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Equazioni differenziali ordinarie. —  On the eventual asymptotic 
behaviour o f perturbed functional differential equations. N ota di O lu - 
s o l a  A k i n y e l e ,  presen ta ta  <*> dal Socio G. S a n s o n e .

R iassunto. — L’Autore dà condizioni necessarie e sufficienti per la stabilità even
tuale uniformemente asintotica di un sistema funzionale di equazioni differenziali. Si studiano 
effetti delle perturbazioni generali sull’eventuale comportamento asintotico dell’insieme 9 =  0.

§ i .  I n t r o d u c t io n  

Consider a system of ordinary differential equations of the form

co  f y = / ( * » * )  . x ( t 0) = x 0 ,

where f e  C (R+ X Rn, Rn) and C (R+ X Rw, Rn) is the space of continuous 
functions with domain R+ x R w and range Rn; and the perturbed system

Ó.X
( 2 )  , —  = f ( t )X) +  R ( t , x )  , x ( t 0) =  x 0 ,

where / ,  R e C (R+ X Rw, Rn).
In our earlier work [1], we discussed a more general type of necessary 

conditions for the set x  — o of (1) to be eventually uniformly asymptotically 
stable and obtained some more general conditions on the term R ( t , x) of (2) 
to ensure that the eventual uniform asymptotic stability property of the set 
x  =  o of (1) will also be a property of the set x  — o of (2).

In this paper, we wish to extend to functional differential equations our 
results in [1] obtained for ordinary differential equations. We shall consider, 
instead of the ordinary differential equations (1) and (2) the functional dif
ferential system

✓ v dx -,  N
(3) ~ à f = f  (*>**>

and the perturbed functional differential system

r\r
(4) -fa  = f ( t ,  x t) +  R ( t , x t) .

(*) Nella seduta del 14 gennaio 1978.



O lu so la  A kinyele, On the eventual asymptotic behaviour, ecc. 39

Here, for any t  >  o , =  C ([—■ t  , o] , Rn) denotes the space of continuous
functions with domain [— t  , o] and range in Rn, with the norm of an element 
(j> e ^ n defined by ]| <j> )|0 — max || cj> (s) || .

_T<S<0
x t is an element of n defined by x t (s) =  x ( t - \ - s ) f — t  <  s <  o and 

for p >  o , Cp =  [<f> e : || cj> ||0 <  p]. Also we assume that / ,  R e C (R+ xC p, Rn) 
where C (R+ X Cp, Rn) denotes the space of continuous functions with domain 
R + xC p and range in Kn. In section 2, we shall be concerned with the 
problem of obtaining necessary and sufficient conditions for the set (j> =  o 
to be eventually uniformly asymptotically stable with respect to the system 
(3). In section 3, we apply our results of section 2 to study the perturbed 
system (4) under a more general type of conditions on the perturbation term 
R ( t , x t) which ensures that the eventual uniform asymptotic stability property 
of the set § =  o of (3) is inherited by the set <j> =  o of (4).

§ 2. Main  results

The following are the definitions which we need in this paper.

D e fin it io n  2.1. A function x ( t0 , <j>0) is said to be a solution of (3) with 
the given initial function (j>0 e Cp at t =  t0 >  o if there exists a number A >  o 
such that (i) x  (t0 , <J>0) is defined and continuous on \t0 — t  , t0 +  A] and 
x t Oo , $0) e  Cp for A) <  t  <  t0 +  A; (ii) x tQ (t0 , ^0) =  >̂0 ; (iii) the derivative 
x  (to ) ^0) at t > x ' (4  > ^0) 00 exists for t  e [t0 , t0 +  A) and satisfies the system 
(3) for t e  [/0 , to +  A).

D efinition 2.2. The set § =  o is said to be eventually uniformly stable 
with respect to the system (3) if for every e >  o, there exists a S =  S (s) >  o 
and t 0 — t 0 (s) >  o such that

II x % (to , (j>o) II <  £ , t >  to >  T0 ,

provided |] (j>0 ||0 <  S, where x t (t0 , >̂u) is the solution of the system (3).

D efinition 2.3. The set <j> =  o is eventually uniformly asymptotically 
stable if Definition 2.2 holds and there exists positive number T =  T (s) such 
that II <|)0 Ho <  8 implies

II Xt (to , <i>o) II <  s', t >  to +  T

for to >  t 0 .
In what follows the classes«^*, ££ and J f  X a r e  the classes of functions 

defined in § 2 of [1]. We now state a number of results that give us the set 
of conditions necessary for the eventual uniform asymptotic stability of the 
system (3).

T heorem  2.4. Assume that there exist a functiona lV ( t , <j>) and a function  
g  ( t , u) satisfying the following properties
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(i) V e G (R+ X Cp , R+) and fo r  t  >  t0,

D+ V ( t , x t (tQ , <j>0)) =  lim sup h -1 [V (t +  h , x M  (t0 , (j)0)) —
Â-*0+

<j>0))] <  g  ( t , v  ( t , x t (#0 , «J*«)) ;

fo r  every cj> G Cp such that o <  a <  || <j>0 ||0 <  p t  >  0 (a);

(ii) exists a f f z  C/f and 0 (u) continuous and monotinic decreasing
in u fo r  o <  u  <  p , V ( t , <j>) is locally Lipschitzian in  cj> and

 ̂(II c|> [|o) <  V (̂ 0 , <l>o)) <  ^ (II ^ Ho) ,
fo r

o <  a <  II cj> ||0 <  p and t  >  0 (a) .

(iii) g  G C (R+ X R"̂"j f/ j o) ■ o and the trT/V'ial solu&'Lonr u? ——~ o
is eventually uniformly stable with respect to the scalar differential equation

( 5) =  g  ( f , «) «  (^0) =  ^ 0  •

7% ^  § =  o is eventually uniformly stable with respect to the system (3).

Proof. On the basis of the arguments used in Theorem 8.5.1 of [2], the 
proof is straightforward.

THEOREM 2.5. Assume that (ii) of Theorem 2.4 holds. Suppose 
f  e  C (R+ X Cp , R n) , V e C (R+ X Cp , R+) and

(6) D+ V ( / , <j>) <  — C (Il (J) ||0) 11 +  *) (* — To)* j

where v\ >  o fo r  every cj) e Cp such that o <  a <  || cj>01|0 <  p , t  >  t 0 >  t0 >  0 (a), 
and C\€ J f .

Then the set (]> =  o is eventually uniformly asymptotically stable with 
respect to (3). In  particular i f  || ||0 is replaced by Y  (t i <j>) in  (6) then the set
(J) =  o is eventtmlly uniformly asymptotically stable.

Proof. Setting g  (t 9 u) =  o in the last theorem and using (6), we have 
the eventual uniform stability of the set <j> =  o. Hence given e >  o , t0E R+, 
there exist § (s), and t  =  t  (s) such that

II (to , $0) Il <  s for t > t 0 > x  (e) .

We now show that it is asymptotically stable. Let e >  o , t0 e R+ be given 
and o <  s <  p. Set S0 =  S (p) , r  =  t  (p), let t* =  max [ t  (p) , 0 (a)] and

a (p)choose T (s) =  t (s) + . Let t0 >  t* and || (|)01| <  S0. We claim that
C ( 8 (9 )

there exists t* e  [t0 -f  t  (e) , t 0 +  T (s)] such that || x t* (t0 , <j>0) || <  § (s). Sup
pose not, then t  e \t0 +  t  (s) , tQ +  T (s)] such that 8 (e) <  || x t (t0 , <j>0) || <  p.
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In tegratin g  (6) from  t 0 +  t  (e) to  t 0 +  T  (s),

V ( /o  +  T  (e) , ^;0+T(s) (A) ) ^ 0)) ^  V  (t(s T T (s) , ^^0+t(s) (X> > ^0))

Ï0+T(e)

- C ( 8 ( c ) )  J
i0 + T(s)

I +
n

*) 0  — ^o)* di'

*0+T(e) J0+T(e)

o <  Ä (e) <  « (II * ,0+T(e) & .  $ 0) ID -  C<8 (e)) f  d j — C ( 8 ( e ) ) ^  7) j  (s— T0) * d j <
£0+t(s) *0 + T(e)

* o + T ( s )  n r
< « ( p ) - C ( 8 ( e) ( T ( e) - T ( e ) ) - C ( 8 ( s) ) S  7) (J - T fl)‘ cb =

&=1
f0+T(s)

0̂+T(s)n r*
a(ç>) —  ö ( p )  —  C (8  (s)) J 7) (i- —  To)* d i  <  o  ,

0̂+T(e)

which is a contradiction hence c[) =  o is asymptotically stable and the proof 
is complete.

In the following theorem, we wish to treat the solutions of the functional 
differential equation (3) as elements of a Euclidean space for t > t0 except at 
the initial time. We then use a Lyapunov function instead of a functional 
and the following theorem gives a set of conditions in terms of such functions 
for the eventual asymptotic stability of the set § =  o with respect to (3).

Theorem 2.6. Assume that

(i) V ^ C [— t  , 00) x Sp , R+) , V ( t , x) is locally Lipschitzian in x  and

* M ) < V ( * , * ) < « ( I I * I D

fo r  o <  a <  Il x  II <  p and t  >  6 (a) where a , b e JT, 0 (u) is continuous and  
monotonie decreasing in u fo r  o <  u <  p and Sp =  {pc e Rw : || # || <  p}.

(ii) f e C  (R+ X Cp , R n) and

D+ V (*, $ (o ), $) =  lim sup h~x [V (* +  Ä , <j>(o) +  h f i t , <j>)) — V(/,<|> (o))] <  
0+

<  — C (I! (j) (o) II) j I +  J ]  V) (2“ — T0)* j

fo r  every <[> e Cp such that o <  a <  || 4> (o) || <  p , t >  t 0 >  tQ >  0 (a) and  C e JT. 
7% ^ set <j) =  o eventually uniformly asymptotically stable with respect 
to (3).
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Proof. The eventual uniform stability of the set § =  o follows from Co
rollary 8.5.1 of [2]. W ith appropriate changes the rest of the proof can be 
constructed as in the last theorem.

Remark. If t  =  t 0, our result reduces to Theorem 8.5.3 °f I2]- We now 
state a result which does not demand that V ( t , (j>) be positive definite.

Theorem 2.7. Assume that

(i) f e  C (R+xCp, RK) and  ||/(*,<j>)|| <  M 1 e R+ || <j> ||0 <  p*< p,
(ii) V e C ( [— t  , oo) X Sp , j V (jt , x^ zs locally L/Zpschztzzan zrz %

and

D + V ( ^ H o ) , > ) < — Cfo (o)] I +  1\ (t — To)*!

fo r  every (j> 6 O , t e R+ where C if) is positive definite with respect to a closed 
set Q c= Cp, and t  >  t 0 ;

(iii) all the solutions x  (t0 , <j>0) of (3) are bounded fo r  t > t § .  Then every 
solution of the functional differential equation (3) approaches the set Q as t  00.

Proof. Set <j) =  x t (t0 , <j>0) so that (j> (o) =  x  (t0 , <j>0) (f). Let x t (t0 , (j>0) 
be any solution of (3), then by (iii) there exists a compact set B c  Sp such that 
x  (t0 , cj)0) (t) e B for t >  t0) and also || x t (t0 , cj>0 )  ||0 <  p *  <  p for t  >  t0. Hence 
by hypothesis (i), || f  ( t , x t (t0 , <j>0)) || <  M. Assume that the conclusion of 
the theorem is not true, then for e >  o there exists {4} , t% -> 00 as k -> 00 
such that ^  (t0 , (j>0) (tfj e S (û  , s)c O B where S (Q , s)c is the complement of 
the set S (O , s) =  {x : d  (x , Q) <  e) [2, Def. 3.15.2]. Assume that is

0
large enough so that for th <  / <  th +  , x ( t 09 <|>0) (f) G S (£2 , z)c D B. We

further assume that the intervals , tk +  — J , k — 1 ,2  , • • • are disjoint.

If not we take a subsequence of {tk} to ensure this.
For / >  tQ define

t

m, (f) = V  ( t , x  (tQ , <j>0) (/)) +  J  C [x (t0 , <j>0) (s)] d (s)
«0

C ([x (t0 , <J>0) (s)]) y  Y) 0  — To)* ds .

Then,

■(t +  h) — m (t) _  V ( t  +  h , x ( t n, (t +  h)) — V (t, x  (t0, 4>0) (t))

t+hr t+h

+  - j  J  C([x (t0, *0) 0 )]) ds +  ~  I C([ x( t , K>  (-f)]) X V (s ~  To)*
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D+ m (t) =  lim sup hrx [Y( t  +  h , x  (t0 , <j>0) (t) + k f ( t , § ) )  — Y  ( t , x  (t0 , <j>0) (/))] +
h-> 0+

+  C [x (V0 , <|>0) (t)] +  C [x (t0 , (j)0) (#)] X  7) (t —  T0)* <
k=l

< D + Y ( t , $ ( ö ) , $ )  + C  [<f> Co)] ( i +  g * ] ( * - T 0)*J < o

Thus

and

m {f) < m  (*0)

™ (t0) =  II VJIo =  sup V ( / 0 , i W ) .
- T < S < 0

Thus for /  >  t0,
t

v  ( t , X (t0 , <j>0) (t)) <  sup V (t0 , (j>0 (j)) — I C (x (l0 , <j>0) CO) dj •
—T<S<0 J-T<S<()

t
r n

— ?! c ( x ( t 0 , >̂0)) co x  (s — x« y •
j o=1

Now since C (r) is positive definite with respect to £2, [2, Def. 3.1 5.1], then 

x  (to > <i>o) ( 0 e S ( I )  , — O B  implies there exists

“ 8( t) such that C {{x (t0 , <t>0) (/)) >  8 , for tk < t < t k + 2 M

Therefore,

J '+ 2M

v  {?* ^  2 M” ^  (** V M ~ )) “  “ P<0 V ^ 0 ’ ^  — S  j  —

ti+ 2 M 
Jc r  n

^  X  7 X  (  ̂— t oy d s .
i =  1 J  3 =  1

Let N =  sup X  To)  ̂ then, we have
t ì -\- s i = l 

j M

v  (** +  TmT ’ * ’ ^o) (** +  -JM~) ) ^  _sup_o v  (t0 , <j>0 (0 ) — U

“  ^  t s t  ^  _SFs „v  ('° • (J)) — 2I

2 M

(I +  v]N) k .
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As k —> 00, we have a contradiction since V ( t , cf>) >  o. Hence any solution 
x (tQ t $0) 00 tends to the set Q as / - > o o .

THEOREM 2.8. Assume that the set § — o is eventually uniformly asymp
totically stable with respect to the system (3). Suppose that

II /  (  ̂ j >̂) ■ /  (^ > '10 II ^  L  (/)  U <J> —  tp ||o

fo r  ( / , ((>), ( t , 4*) € R+xCp, where L (V) >  o A continuous on R+

t-\-u

J  L( s )ds  <  Ku  , u >  o .
£

7% ^  exists a functional V  ( t , cj>) with the following properties'.

(i) V 6 C (R+xC p , R+) and  V (/ , (j>) satisfies,

Il V (£ , <j>) — V (/ ,V}>) y <  M II <j> — ||0

fo r  t e R+, c|>, 4* e C8(8o) o <  a <  || <j> ||0 <  80 o <  || t|; ||0 <  80 and t >  t 0 >  0 (a);

(H) * (Il «I» Ilo) < V ( * .  $ ) -< a  (Iloilo), for a , b e * ,

II <j> Ilo <  So , t  >  t 0 >  0 (a) ;

(iii) D+V(^,<I>)< — C [ V ( ^ 4> ) ] ( i +  g 7 ) ( ^ - T 0) ^  f o r  C e J f ,

7) >  o , o <  a II <j) ||o <  80 and t  >  t 0 >  0 (a) .

Proof. As in Theorem 2.5 of [1], 38 (e) , t  (s) >  o and T (e) such that
8 e JT, and t  , T eSP. Let G (V) be the function of Theorem 3.6.9 of [2] and 
set 80 — 8 (e) , t 0 =  t  (s). Define a functional

i I + [a— E  {t — t0)*1 <*\
V ( t , x  (/o , cj>0) (/)) =  sup G (II * (t0 , $0) (t a) ||o) I------ 1— —— -----------------  ;

a>0 \ 1 +  G )

where a >  1 , || <[> ||0 <  80 and for t >  t 0 .
The rest of the proof can then be constructed as in Theorem 2.5 of [1] 

and so we leave details.

Remarks. Theorem 2.8 is the converse theorem for eventual uniform 
asymptotic stability of the set <j> =  o which extends our result in [1] obtained 
for ordinary differential equations. It is easy to state and prove other variations 
of Theorem 2.8 analogous to the corresponding results in differential equation 
in Euclidean spaces as in [1].
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§ 3. A symptotic behaviour of perturbed systems

In this section, we shall consider the perturbed functional differential 
system (4) and utilize our results of the preceding section to study the eventual 
asymptotic stability of the set (J> — o with respect to (4) under a more general 
type of perturbation. We shall assume that the set cj> =  o is eventually uniformly 
asymptotically stable with respect to the system (3) and use the Lyapunov 
functionals constructed to show that the set cj> =  o is eventually uniformly 
asymptotically stable.

Theorem 3.1. Assume that the set cj> — o is eventually uniformly asymp
totically stable with respect to (3). Suppose that

\ \ f ( t ,  4-) Il < L . ( f )  II <f>-^ Ho

t+U

fo r , (j), ^ e Cp and J L (s) di' <  L u , u  >  0. Assume that the perturbation
u

term R ( t , x t) of the system (4) is such that a , ß >  0

Il R 0 , *() II < *a,ß if)

whenever o <  a <  || <j> ||0 <  ß , t e R+, Xa>p G C (R+, R+) and

t

(7) J  ^a,ß (s) di' <  q0 (t0) +  (pò) (t 0̂) T  * * * T  Çn+l fo) (f t0)n+\
h  ,

where qh e JT , k =  o , 1 , 2 , • • • ,  n +  1, and t  >  t0.
Then the set <j> =■ o is eventually uniformly asymptotically stable with respect 

to the system (4).

Proof. By the assumptions the conclusions of Theorem 2.8 hold. Let 
t > t 0 >  t 0 and ([> e Cp, then

D+ V (/ , (}>)(4) =  lim sup h -1 [V (t + h ,  x t+h ( t , <J>)) — V ( t , $)] =
h-> 0+

=  lim sup hrx [V (/ +  h , x t+h ( t , <j>)) — V (t +  h , y t+h ( t , <j>) +
h-> 0+

+  V (t -J- h , y t+h (t ,<j>) — V (/ , (J>)] 

where y  ( t , <[>) is any solution of (3) with initial function <j> at time t. Therefore,

(8) D+ V (V, <J>)(4) <  D+ V ( t , <j>)(s) +  lim sup hrx M (t +  h) || x t+h {t ,§ )  —
A->0+

-  y t+k ( t , *) ||„ =  D+ V i f , <J>)(8) +  M (0  II R (*, <1») II .
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Let s > o , / 0e R + and choose § such that a and assume that
'  2

II <{> Ho <  8. Then there exists t =  t (s) such that

8 <  Il Xt (t0 , cj)0) II <  £ for t  >  /,k >  T (s)

where (*0, <j>0) is any solution of (4). Suppose not then there exists tx , t2> tQ 
such that

II x ti (?0 Ì ^0) II =  8 , Il X(2 (t0 , (j)0) Ho =  e
and

8 <  Il x t (tQ , 4>o) Il <  e for t e  [4 , t2] .

Integrating (8), hypothesis (iii) of Theorem 2.8 implies

i2
b ( 0  =  V (4  ,  %  , < M )  <  V &  , %  &  , * 0) - J  C  (II <|> 0 0  Ho)

h
n *2

+  rl (s ~  To)* j d j +  M (r) J  Xa,p (j) d i '.

So,
«-2 <'2

b ( s ) < a  (II ^  ||0) — C (§) J  ds —  ^  C (8) y j  (s — t„)* d* +

n+1
+  M 00 ?o (*0) +  M (r) qk (t0) (h —  i1)k .

n+1
Choosing t0 large enough so that for h  >  (s), S  (*<>) (4 — A)*-1 =

&=1

- M ^ry  , *o >  t 2 (s) such that q0 (t0) <  and set t  (s) =

=  m ax { t0 , t ,  (e) , x2 (s)}. Then for ta >  T (S),

n Ì 2
^ ( e ) < Ä  +  - Ä . - C ( 8 ) S  / 1 (J - T 0)*dJ < ^ ( e ) , .

2 2 £=i y

which is a contradiction. Hence || x t (t0 , cj>0) || <  s for /  >  >  t  (e). Finally
we show eventual asymptotic stability. Let s >  o , t0 e R+ be given 
and o <  s <  p. Set 80 =  8 (p) , t* =  t  (p) and choose T (e) =  t  (s) +

■+ 2 a ^  . Proceeding from this point on as in Theorem
C (o)

2.5 of [1] we can show that there exists t** (e) such that if || §0 ||o <  8, 
then ** e [t0 +  t  (e) , / 0 +  T (£)] such that II *** (*0 > $0) I l o  <  8 (s), for t0 >  
>  Hence the set § =  o is eventually uniformly asymptocially stable.
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Remarks. This result extends the perturbation result discussed in [i] 
for ordinary differential equations to functional differential system (4). The 
results of Theorem 8.5.2 of [2] is a special case of Theorem 3.1 if we note that 
instead of Lyapunov functionals one could use Lyapunov functions to obtain 
the conclusions of Theorem 2.8.

COROLLARY 3.2. Let the asymptotically self-invariant set <[> =  o be uni
form ly asymptotically stable with respect to the system (3). Suppose

Wf ( ß A)  — / (*> '10 II <L(V)| |<j> — <H|0 fo r  t >  o

t+u

([), ^ e Cp and j  L (s) ds ku , u  >  o. Assume that the perturbations R  ( t , <j>)
t

of the system (4) is such that fo r  each a , ß >  o there exist Xa>ß e C (R+, R+) 
such that

Il R ( t , ([>) II <  Xa>p (f) where a <  || cj) || <  ß , t  G R+ ,

and
t

f  xa,g (s) di- <  q0 (t0) +  ql (t0) (t —  t0) ,  t > t 0 , q 0 , q 1e .
t0

Then the set (j) =  o is asymptotically self-invari ant and it is eventually uniformly 
asymptotically stable with respect to the system (4).
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