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Analisi matematica. — Linear stochastic differential equations in  
Hilbert spaces(*>. Nota di G iu s e p p e  D a P rato , M immo I a n n e l l i 
e L u c ia n o  T u b a r o , presentata <**> dal Corrisp. G. S ta m pa c c h ia .

RIASSUNTO. — Si studiano risultati di esistenza e regolarità delle traiettorie per la solu­
zione di equazioni differenziali stacastiche lineari in uno spazio di Hilbert.

i. Introduction

Let (O , ê  , P) be a probability space, w t , te  [o , T] be a real Wiener 
process in it. Let be a family of cj-algebras non anticipating with respect 
to w t . Let H be a Hilbert space and A : D A —> H ; B : D B —> H two linear 
operators in H.

We want to study the following equation:

t t

(1) u (t) =  u0 +  j  (Au (s) + /  (s)) d j +  J  (Bu (s) +  g  (s)) dw s
0 0

where A is the infinitesimal generator of a ^-semigroup.
By the use of the properties of the Ito integral and by the usual methods 

of the contraction principle, we prove the existence of a solution to (1) in 
the space C (o , T ; L2 (D , H)), (see [2]).

On the other hand by regularity results (see [3]) for abstract differential 
equations together with the continuity properties of the Ito integral we also 
prove continuity and Hôlder continuity of trajectories of the solutions.

The interest of this latter result is also concerned with the study of 
the existence of a maximal solution for semi-linear abstract stochastic diffe­
rential equations, by methods similar to those used in [4].

This latter kind of equations will be studied in a forthcoming paper. 
The results of this paper are stated in section 3, while section 2 is 

devoted to a preliminar study of the properties of the process:

tr*
(2) X (t) =  J  exp ((t — s) A) g  (s) dw t .

0

(*) Work supported by G.N.A.F.A. (Consiglio Nazionale delle Ricerche).
(**) Nella seduta del 14 gennaio 1978.
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2. The properties of X

By first we define, as usual, the following space:

M 2 =  {the set of all measurable processes u in [o , T] with values
T

in H, adapted to the family and such that I TL\u\2ds <  + o o >  
then we put: 0 '

(3) Z (o , T ; H) =  C (o , T ; L2 (O , H)) n  M2

Z (o , T  ; H) is a closed subspace of C (o , T ; L2 (£2 , H)) with the usual norm:

ll^ll == sup (E
0<t<T

so that we endowe Z with this norm. Yet by Z (o , T ; D A) we denote those 
processes ^ e Z ( o , T  ; H) such that u e D A and K m e  Z (o , T ; H). For 
g e  Z (o , T  ; H) (Z (o , T  ; D A)) the integral in (2) makes a sense for t e  [o , T], 
so that the process X is defined. We want to investigate the properties of 
X under various assumptions on A and g. Firstly we have:

PROPOSITION i .  Let A be the infinitesimal generator of a c^semigroup 
on H, them

(4) g e  Z (o , T  ; H) (resp. Z (o , T  ; D A)) => X e Z (o , T ; H)

(resp. Z (o , T  ; D A)) .

Proof. Let A n =  rfi R  (n , A) — n =  A R (n , A) n be the Yosida appro­
ximation for A, put:

t

(5) Xn 0 0  =  J  exp ((V — s )A n)g  (s) dwa
0

Xn is the unique solution of the stochastic equation:

t t

(6) X„ (t) =  J  A n X n (s) ds + J g ( s )  dws
0 0

as it can be easily verified, observing that

t

x „  (t) =  exp (tAn) I  exp (— sAn)g (s )  dws .
0

Moreover it is

(7) Vt X n (f) -> X (t) in probability,
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in fact W e fo , T] and eoe £2:

exp ((/ — s) A n) g  (s) -> exp ((/ — s )A )g  (s) in L2 (o , t ; H)

(7) implies that X is a measurable process, adapted to the family 
the other hand

t  t  t

J e |x (0|
0

2 ds = exp ((if — s) A) g  (s) dws
2

d t —

On

J dt J  E ] exp ((/ ■— s) A) g  (^)|2 ds <  M2 j  d /J* E \ & GOP <<  +  00

so that X e M2. Finally it is:

E IX (t) — X (^0) |2 =  E

V

/
exp ((if — s) A) g  (s) dw s +

«/O

+  j  (exp ((# — s) A) — exp ((if0 — s) A)) g  (s) dws 
0

t to

<  2 M2 f  E I ̂  (j) |2 ds +  2 I (exp ((/ — s) A) —
to 0

— (exP ((*Q — 0  A)) ̂  GO I2 “ >• O

as t -> t0 so that X e C (o , T  ; L2 (Q , H)).
All this means that X e Z (o , T ; H). If now £*e Z (o , T  ; D A) it is

t

AX ( 0  =  J  exp {(t — s) A) Ag  (s) dws and in the same way as before we 
0

can prove that X e Z (o , T  ; D A).
The previous proposition does not give any information on the conti­

nuity of the process X. To get this kind of results we need stronger hypo­
theses either on A or on g .

First of all we rem ark the following equality:
t

(8) X„ (if) =  Y 0 0  +  A n j  exp (O' — s) A n) y (s) d*
0

t

where Xw is defined in (5) and y (t) =  j  g  (s) dwè.
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Indeed it can be easily proved that the right hand side of (8) is the 
unique solution of (6). Then we have:

PROPOSITION 2. Let A  be the infinitesimal generator of a c^-group them.

g  e Z (o , T ; H) => X is continuous in H

g e  Z (o , T ; Da) => X is cl-Holder continuous in H (a <  J) and continuous 
in Da-

Proof. The proof easily follows from the properties of the Ito integral, 
as it is:

t

(9) X (t) =  / A j  e - sAg ( s ) d s .
0

In the general case for A it is necessary to suppose g  regular:

PROPOSITION 3. Let ^ g Z ( o , T  ; D A) then X  is an oc-Holder continuous 
process in H (a <  J).

Proof. Owing to the hypotheses y (t) =  j  g  (s) d^ is in D A and Ay ft)  —
0

Ag  (s) ds. Going to the limit in (8) (see (7)) we get:

(10)

6

X (t) =  y (t) +  j  exp (ft — s) A) Ay (s) d^ .

Now the processes y and Ay are Hôlder continuous in H (2), moreover 
by a standard result (see [3]) the second term on the right hand side of (10) 
is also a Hölzer continuous process. Thus (6) is proved.

Finally we have:

PROPOSITION 4. Let A be the infinitesimal generator of an analytic semi­
group on H; then.

g e  Z (o , T ; H) => X is an a-Holder continuous (a <  J) process in H.

Proof. In this case as the process y is oc>Hölder continuous (a <  J) in 
H, by a result in [3] it follows that the process

t

t  -> j  exp (ft — s) A) y (s) d^
0

(2) This is a well-known fact, see for istance [5].
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is a-Hölder continuous (a <  J) in D a and moreover it is
t t

A„J exp ((t — s) A„) y (j) ds -> A J  exp ((/ — s) A) y (s) ds ,
0 0

so that going to the limit in (8) we have
t

X (t) =  y (f) +  A J  exp ((t —■ s) A) y (s) di*
0

and X is a-Hölder continuous (a <  i )  in H.

Remark. Under the assumptions of Proposition 4 actually it can be 
proved that X g Z (o , T ; D A); the proof of this fact is perfectly similar to 
that of Proposition 1.

3. L inear stochastic differential equations

We now study the stochastic differential equation (1) in the following 
generalized form:

t

(11) u (t) =  exp (7A) u0 +  j  exp ((/ — s) A ) f  (s) di* +
0

t

+  J  exP ({* — s) A) (B« (s) +  g  (s)) •
0

(11) is equivalent to (1) when A g  3 ? (H).

PROPOSITION 4. Let A  be the infinitesimal generator of a c^-semi-group 
on H , B g ££ (H) , / ,  g e  Z (o , T ; H) , u0 e L2 (Q , H) , measurable. Then
(17) has a unique solution u e  Z (o , T ; H). Moreover it is:

(12) f  ,g e  Z (o ,T  ; D a) , B (DA) c  D A , u0e U  (Cl , D A)

=> u is a solution of (1) .

(13) A is the infinitesimal generator of a c0-group on H

=» u is a continuous process in H.

(14) A is the infinitesimal generators of an analytic semigroup in Hu0e U (Q., D ao) , 6 e (o , J)

=> u is (».-Holder continuous process in H (3>. 3

(3) If Uq e L1 (ü , H) then u is Hôlder continuous only for t e (o , T],
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Proof\ Put:
t

(15) v 09  =  exp (VA) u0 +  J  exp ((V — s) A ) /  (s) ds +
0

t

+  J  exp ((V—  s) A) g (s) dws 
0

t

(16) u <j>'(̂ ) =  J  exp ((t — s) A) Bu (s) dw s .
0

By the Proposition i Z (o , T ; H) and § : Z (o , T ; H) —> Z (o , T ; H), 
then (11) can be written as the following equation in Z (o , T ; H):

(17) u =  § (u) V .

Now (j> is a linear mapping such that

II$ («)||a < T M 2|B |2 |k ll2

so that by the standard argument of contraction principle, by the existence 
of a unique solution in Z (o , T ; H) follows. To prove (12) we first rem ark 
that with the assumptions in (12) the same argument used before can be 
used to show the existence of a solution u e Z (o , T ; D A), then putting:

t

vn =  exp (tAn) u0 +  J  exp ((;t — s) A H) f  (s) cb +
0

t

+  I e x P ( 0  — s) A„) (Bu (s) +  g  0 )) dw s 
0"

it is V/ £ [0 , T]
vn -+ u in L * (Q ,H )'

and
Kvn —>■ Au in L2 (O ; H)

t tv„ =  u0 + J  (An vn (j) + /  (s)) d j +  J  (Bu (s) +  g  0)) dw s
0 0

so that (1) follows going to the limit. Finally (13) and (14) follow directly 
from Propositions 2 and 3.

The previous existence result can be extended to the case of B unbounded, 
assuming that ~Daqcz Db, To do this it is necessary to state the following 
proposition whose proof is quite similar to that of Proposition 1 (4).

(4) It is sufficient to recall the following estimate

IB exp (tA) I <  K I BA0“ 1 1 Z6“ 1 t  > o .
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Proposition 5. Let A be the infinitesimal ge:nerator of an analytic semi­
group and B : Db —> H be such that Daöc: Db (0 ]̂ o , J  [), then if  g e  Z (o , T ; H) 
then the process

t

Y (f) =  j  B exp (fit — s) A) g (s) ds 
0

is in Z (o , T ; H).

Then we have:

PROPOSITION 6. Let A be the infinitesimal generator of an analytic semi­
group and B an invertible operator such that Da® <= Db fo r  some 0 e] o , J [ .  
I f  / ,  g e  Z (° , T ; H) and u0e U  (£ 1  , Da®) is measurable then (11) has 
a unique solution ^  6 Z (0 , T  ; H). Moreover u is an a-Hôlder continuous 
process (a <  J) in H.

Proof ‘ Consider the following equation in Z (o , T ; H):
t

v (t) — B exp (VA) u0 +  J  B exp ((t — s) A ) /  (s) di* +
0

t

+  J  B exp ((t — s) A) v (s) dw 9 .
0

By Proposition 5, proceeding as in Proposition 4 it can be showed the exi­
stence of a unique solution v e  Z (0 , T ; H) of (18).

Then u =  B"1 v e  Z (o ,T  ; Db) is the solution of (11) and by Proposi­
tion 4 is an a-Hölder continuous process in H.

Remark 2 . The assumptions on B in Proposition 5 seem to be rather 
strong, actually if the domains of A and B are not comparable there is not 
existence in general. A typical case is equation (1) with A =  o. Indeed 
if B is hermitian and bounded it is easy to prove that:

(19) u (t) =  exp (Bw (f) — B2 //2)

if B is unbounded then any solution must be of the form (19), but in 
order to (19) be meaningful for every u0 it is necessary that either B be 
the infinitesimal generator of a ^0-group, either ■— B2 be a generator of a c0 

semigroup.
This is, in general, impossible by a simple argument on the spectrum 

of B.

Remark 3. Propositions 4 and 6 have been proved assuming u0e  L2(Q , H) 
or uQe  L2 (D , D Ae) and / , ^ e Z ( o , T  ; H).

The results are still true when u0 is only ^ -m easu rab le  (with values 
in H or D aö respectively) and / ,  g  continuous processes in M 2. The proof 
of this can be carried through as in [4], Theorem 4.
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