties of such spaces. Throughout 
this paper spaces will always mean topological spaces on which no separation 
axioms are assumed unless explicitly stated. By SO (X) we shall denote 
the family of all semi-open sets in a space X. A subset S of a space X 
is said to be regular open (resp. regular closed) if Intx (Clx (S)) — S (resp. 
Clx (In tx (S)) =  S).

2. Preliminaries

Definition  2.1. A subset S of a space X is said to be S-closed relative 
to X if for every cover {Va | a 6 V} of S by semi-open sets in X there exists 
a finite subfamily V0 of V such that S ci U {Clx (Va) j a G V0}.

Remark 2.1. Every set S-closed relative to a space X is not necessarily 
an S-closed subspace of X, even if it is closed in X, as the following example 
shows.

Example 2.1. Let R be the set of real numbers, T the topology of coun
table complements of R and N the set of positive integers. Then N is S-closed 
relative to (R , T) and closed in (R , T), but not an S-closed subspace.

(*) Nella seduta delFii febbraio 1978.
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D efin itio n  2.2. A subset S of a space X is called an a-set [2] if 
S c  Intx (Clx (Intx (S))).

Remark 2.2. Every open set is an a-set and every a-set is semi-open. 
Howevei, the converse implications are not necessarily true, as the following 
examples show. In [2], O. Njâstad called semi-open sets ß-sets.

Example 2.2. Let R be the set of real numbers with the usual topology. 
Then ( 0 , 1 ]  is a semi-open set of R, but not an a-set.

Example 2.3. Let X =  {a , b , c} and T =  {0 , {a} , {a , c} , X}. Then 
{a , b} is an a-set, but not open in (X , T).

V. Pipitone and G. Russo [5] showed that the intersection of A G SO (X) 
and V e SO (X) is not necessarily semi-open in the subspace A, however it 
is true if A is open in X [5, Teorema 2.2]. The following lemma is a slight 
improvement of this result.

Lemma 2.1. I f  A  is an on-set of a space X and  V g SO (X), then 
A n  V e SO (A).

Proof. Since A is an a-set of X and V e SO (X) , A D V e  SO (X) 
[2, Proposition 1] and hence A D V  G SO (A) [1, Theorem 6].

3. S-CLOSED SUBSPACES

Theorem 3.1. A n  on-set A of a space X is an S-closed subspace i f  
and only i f  it  is S-closed relative to X.

Proof. Necessity. Let {Va | a e V} be a cover of A and Va e SO (X) for 
each a G V. Since A is an a-set, by Lemma 2.1 A O  Va G SO (A) for each a G V. 
Since A is S-closed, there exists a finite subfamily V0 of V such that A =  
=  U {C1A (A O Va) I a G Vo}. Therefore, we have A c U  {Clx (Va) | a G V0}. 
This shows that A  is S-closed relative to X.

Strong sufficiency. Suppose that A G SO (X) and A is S-closed relative 
to X. Let {Va I a G V} be a cover of A and Va G SO (A) for each a G V. Then, 
we have Va G SO (X) for each a G V [3, Theorem 1]. Therefore, there exists 
a  finite subfamily V0 of V such that A c= U {Clx (Va) | a G V0}. Thus, we 
obtain A =  U {C1A (Va) | a e V0}. This shows that A is S-closed.

Theorem 3.2, Let A  and  X 0 be subsets of a space X such that A c X 0c X  
and  X 0 is an on-set. Then A is S- closed relative to the subs pace X 0 i f  and only 
i f  A is S-closed relative to X.

Proof. Necessity. Let {Va | a g V} be a cover of A and Va g SO (X) for 
each a e  V. Then, by Lemma 2.1 X 0 D Va G SO (X0) for each aG V  and 
A c  U {X0D Va I on G V}. Since A is S-closed relative to X 0, there exists a 
finite subfamily V0 of V such that A c  U {Clx0 (X0 O Va) | a G V0}. Therefore 
we have A c U  {Clx (Va) | a  G V0}. This shows that A is S-closed relative to X.
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Strong sufficiency. Let X0 be a semi-open set of X. Suppose that {Va | a e V} 
is a cover of A and Va G SO (X0) for each a G V. Then, we have Va G SO (X) 
for each a G V [3, Theorem 1]. Since A is S-closed relative to X, there exists 
a finite subfamily V0 of V such that A c  U{Clx(Va) |aG V 0}. Therefore, we 
obtain A c  U {Clx0(Va) | a G V0}. This shows that A is S-closed relative to X 0.

Corollary 3.1. Let A and X 0 be open sets of a space X such that A c= X 0. 
Then A  is an S-closed subspace of X 0 i f  and only i f  A  is an S-closed subs pace of X.

Proof. This follows from Theorem 3.1 and Theorem 3.2.

Theorem 3.3. Let A  and  B be subsets of a space X. I f  A  is S-closed rela
tive to X and  B is regular open in  X, then A D B is S-closed relative to X.

Proof. Let {Va | a G V} be a cover of A fi B and Va G SO (X) for each 
a G V. Since X — B is regular closed, we have X — B G SO (X) and

A c  [U  {Va I a G V}] U (X — B) .

Since A is S-closed relative to X, there exists a finite subfamily VQ of V such 
that A c  [U  {Clx (Va) I a G V0}] U (X — B). Therefore, we obtain A f i B U  
U {Clx (V«) I a G V0}. This shows that A n  B is S-closed relative to X.

COROLLARY 3.2. I f  X is an S-closed space and A  is a regular open set 
of X, then A  is an S-closed sub space of X.

Proof. This follows from Theorem 3.1 and Theorem 3.3.

Corollary 3.3. Let A  be a. set S-closed relative to a space X and  B a 
regular open set of X. Then, we have

(1) A n B  is S-closed relative to B.
(2) B is S-closed relative to X i f  B c: A.
(3) Intx (A) is S-closed relative to X  i f  A  is closed in  X.

Proof. These follow from Theorem 3.2 and Theorem 3.3.

Corollary 3.4. I f  A  is an S-closed open subspace of a space X and B 
is a regular open set of X, then A D B is an S-closed subspace of X (hence A  
and  B).

Proof. This follows from Theorem 3.1, Theorem 3.3 and Corollary 3.1.

Theorem 3.4. I f  A  is S-closed relative to a space X, then Clx (A) and 
Intx (Clx (A)) are S-closed relative to X.

Proof. Let Y  =  {Va | a G V} be a cover of Clx (A) and Va G SO (X) for 
each a g V. Then, Y  is a cover of A and A is S-closed relative to X. Therefore, 
there exists a finite subfamily V0 of V such that A c  U {Clx (Va) | a G V0}. 
Thus we have Clx (A) c= U {Clx (Va) ] a G V0}. This shows that Clx (A) is 
S-closed relative to X. Moreover, Intx (Clx (A)) is regular open in X and 
hence, by Theorem 3.3 In tx (Clx (A)) is S-closed relative to X.



Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LXIV -  febbraio 19781 6 0

Corollary 3.5. I f  A is S-closed relative to a space X, then Intx(Clx(A)) 
is an S-closed subspace of X .

Proof. This follows from Theorem 3.1 and Theorem 3.4.

Theorem 3.5. I f  A is an S-closed open subspace of a space X, then Clx (A) 
is an S-closed subspace of X.

Proof. Let P  — {Va | a e V} be a cover of Clx (A) and Va e SO (C1X(A)) 
for each a G V. Since A is open in X, we have Clx (A) € SO (X) and hence 
Va G SO (X) for each a e  V [3, Theorem 1]. Since A is open and S-closed, 
by Theorem 3.1 A is S-closed relative to X and P  is a cover of A. Therefore 
there exists a finite subfamily V0 of V such that A c: U {Clx (Va) | a e V0}. 
Thus, we have

Clx (A) =  U {Clx (Va) n  Clx (A) I a 6 V0} =  U {C1c ,x(a) (V.) | a 6 V0) .

This shows that Clx (A) is an S-closed subspace of X.

Theorem 3.6. I f  A 1 and  A2 are sets S-closed relative to a space X, then 
A1U A 2 is S-closed relative to X.

Proof. Let P  == (Va | a g V} be a cover of Ax U A2 and Va g SO (X) for 
each a e  V. Then P  is a semi-open cover of A^ for i — 1, 2.  Therefore, there 
exists a finite subfamily V$ of V such that A i a  U {Clx (Va) | a g V J. Thus, 
we have

Ax U Â2 c: U {Clx (Va) I a e VfU V J .

This shows that AXUA2 is S-closed relative to X.

THEOREM 3.7. Let X be an S-closed space and A a closed set of X. I f  the 
frontier Fr (A) of A is S-closed relative to X, then A is S-closed relative to X.

Proof. Since A is closed in X, Intx (A) is regular open and hence by 
Theorem 3.3 it is S-closed relative to X. Therefore, by Theorem 3.6 A =  
=  Intx (A) U Fr (A) is S-closed relative to X.

4. Locally S -closed spaces

Definition 4.1. A space X is said to be locally S-closed if each point 
of X has an open neighborhood which is an S-closed subspace of X.

It is obvious that every S-closed space is locally S-closed space. Howe
ver, the converse is not true as the following example shows.

Example 4.1. An infinite discrete space is locally S-closed but not 
S-closed.

The space (R , F) in Example 2.1 is S-closed and hence locally S-closed 
but not locally compact. Therefore, every S-closed space is not necessarily 
locally compact. However, since S-closed regular space is compact [4, Lemma 
1.4], every locally S-closed regular space is locally compact.
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Theorem 4.1. For a space X the following are equivalent'.

(1) X is locally S-closed.

(2) Each point o f X has an open neighborhood which is S-closed relative
to X.

(3) Each point of X has an open neighborhood V such that Clx (V) is 
S- closed relative to X.

(4) Each point of X has an open neighborhood V such that Intx(Clx(V)) 
is S-closed relative to X.

(5) Each point of X has an open neighborhood V such that In tx (Clx(V)) 
is an S-closed subs pace of X.

Proof. It follows from Theorem 3.1 that (1) implies (2) and (4) implies 
(5). By Theorem 3.4, (2) implies (3). By Theorem 3.3, (3) implies (4). It is 
obvious that (5) implies (1).

THEOREM 4.2. I f  X is a locally S-closed space and A is a regular open 
set of X, then A is locally S-closed.

Proof. Since X is locally S-closed, by Theorem 4.1 for each x e A  there 
exists an open neighborhood V of ^  such that V is S-closed relative to X. 
Since A is regular open in X, by Corollary 3.3 A O V is S-closed relative to A. 
Since V fi A is an open neighborhood of at in A, by Theorem 4.1 A is locally 
S-closed.

Theorem 4.3. A  space X is locally S-closed i f  and only i f  fo r  each i g X  
there exists an open set A of X such that x  € A and  A is locally S-closed.

Proof. Necessity. The proof is obvious.

Sufficiency. Let a t  be any point of X. Then, there exists an open set A 
such that x  6 A and A is locally S-closed. Thus, there exists an open neigh
borhood V of pr in A which is an S-closed subspace of A. Since A is open in 
X , V is open in X and hence by Corollary 3.1 V is an^S-closed subspace of X. 
This shows that X is locally S-closed.

THEOREM 4.4. I f  X is a locally S-closed space and f  : X —► Y is an open 
and continuous surjection, then Y  is locally S-closed.

Proof. For each y e  Y, there exists x e X  such that f ( x )  =  y .  Since^X 
is locally S-closed, by Theorem 4.1 there exists an open neighborhood U of at 
which is S-closed relative to X. Since /  is open and continuous, / ( U) is an 
open neighborhood of y  and S-closed relative to Y [4, Theorem 2.1]. Therefore, 
by Theorem 4.1 Y is locally S-closed.

T heorem  4.5. Let {Xa | a e V} be any fam ily  of spaces. I f  the product 
space n X« is locally S-closed, then Xa is locally S-closed fo r  each a e V.

aeV
Proof. The natural projection is an open and continuous surjection. 

Therefore, this follows immediately from Theorem 4.4.
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