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Analisi matematica. — 4 wnilateral problem for a non linear
vibrating string equation. Nota ® del Corrisp. Luicr AMERIO ¢9.

R1ASSUNTO. — Si studia il moto di una corda vibrante, sotto Pazione di una forza esterna
funzione deil’ascissa, del tempo e dello spostamento, nell’ipotesi che la corda sia vincolata
a vibrare tra due ostacoli puntiformi, G, = (A (#), & (¢)) e Gy, = (A (), B (2)), mobili, nel piano
(¥, ), con legge largamente arbitraria. La soluzione viene ricondotta a quella di un probdlema
elementare, che si risolve col metodo delle approssimazioni successive.

1. INTRODUCTION

Consider the following, non-linear, vibrating string equation, in the cha-
racteristic form (and in the sense of distributions):

(r.1) Yo =SCE,m,3)=f(P,9),

where £ = (x +2) 278, 0= (—x +8274 In (1.1) 2f(P,») denotes the
external force, y = y (P) is the displacement from the x axis, #>> o is the time.
We assume that the string, at rest, is placed on the x axis.

The aim of the present paper is to generalise to (1.1) the results recently
obtained [1] when the external force does not depend on the displacement.
We consider, as in [1], the following wnilateral problem. Assume that the free
vibration of the string, in the (x, y) plane, is impeded, from below and from
above, by @ pair of point-shaped obstacles, G; = (\ () , « (?)) and G, = SOF
B (#), arbitrarily moving and through which the string is obliged to pass.
We assume that « (#), p (£)e C° (0" + oo) and that A (¢) satisfies only the
Lipschitz condition |2’ ()| <1 a.e., never being A’ (/) = 4- 1 on an interval:
therefore the longitudinal velocity of the obstacles cannct be greater than
the velocity of a wave traveling in the string, and the equality does not hold
on an interval. We can also treat the simpler case of one point-shaped obstacle
(that is a () = — oo, or B (¥) = + o0) [2].

The problem considered has the following analytical interpretation. We
consider, in the (x,#) plane, a line A, x = A (®), and we impose that the
displacement y (x,7) satisfies the following pair of wnilateral conditions:

(1.2) )=y (@, H=<BE®) (¢=o0).

(*) Presentata nella seduta del 14 gennaio 1978.
(*¥) Istituto matematico del Politecnico di Milano.
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Let us observe that, as it is classical in Meckanics, such a problem can
be reduced to a free problem by introducing the reaction of the obstacle, which
is an unknown distribution J. The displacement y (x, #) will therefore satisfy,

Qo
on the interior Z of its domain L of existence (see fig. 3), the equation

(1.3) yan=f®,»n+7.

Assume now that the displacement y (P)e C°(Z) and that, correspond-
ingly, 7 (P, (P))e L (Z) (this occurs, for instance, if conditions d), at
§ 4, hold). Denote moreover by z (P) the solution, €C®(Z), of the linear
equation

(1.4) zg =F (P, ¥ (P))

which has the same initial and boundary values as y (P). Then, by (1.3)
and (1.4),

(rs)  J=

92
3E

@) —2@)=Te (TF) =yEP)—2z(P),

that is the reaction of the obstacle coincides with the mixed second derivative of
a function I' (P)e C°(Z), with #nu// initial and boundary values. By (1.3),
(1.4) and (1.3), the unknown functions, z (P) and T (P), satisfy the equation

(1.6) zgn =S (P,2(P) + T'(P)).

Moreover, the nature of the problem zmposes that:

(1.7) supp J = supp I'y, € A .

Therefore the function I'(P) satisfies the homogeneouns vibrating string equation

(1.8) Iy =o0 on the whole of Z—A.

Other conditions (all of clear physical meaning) have to be added to (1.6)
and (1.7) in order to prove the existence and the uniqueness of the functions
2z (P) and T (P) (cfr. § 4).

It is essential, to this aim, to solve an elementary problem, which we shall
call mpp problem and which generalizes T, problem solved in [1].

2. PROPERTIES OF THE SOLUTION OF T3 PROBLEM

Let us recall, firstly, the definition of m,g prodlem. '
Let us consider, in the (£, ) plane, the rectangle R = oLNH =
={0<E{</,0<mn <4} and let A be a line of equation

(2.1) n=g &) (0=8=7),

where g (&) is a continuous, strictly increasing function, g (0) = o,g () = k.
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Let moreover « (P), B (P) be two comtinuous functions defined on A
and such that

(2.2) «cP)=BP® , 2@ =<0=g().

Then m,g problem consists in finding a function I' (P),Pe R, whick

satisfies the following conditions (where ¢ = oL UOH):

1) I'(P)eC*(R),

2) I'Pls=o0 (homogeneous Darboux forward condition),

D a@® <T@ <EP® VPeA,

4) supp Ty = {Pe A: T (P) =« (P) or T'(P) =B (P)},

) Tey =0 on every arc A' < R where T P)Y<p®P), gy, <0 on
cvery arc A S A where T (P) >« (P).

"y, ¢=0L UOH
h N
R
P rt
o
Py P
L
o] a £ &
Fig. 1.

It is obvious, by 4), that T, satisfies (1.8) on the open set

o

R—suppF5n21$—A~

It has been proved, in [1], that m,s problem admits one and only one
solution, T'(P) = [us (P). Denoting moreover by Qg (P) = Iy (P) |5 the
trace of Ty (P) on A, we have (by 2.19 of [1])

(2.3) T (P) = Qu (P)) VPeR

where Py is, on A, the maximum point <P (ﬁg I).
Let us now prove the following properties of T (P).

I) Let T' (P) = Top (P) be the solution of Tup problem and let (x (P) , B, (P))
be a pair of functions such that

(2.4) cP)<aP)ST@ <@ =BE  VPeA.
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Then 1" (P) coincides with the solution Ty (P) of w4, problem:
(2.5) I'(P) = Tog (P) = Tuyp, (P) = Iy, (P) (= Tp (P) = I'rp (P)) .

It is obvious that I'(P) satisfies the two first conditions characterizing
the solution T, (P):

) F@PeC®, 2) 'P)l=o.
It follows moreover from (z.4):
3) @) =T@® =@ VPe A.

Assume now that PyesuppI'z,. Then we have I'(Py) = « (P,), or
' (Py) = B (Py): assume I' (Py) = « (Py).

It follows TI'(Py) = o (Py), as a (Py) < oy (Pg) < T (Py).

This implies the inclusion: :

{PeA:T®P)=aP)or '(P) =8P} <
cs{Pe A:TP)=0,(P) or I'(P) =B, (P)}.
Therefore I' (P) satisfies the condition:
4,) supp ey {Pe A:T(P)= o, (P) or I'(P) =B, (P)}.

Assume lastly that it is I'(P) < 8, (P) on an are Ajc 1°X; it follows
I['(P) <B(P) on A;. Hence we have by 5):

5) Dgy =0 on every arc A A where T P) <8:(P),

Ty, <0 on every arc Al A where T (P) > o, (P) and the thesis
is proved.

1) (Theorem of monotonic dependence). Let T (P) and T, (P) be the
solutions of T and we, problems. Then, if u' is

(2.6) B, (P) =>B(P) VPeA,
we have also
(2.7) I'y(P) =T (P) vPe A.
If T, (P) denotes the solution of my,p problem, then
2.8) % (P) <a(P)=T,(P) <T (P).
Assume that (2.6) holds and that there exists Ce A such that

I, (C) < I'(C). As Ij(0)=1TI(0) =0, there exists an arc A"C < A such
that Iy (P) < I'(P) for A<P<ZC, and I'(A) =T'(A). We have therefore
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Iy (P) < 8 (P) < B, (P). This implies, by conditions 2) and 5), that the func-
tion T} (P) is increasing on A” C (cfr. (2.4) and (2.7) of [1]): therefore

(2.9) L@ =T(Q VA<Q<P<C.

Fig. 2.

Moreover, since I' (P) > Iy (P) = « (P), I' (P) is a decreasing function
on A" C:

(2.10) r®<r@Q VvVA<Q<P<<C.

Hence, by (2.9) and (2.10):
ro=ra=rnun=naoQ,

which is absurd.

Let us observe that, by I and II, tke function T, (P), solution of w.s, pro-
blem, gives also the solution of wrp, problem: in fact

a(PY<I'P)<I(P) <L (P).

We shall denote, in what follows, by || - || and by || - |[» the maximum
norm; for the spaces C° (R) and C°(A). It is then obvious, by (2.3), that #e
solution Ty (P) of mag and its trace on A, Qug (P), have the same norm:

(2.11) | Tag | = | Qap lla = [[ Tog [la -

III) Let T (P) and Iy (P) be the solutions of T, and Tug, problems. Then,
if it s

(2.12) B(P) <P (P) vPe A,
it 7s also
(2.13) 10, —Tl0<lB—PBla-

Assume the contrary, that is (by (2.11))

(2.14) I, —C =T —Dla> B —Blla-
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Let K be the closed set of the points Pe A such that T, (P) —T P) =
=|[ I} —T'{|. LetC be the minimum point of K: we have T, (C) — I" ) =
=] If—TI{ >0, =C>o0 (since I),(0) = I'(0) = 0). It is moreover

(2.15) o<IN®P) —TI'(P) <Iy(C)—TI©) for o <P <C.
Let us denote by T and by Ty the closed sets = A such that
PP)=TIi®)onT , TP =) on Tg.

Obviously, C¢ T (since I, (C) > I' (C)); moreover, C ¢ Ty (as Ce Ty =0 <
=HLO—TO=0LQ—BO=OC —BO<p—Blr<IITy —T.

We have therefore, necessarily,
I'iC) <B(© and T, (C) >TI().
There exists then an arc A" C < A, wiht 0 <A < C, such that

(P)<B®) and T,(P)>T(P) VPeA C.

Therefore I' (P) is an increasing function, on A” C; conversely the function
I'y (P) is decreasing (as, by (2.5), T, (P)= I'rg,). It follows, YPe A" C,

L@ —I'®=L0-—-T0),

contrary to (2.15). Hence (2.14) is absurd.

One proves, in the same way, with reference to the solutions T (P) (md
' (P) of o, 5 and g probdlems, that

(2.16) o (P) So(P) 2Ty — Tl <floy —afls .
We prove now the conclusive statement.

IN) (Theorem of Lipschitz-continuous dependence). Let T' (P) and T (P)
be the solutions of T and To, g, problems, with arbitrary pairs (o, B) and (aq 5 By

We have then

(2.17) IO —Tl<z2{ley—olla + 1B —Bla}.
Setting, on the whole of A,

(2.18) & (P) = min {« (P), o, (P)} , B (P) = max {§ (P), B, (P)}.

we can consider, toghether with 7,5 and Tayp,, the problems m,s, 74
and the corresponding solutions. It follows from (2.18)

’ Tc&,ﬂ]

&) <aP), o0 (P) ; [P =B(P),E(P).
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Hence, by (2.12), (2.13), (2.16) and by (2.18),
[T —Ty | = Tag — Loy, I| <
<l Tap — Lol + I Top — Tagll + I Tap — Tap, | + 1| Pap; — Lo, | <
<UB—PBlla +lhae—als +1B—Bls +1&—wmls <
Sz2{la—alla -1 —Blla},

which proves (2.17).
Let us observe that (2.17) kolds even with reference to other equivalent
norms; in particular for the norms

IT| = max [$ @) (B)| IIFIIX=m§Xl3(P)F(P)I,

where & (P), Pe R, is a strictly positive, continnous and decreasing function.

Let, in fact, Rp = {Q : 0 < Q < P} be the rectangle € R with maximum
vertex P and let Ap be the part of A with ends o and P,: we have, by (2.3)
and (2.17),

1T —Tlre < 2 {lots —oatllap + 1 Be—Pllag) -
Hence, VP& R,
@)@ T @) | <2 @) Iy —allay T3P B—Bllagt <
<z{loy—ally + 118 —BlUh} <2 {lew—olls +lIB—BIA},
(2.19) IT,—Tf <2 {loy—als 418 —8la}-

Observation. — We can generalise, as in [1], T problem, by substituting
homogeneons forward condition 2) by an arbitrary forward condition:

2) PPl =% (@),
where o (P)e C0 (o) and satisfies only the (necessary) inequalities:
(2.20) 2 (0) <G (0) <B(0)-
Setting P = {£,4}, P’ = {£, 0}, P”" = {o,n}, the function
(2.21) L@ =L @) +6EP")—L ()

gives the solution of Darboux problem, for the homogeneous equation g, = o,
with the forward condition:

(2.22) LY o = G (P).

Then the generalised . problem, with conditions 1), 2"), 3), 4), 5), has
one and only one solution:

(2.23) Tp (B) =L (®) +T (D).
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In (2.23) T (P) coincides with the solution Tzt of the Ty_z,p_ ¢ problem
with homogeneous forward condition (we calculate therefore I' (P) by imposing
1),2), -, 5), where o (P) and £ (P) are substituted by « (P) — T (P) and
by 8 (P) — L (P)).

Fix now the function Co(P) and consider two arbitrary pairs (@, By), (%9, Ba),
with

2, (0) , %, (0) < L (0) < B (0), B2 (0).

It follow then from (2.19) and (2.23), for the corresponding solutions
Loy, (P) and Ty,p, (P) (with Typ, o = Tagg, o = Co):

I Taypy — Dagen Il = 1l Toy ¢ — Taptipoz ' <

(2.24) ' '
<2 {loy—alls + 18 —Balla}-

3. Tjsp PROBLEM

Let f&,m,y)=f(®P,») be a function defined in the cylinder
{Pe R, —o00 <y < 4 oo}, Assume that

(3.1 F(P,0e M (R)
and that f (P ,y) is a Lipschitz-continuons function of y, that is
(3.2) If(P,2)—FfPL,») | <Kl|ym—mn]|,

where the constant K does not depend on P,y,,,.

Taken an arbitrary function g, (P)e C° (o), let L (P) = o (P") +Eo (P'") —
~— o (0) be the solution of Darboux problem for the homogeneous equation
Cen = 0, with 'the forward condition § (P) |, = &, (P).

Let us consider now, on R, the zntegral nonlinear equation (of Volterra
type):

(3.3) y(P)=C(P)+Jf(Q,y(Q>)dQ Re={0=Q=<PF}).

Rp

As it is known, it follows from (3.1) and (3.2) that (3.3) admits one
and only one solution y (P)e C°(R). Moreover, y (P) coincides with the solu-

tion (in the sense of distributions € D' (1%)) of Darboux problem for the equation
(3'4‘) y&ﬂ = f(P)y>:

satisfying the forward condition

(3.5) y®) =% ().
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We define now Ty problem. Let us arbitrarily assign the functions

2, (P), Ty (P)e C (o)

.6
30 «(P), B (P)e CO(A),
with
3.7 % (0) < 2(0) + T (0) < B (0) .

Then 7sp problem consists in determining a pair of functions, z (P) and
T'(P), suck thas:

D #®),T(P)eC®),
I 2@ |e=2® , T®IL=T®),
) a(P)<z(®) + (@) <B®@ VPeA,
IV) sg=f(P,2(F)+T(P) on R,
V) supp I'yy < {PeA:T'(P) +2(P)=a(P) or I'(P)+2(P)=B(P)},
VI) Ty =0 on every arc A< ./:X where I'(P) +2(P) <p (@),
ey <o on every arc NN A where T'(P)+2(P)>a(P).

Let us observe that, by V), I (P) satisfies, on R — A, the equation Iy, = o,
Setting then ' ‘

(3.8) y(®)==2(F®)+I'(P),

it follows from IV) that y (P) satisfies, on R — A, the equation ye, = f (P, »)
(cfr. §1). '

We prove now that mg problem admits one and only one solution. As
we shall see, this can be proved by using classical Banach contraction theorem
(hence, we can calculate the solution by successive approximations method).

Let us take, firstly, an arbitrary function I' (P)e C°(R) satisfying the
condition

F®) =T, (P).

Setting afterwards {(P) = 2, (P") + 2, (P"") — 2, (0), we solve the integral
equation

Go)  s®=(@®+[/Q, @ +T@Q  (PeR

(which is possible, by (3.1) and (3.2)). Observe that the solution z (P) is, ¥
fixed P, a functional of the restriction of I to the rectangle Rp; moreover

(3.Il0) : 2(P) s =2,(P).
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Let lastly A(P) be the solution of the generalised =,_;, g_, problem, with
the condition

(3.11) A(P) | =T, (P).
We have defined, in such a way, a functional transformation
(3.12) A= F (D),

on the closed and convex set % consituted by all functions ¢ (P)e C°(R),
such that

¢ (P) o= Lo (P).

Let us prove now that tke transformation ¥ is a contraction, in ¥, assu-
ming CO(R) endowed with the norm

(3.13) @ = max [P o E, 0 |,
where
(3.14) o=const. > 5K (ema Ki(¢*—K) < 1).

Taken I') and I',€ %, we have, by (3.2) and (3.9), for the corresponding
solutions 2z and z,:

Izl(P)__‘ZZ(P)]SKf{IZl(Q)—ZZ(Q>l +IT Q) — T ()13 dQ.

Setting Q = (u, v), it follows from (3.13), VP = (£, n)e R,

PG ’31 (P) — 2 (P) ] < Kfe—p(i—u)—P(n—v) {e—p(u+V) lzl (Q) — 2y (Q) l -+
Rp

4+ e Q) — T (@) [} dpdv <
< —PK— (loi—all + 1 Ty— T4},
NP 95 s —zl + 1Ty — Ty} .

Since, by (3.14), K < ¢?, we obtain the inequality:

p K ,
(3.15) |2, — 2 |l Sﬁ”rl_nz“y

where, by (3.14), K/(¢*—K) < 1.
Let us calculate now the norm of Ay — A;. Setting
u=a—z , kh=p—2z,
Oy = & — 3y ' Ba ='B““_32»

2. — RENDICONTI 1978, vol. LXIV, fasc. 1.
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we have, by (2.24) and by (3.15),

4K :
(3.16) 14 =M1 <4lls—al =g I =T

and the thesis follows from (3.14).

There exists therefore (by Banach theorem) ome and only one function
T'(P)e U such that T' = F (T'). The corvesponding pair (z(P), I (P)) gives
then the wunique solution of Tup problem.

4. SOLUTION OF THE MECHANICAL PROBLEM

We apply now the preceding results in order to solve the problem described
at § 1. Let us consider equation (1.1) in a domain Z of the (x , #) plane, defined
by the inequalities:

(4.1) t=zo , pO=x=<g0,

where p (¥) and ¢ (¢) satisfy Lipschitz conditions, and p (#) <g¢ (¥),Vz. We
assume moreover |2 ()| <1,|¢ (#)| <1 ae., never being p () = 41,
or ¢ ({) = 41, on an interval: therefore we exclude that the boundary
lines, 6,={x = p(#)} and o, = {x = ¢(¢)}, contain any characteristic segment.

t

—p

o P(O) Py a(0) X

Fig. 3.

Suppose that there are assigned the Cawchy initial conditions:

4.2) .fV(x»O)=(P<x>’yt(xs0):"I’(x)’@<o>§x39(o>)’
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and the boundary ?ondz‘tz‘ons:»
(4.3) y@@®,D=A®.y@®.H=BE (¢=o0).

Consider now a /ine A< Z , x = A (#), where A (¢) satisfies the same type
of conditions as p (¢) and ¢ (¥) and it is

(4-4) PBO<AO<g@® (=0
The Jdata are supposed to sétisfy the following hypotheses:
a) ¢ @), b@eLl (p©) ¢,
& A@®,B@eC (0 +o0), AW =9(©), B =90,
o a(F),BE)eCOA), aPy=e@(©) <Py,
d) f(P,o0el*{(Zy) VT >=o,
| f Py —f(Poy) | <Krlya—m|  Von,y and VPeZr.

Ind)Zr={0<¢t<T,p@) <x <g@®}; Kr is a constant depending
only on T. Observe moreover that, by d):

7 (P), 3 (P)e C®(Zn) = (f (P, 3. (P)) ¥f (P, 7 (P)eLl”(Zn),

yP)eCOZn)=f®,y®)=/(F,0)+(f(F,y®)—
—f(P,o)elt(Zy).

(4.5)

Let now W be the set of all functions w (P) such that:
i) w®P)eC @), »
i) wg(P),w, (P),we (P)e LI (T,UTY).

In such hypotheses the free problem for (1.1), with the initial and boundary
conditions (42) and (4.3), has one, and only one, solution y (x,2)e W. We
may obtain y (x, #) by a classical scheme: we solve, firstly, a Cauchy problem
in T; and in T,; we solve, afterwards, Darboux and Goursat problems in
S1,5:,R;,S;,84, Ry ,---. The solutions of these problems coincide with
those of nonlinear integral equations (of Volterra type) for which existence
and uniqueness are guaranteed by hypotheses &).

Let us.consider now ke problem with obstacles. Bearing in mind the descrip-
tion given at § 1, the initial and boundary conditions, and sezf/ng

46) y(®)=2(P) + T (P),

we are brought to solve the following analytical problem: find z (P) and T' (P)
such that : :
1) e(®) and T (P)eW,

Ja z2(x,0)=¢e® , 5x,0)=¢@) @@ =x=g()),
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2@, 0=A0® , 2¢@®,H=8B¢ (¢=o0)),

F'x,0)=o0 , Ti(x,0)=o0 (@) <x<g()),
'@ ,0)=o0 y» Tg@®,H=o0 (t=o),
Jo) a«(P)=zP)+T @) <p(® . vPe A,

7 s =f®,z®)+T®) o Z,

Js) supp Ten={Pe A:T'(P) +2(P) = «(P) or I'(P) 4 2(P)= B(P)},

7o Te=o0 on every arc A'ci’xo such that z(P) 4 T'(P) < B (P),
Pegy <o on every arc A"c A such that z(P) + T (P) > a(P).

It is obvious that, if IT' (P) and z(P);satisfy J1) sy Js), then y (P) =
=z (P) 4+ I' (P) gives a solution of our problem.

Let us prove now that tke pair (2 (P),I' (P)) exists and s unique.

We have in fact, by the third and by the-fourth of 7,) (and solving the
corresponding Cauchy and Goursat problems on T;,T, and on S,,S,),
I'P) =00onT,UT,US5,US,. We calculate now z (P), on the same domain,
by solving the same problems for the equation 2z, = f (P, 2), where the
initial and boundary values are given by the first and by the second of j,).
Therefore, as it is obvious, the solution y (P) and that of the free problem
coincide on T;UT,US, US,.

Observe now that I'(P) and 2 (P) are known on the lower edges P, N,
and Py H; of Ry;. Hence we obtain I' (P) and 2 (P) on the whole of R, by solving
a Tysa problem. We obtain then I' (P) on S; by solving a Goursat problem
for the equation I'z, = o; we can calculate afterwards z (P), on S;, by solving
the same problem for the equation 2z, = f (P ,2(P) + T'(P)). In the same
way we obtain I'(P) and 2 (P) on S,, by solving Darboux and Goursat
problems We shall calculate then I' (P) -and 2z (P) in the rectangle R.2 by sol-
ving a wy, problem and so on.

Our problem has been therefore solved. More generally, we can deter-
mine the motion of the string in presence of more obstacles of the type consi-
dered before. One assumes now that the domain Z contains » Zznes A;, x =
=N (2), where p(H) <M () <--- <A, (¥) <g (@); the dlsplacement ¥ (P)
must satisfy, correspondingly, cona’ztwm of the type

u@)<y@)<EE) (Pe iy

It may be, for some j, o; = — o0, or B; = + oo: in this, more simple, case
we have a point-shaped obstacle.
For these problems, existence and wuniqueness theorvem holds.
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