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Classe di Scienze fisiche, matematiche e naturali

Seduta del 14 gennaio 1978

Prestede 1l Presidente della Classe ANTONIO CARRELLI

SEZIONE I

(Matematica, meccanica, astronomia, geodesia e geofisica)

Algebra. — Correspondence between the class of left nonassocia-
twve C-rings and a class of loops. Nota di MIRELA STEFANESCU, pre-
sentata ® dal Socio G. Zappa.

Ri1assunTO. — Estendendo risultati precedenti di Malcev, di Weston e dell’autrice,
si dimostra che esiste una corrispondenza tra la classe dei C-anelli non associativi sinistri e
una classe di cappi. Tale corrispondenza & anche un’equivalenza tra le teorie formalizzate
di dette classi.

There is a correspondence between the class of nonassociative rings and
a class of nilpotent groups, which is also an equivalence between their forma-
lized theories. K. Weston [10] constructed it, generalizing an idea of Mal’cev
[5] for the class of nonassociative rings with identity. We obtained a more
general result, for a special class of distributive nonassociative near-rings
(with x-y +2 =2+ x-y, for all x,%) and a larger class of groups. This
is the largest class of nonassociative near-rings which corresponds to a class
of groups. We gave this result in [8], and proved there that the established
correspondence is an equivalence between their formalized theories and bet-
ween the categories which have the above classes, as classes of objects, and
the near-ring homomorphisms and, respectively, group homomorphisms, as
morphisms,

The purpose of this paper is to construct a similar correspondence between
the class of left nonassociative C-rings and a class of loops. We show also

(*) Nella seduta del 14 gennaio 1978,

1. — RENDICONTI 1978, vol. LXIV, fasc. 1.
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that this is an equivalence between the formalized theories of these classes.
The correspondences from [8], hence those from [5] and [10], as well as some
other correspondences, are obtained from the one given here, as its restrictions.

1. DEFINITIONS AND NOTATIONS

A left nonassociative mear-ring is a triple (N, -+, -), such that (N, +)
is a group, and - is left distributive over 4. If o-x = o0 for all xe N,
then N is called a Zeft nomnassociative C-ring [1, § 4 (b)]. If, in addition,
(—x)-y=—x-y, for all x, ye N, then we call N a strict (left nonassociative)
C-ring. N is called a distributive near-ring, if - is also right distributive
over +. Obviously, a distributive near-ring is a strict C-ring, and, thus, a
C-ring.

We use the following notations: @-the class of all left nonassociative
C-rings; %,-its subclass made up of strict C-rings; Z-the subclass of €; made
up of distributive near-rings; %;-the subclass of 2 of distributive near-rings
N in which -y 42 =2 4+ x-y, for all x,ye N.

Note that €, as the class of objects, together with the near-ring homor-
phisms, as morphisms, forms a category, %, with ?;”1,97 and 9?1, as full
subcategories.

An approach to the theory of near-rings can be found in [4]. For the
definitions and notations concerning loops, see Bruck [2]. We use here the
additive notation for the loop operation.

If (L, +,0)is a loop, then the sets

Ki={alacL,(@e+x)+y=a+(x+y),¥x,yel},
K,={a|ecLl,x+a)+y=x+(+y),Vx,yel},
K,={alacL,x+3)+a=x+(y+a),V¥r,yeL}

are nonempty sets (because of the existence of 0) and they are called, respec-
tively, the ZJeft nuclens, the middle nucleus and the right nucleus of L (see
[2, p. 57]). All of them are subgroups of L.

It is known that for an additive operator on a loop L, «:L — L, (an
endomorphism of L), « (0) = 0 and Ker « = {x |x€ L, « (x) = 0} is a normal
subloop of L [2, p. 60].

Denote by £ the class of loops satisfying the axioms (£)-(v):

(1) There exist two endomorphisms of L, a and B, such that oo =
= foff = aof3 = Boa = 0 (the null endomorphism of L).

(i) Denote A =ZKer a={x|xeL,a(x)=0},B=FKer B=
={x|xeL,B®) =0} and H=ANOB. Then Bc K,.
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Remark 1.1. A is a subloop of L, while B and H are subgroups of L. Indeed, for any
@,beA, the equations @+ 2xr=24 and y 4+ a= 54 have unique solutions in A, since
w(egt+x)=0(@),a(y+ta)=a(d),a(@=0a@) =0 imply «(r)=x«(y)=0. We use
the same argument for B and H. Now, the inclusions HC B¢ Ko and the fact that K, is
a subgroup imply that B and H are subgroups.

(ii) There exist two homorphisms &:H — B, B:H — A, such that
(o &) (x) = (BoB) (x) = x, for all xe H.

Remark 1.2. Obviously, (xof) (¥) = (Bod) (x) = o, for all xe H. From the definitions
of & and H, it follows that & (H)c K, and H ¢ K,.

iv) PH) s K,NK,, HcSK,.
(V) H and & (H), as well as H and B (H), permute elementwise.

Denote by x’ the inverse of x, for any x€ H, hence x + 1’ = 2’ + x = o.
Denote by [x,y] the unique solution of the equation:

(r.1) r+y=@+2+[r, 9], Vr,yeL.

LEMMA 1.1, Let Le¥ and HS L. For any x,ye H, the elements
[ (%), B (9] and [B(3),%@)] are in H.

Proof. Denote [&(x),B ()] by c. We have, indeed, & (x) -- B (y) = (B (3) + & (%)) ¢,
and, by applying « and B, we obtain: « (¢) = B (¢) = o, hence ¢ e H. With a similar argument,
we prove the second statement of the Lemma 1.1.

Now, applying properties of & (x) and B( ), for all x »¥ € H, given by axioms (iii)~(v)
and Remarks 1.1 and 1.2, we obtain two forms for [4 (%), B(y)], namely:

(1.2) [&(x), B ()] = @) + B + @@ +B()
(1.3) (), BON=@CU) +a@)+ @) +a@)).

Indeed, from the equation & () + {~3( Y= (B W +aEa@) +e, by adding B ("), which
belongs to Ky, to the left-hand side, we obtain: B(y) + (& (x) —l~ B(y)) = & (x) 4+ ¢ (since
B is an additive operator). Now, by adding & (x') to the left-hand side of the obtained equation,
we have (I 2), since & is an additive operator, B is a group and B (»"eK,,. From the same
equation: & (x) + B (9) = B () + & (%)) + ¢, by adding B (»") to the left hand side, and
& (x') to the right-hand side, we have (1.3), since f (¥') ¢ Ky and & () € K, while [& (x) , B N
and & (x") permute.

Denote by %, the subclass of £ containing the loops L which satisfy
the axiom:

(vi) For any xe H and ye L, &(x) + & (') + ») = y. (We say that
L satisfies the inverse property with respect to & (H)).

Denote by %, the subclass of %, containing those loops L which satisfy
the axiom:

(vii) &(H) < K,
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Denote by ¢ the subclass of Z, containing those loops L which satisfy
the axiom:

(viii) L Zs a group.
Remark 1.3. In this last case, some of the axioms are superfluous, as one can easily see.

Remark 1.4. £, as the class of objects (that is, the objects are (L, o, 8, &, E)), toge-
ther with the loop homomorphisms ¢ : L — L' (YL, L'e %), such that the following four
diagrams:

L—- L L1 H s H- g
. o L gl B, 3l a d I
(r-4) Lo Voo } i } }

| I L-® L’ L2, L L_*®, 1L

are commutative, forms a category &z , with C,(Z’ﬁ ,gz and % as full subcategories. (It is clear
that @ (x) e H’, for every x eH, hence ¢ | i is a group homomorphism from H to H'. Re-
mark 1.4 can be immediately verified).

LeEMMA 1.2. [f Le¥,, then:

GG, B =(E®, B =@, BON].

Proof. Keep the notation ¢ = [& (x) ,E( ¥)]. To prove the first equality, we add, in
turn, ¢’ to the right-hand side, & (x') and f%( ¥') to the left-hand side of the equation & (x) -+
-+ E 3 =EU) +a (#)) + ¢,Vx,y eH. Because of the properties: ¢'e K, , (vi), {~3 (¥ eKy,
(1.3), we obtain the desired equality. The second equality holds for any Le.#. Indeed, by
adding (B (5") + & (") to the right-hand side of the equation: (& (x) + B N +e=B) -+
+ & (x),Vx,y s H, we obtain the last equality. This is because of the properties B (y')e Ky,
(v), (iv), the fact that H is a subgroup of B (which is also a subgroup); therefore, we have

@) BN+ ) +BU)= @@ ++HBO) +B () =8) + ¢ = '+ & (x).

2. CORRESPONDENCE BETWEEN % AND .

The next propositions carry out the correspondence between % and 2.
Namely, we shall define two mappings: T: % —~% and T":..%¢ — % such that
(T'eT) (N) and N are isomorphic near-rings, for any N e %, while (ToT") (L)
and L are isomorphic loops, for any LL.e #. We call such a correspondence
a Malcev's corvespondence between the classes € and %. The established
correspondence will be an equivalence between the formalized theories Jg
and S of the two classes ¥ and £ (in the sense of [9]; see also [7]). (We
note that the two classes are axiomatizable). This means that there exist
two recursive mappings (algorithms) T :5¢ —F» and T :.£y —.F¢ such that
for every closed formula Ae ¢, T (A) is a closed formula of Sg; A is true
on all Ne % if and only if T (A) is true on T (N)e %, and, for every closed
formula B of J», T'(B) is a closed formula of J¢, B being true on all
Le# if and only if T'(B) is true on T’ (L)€ %.
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ProrposiTiON 2.1. If (N, +,:) is a left Cring from ¥, then:
L = NXNXN, together with the binary composition defined by:

xt+ty=0+x,5 + X, ¥s T X +x3),Vx=(x1,x2,x3)eL,

Vy = (,¥,99€ L, s a loop from L. The following implications hold:
Ne¥¢, -Le% ,Ne 2 ~>Le¥,,Ne 9, -Le%.

Proof. Obviously, so we have a binary composition on L, with 0 = (0,0, o) as its
unique two-sided zero. Now the equations @ +x =4,y + @ = &, have unique solutions
for any @ =(a;,45,a3) and 6= (4;,0,,0;) from L, namely: z= (b —a,,b—a,,
by—ag—ay-(by—a)) and y=(—ay+b,—ay+ b, —(—ay+ 8)-ay—ag+by). It
is easy to prove that the mappings « and B from L to L, given by:

a(x)=(0,0,%),Bx) = (0,0,1), Vr= (¥ ,%,25) €L

are endomorphisms of L, with A = Ker o= {(x,, 0, #,) | #,, #3¢ N}, B=Ker p = {(0, Xy 5 Xg) |
| 25,23 e N}. We can directly verify that A and B are groups with the properties asked by
the axioms (ii)-(v). For instance, for any x = (z,,0, %) e A, w = (0, Wy, wg)eB,y,zel,
we have: (x+y)+zr=zx+(y+2)=(+x + X, 8+ Vo235 Y02 +¥3 +23) and
te)tw=y+(z+tw= (71 +yi,wp + 2y T Yo, wg + 23 + Y507 + yy), hence BC K,
AcK,.

Define the functions &: H — B, E :H—-A, by:

&(x)=(0,13,0),B (#) = (15,0,0), V¥r=(0,0,x,)cH.

They are group homomorphisms and & (H), B(H) satisfy the axioms (iii)-(v) (straightfor-
ward calculations). Therefore, L belongs to #. Now if N is a strict C-ring (from €,), then
for any xeH and y e L ,x = (0,0,%3),y = (¥, ¥s, ¥3), we have & (r) + @) +y) =
hence Le ). If Ne 9, thenLe$2,s1nce (x+ &)+ 2=x+ (&) + 2), for any x,zeL,
yeH. If Ne%,, then L is a group, and, hence L belongs to %.

PROPOSITION 2.2. If (L, +,0) is a loop from L, then H is a near-ring
Jrom € with respect to the binary operations:

r®@y=y+=x,
xQy=1[a@,p0), Vxr,yeH.
If LeZy (resp. Z5,9), then He €, (resp. 9,9,).

Progf. Tt is clear that (H, @) is a group [Remark 1.1}, and » @ ye H, forany x ,y e H
[Lemma 1.1]. We have: 0 ®y = [&(0), B(y)] = [o, B(y]— o, for any y €eH, by using
(1.2) or (1.3). To prove the left distributivity of (9 over @, we use the following facts:
(1:3), [2(x).B @] eKa, [2(x),B ()] eKn, (V),B () eKn, (1.3), &(x)eKyp, () €Ky,
BO) R, B +B()=B(y' +2)cKn,B(2) eKy,(z+9) =y +2,0(2) €Ky, and
of course, the add1t1v1ty of & and B whenever necessary. We have: (x ®y) @ (x @ )=
=[5(x), B&)]+[3 (+), B I=[5(2), BB )+ a@)+ B +a@)=(a@) , b@)1+
+ B )+ @) + B )+ @) = (3, )] +B () +a@) + B () +a@) =
=@EO)+(E@,BE]+a@) +B () -FaE)=G0)+ (B E) +a@)+ B ) +
FE@EN Fa@) +BO)+ o) =G0+ (BE) +a@) +B@)+ B0 +aE) =



6 Lincei —~ Rend. Sc. fis. mat. e nat. — Vol. LXIV — gennaio 1978

= (B +BE)+ @@ +BEN+ G +a@)=>060 2+ &) + @ () +
B FEEN=Fz+y)+a@) +Ge+r) +a@)=[0,pE -] =
=z (y@z2), forallx,y,zeH. The second statement of Proposition 2.2 can be verified
in the same manner.

THEOREM 2.3. (i) There is a Mal'cev's correspondence between the classes
€ and &. (ii) The theories of the two classes are equivalent.

Proof. (i) Define T: € L, by T(N)=L,¥N e¢%, as in Proposition 2.1, and
T':¥% —€, by T' (L) = H, VL ¢, as in Proposition 2.2. We have the near-ring isomor-
phisms, ©: N —T' (T(N)) ,¥N %, given by:

T(x)=(0,0,7), VxeN.

(The proof is quite simple and we omit it).
Then we construct the function ¢: T (T' (L)) > L ,VL e, by defining:

o (71, %, %) = B(2y) + 25+ & (%), WV (ry,7,75) <T (T (L),

hence x;,%,,%3€H CL. Note that in the definition of &, we can avoid using brackets,
because of one of the relations: B (x;) € K, or & (x,) e Ky, which are both true. We have:
o(x+y) = B (7 +0) + (x5 + [6(xy) B (] + Yy + & (%, +J’2) = B (xy) + ((B (y1) + x5) +
+ ([ (7) B ()] + 79) + (8 (5) + & () = (B (1) + 29) + B () + (B (rp) + & () +

+(Bn) + 3 (2))) +39) + Glan) + 5 () = (B (1) + 25 + 8 () + (B 3) + (@ (23) + 9+

+ (3 (7) + 8 (0) = 6 () + (B () + yp) + & (7)) + (3 (7) + & (1)) = 0 (4) -+ B (3) +
+‘ys+a(y) =0 +o(y),Vx,y eT(T' (L)), hence ¢ is a loop homomorphlsm Let
% be an element of L, then x; = B(2), 2, = a(x), ;= B(xl) +x + oc(xz) are in H (we
prove 'it, by applying « and B to them). We have ¢ ((#,,%,,%3) = z. Therefore ¢ is
surjective. Since o () = o () implies that x, = »,, %, = ¥,, hence ¥3=ygand xr=y,0
is injective. Therefore o is a loop isomorphism. Hence T and T’ define a Mal'cev’s corre-
spondence between € and.%.

(ii) Consider the standard formalized theories.#¢; and.#g, in the sense of [9], of the
classes 4 and.#Z. We note that the list of their primitive symbols contains, respectively, the
special symbols: {+ ,-,-,0} for.fg and {+ ,0,a( ),B( ),&( ),B( ),[, ]} forFg,
to denote: algebraic operations, neutral elements, additive operators (as unary predicates),
commutator brackets for denoting the solution of an equation (1.1). By x' we denote the
element of Le.# which satisfies equalities #' -+ x = 0= x + 2/, for xeL. We define a
recursive mapping T : £ ¢ —.# thus: Let A be a closed formula of £ '¢. Then A, obtained
from A by replaclng x, +x; by x; + x;,0byo, and -x; by [oz (%), B (x,)], is a formula of
Fe. Now T (A) = A‘P’, where A‘P’ is obtained by relatIVIZlng A to the predicate P, given by
“reKeranKerp” [o, L 5, p- 25]. By Proposition 2.1, we see that A is true on N ¢ % if
and only if T (A) is true on T (N)eZ. For the converse, assume that every closed formula
B of f& is under its prenex form: B = (Qu 1) (Qa ) 5+ -+, (Qp ) By (%, %3, -+, %, , 0),
where Q; represents a quantifier and the formula B, ¢Sy does not contain other quantlﬁers
(see [4, 11, §35]). Construct T'(B) in J¢ by replacing (Q; z;) by (Q;x) (Qs¥9) Qs 2,
i=1, » n, and the expressions of the form x; -+ %y =z by (x;+ x;,= 1) /\(J/J +y;=
——yk)/\(z +J’@ x; +z;=z). As it is obvious from the construction of T', B is true on
Le? if and only if T'(B) is true on T’ (L) ¢ %. Note that one must be careful with the
‘“ translations”’ of the formulas of £¢ by means of T, because the members of & have nonas-
sociative additions and, therefore, one must use brackets to show the order of the additions
contained in these formulas. But when we relativise to the predicate P, the associativity
law holds again, and then brackets become superfluous.
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It is easy to prove the following:

COROLLARY 2.4. The restrictions of T and T' (respectively, T and T')
to the classes €, and Ly, D and Ly, D, and G (respectively to their formalized
theories) define a Mal'cev's corvespondence (an equivalence) between them.

The last statement (about the correspondence between 2, and ¥) is
the main result of our previous paper [8].

We note now the functorial aspect of the established correspondence:

THEOREM 2.5. The categories € (respectively €, D , D,) and L (respec-
tively &, , %, %) are equivalent (see [6, 1I)).

We give only the representative functors between these categories.
First, we have: F: @ — & given by:

F(N) =T([N), VNe % (Proposition 2.3),
F@m)=@,n,m, V¥neHomz([N,N),

with F (1) () = (9 (&), 1 (1), 0 (x2)), V& = (%1, %, %) € L. Secondly, we
have: G: ¥ — ¥, given by:

G@L) =T (L), vLe# (Proposition 2.3),
G () = 9lu, Vee Homg (L ,L"),

with ¢lag () =9 (), VreHcL.

Let us finally remark that a Mal’cev's correspondence can be considered
for the general situation of the class of left nonassociative near-rings and
a special class of quasigroups. We shall handle it in a subsequent paper.
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