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M agnetofluidodinamica. — On the boundary layer function in 
M . H . D .  flows over a f la t pla ted . Nota II <**> di L uciano de S ocio e 
Pasquale R enno, presentata dal Socio G. R ighini.

R iassunto. ■— Con riferimento ad un problema di perturbazione singolare che si 
pone per una classe di moti magnetoidrodinamici viscosi, si determina la funzione di strato 
limite e si perviene ad una rappresentazione asintotica uniformemente valida in ogni punto 
del campo d’integrazione.

3. We examine now the asymptotic behaviour of the magnetohydro- 
dynamic motion (v&)he) already introduced in Note I.

On this purpose, referring to the F /s  in (2.1), we first demonstrate the 
following:

Lemma 3.1. In each point of Q , Vs e [o , 1 [ it is

(3.1) 1 Fj (z , T ; s) =  Gi (z , t )  — £ -t - z2/4s2t (ti t ) ' 1 +  sRi (z , t  ; s)

~ ,-t - s2/4s2t (nd)- *
(3.1) 2 Fa (^ , t ; s) =  ---------- —-------------b sR 2( s ,T ;e )2 £T

(3-Os. Fg (z , T ; s) =  Gs (z , t )  +  eR 3 (# . t  ; s)

with Rx , R2 and R 3 such that

00

(3-2) J  I R* (*, T ; s) I dT <  P» (z ; s ) , (« =  i , 2 , 3 )
0

where p j , p2 and pd are bounded functions, Vs >■ o, vanishing at z — o.

Demonstration. Noting that for s <  1 then is y =  1 , 2 a +  y =  s“1,
and putting

sR =  gg~Z2/4£2T frO "* (*“ *  — O  +  &  g~* (7tT)~è •
2 2 ST 4 r

a
• f  (<m +  I )  e- ^ u+1)2'iT [uj(2 — «)]* L [u (2 -  *)]*} du,

6

(*) Lavoro eseguito nell’ambito del G.N.F.M. -  C.N.R.
(**) Pervenuta all’Accademia il 14 ottobre 1977.
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from (2.3) one has

T? / \ ^   ̂ — Z2/4S2T I -pF2 (* , T ; e) = -------   e +  sR2 .2 £T

Also, it is

T

(3-3) — e~x =  j  e~v dv <  3 ere~8r 
JSt

and

00

J  2 ST 
0

Furthermore, from

00

(3.4) (ßl2 TU*) f <T8t (cm +  I) é“ 22(“u+1)2/4T t - 3/2 dT -  <r^»+«sl/2
Ò

one has

00 2

(3*5) s J I R2 0  . T ; s) I dT <  3 ze~zSll2'e +  (fri2) J  <?~2(0"i+1)Sl'2 [»/(2 — m)*] • 
0 0

• {&  [u (2 — u)Ÿ} du .

Taking into account (2.10) and (3.5) it follows

00

e J  I R2 (js , T ; s )  I dT  <  3 ze~z^ z +  e ( 1  —  e~zls)
0

from which (3.1 )2 is obtained when one puts

Pa 0  > £) =  (3 */e) ^“ z8l/2/s — (T2/s +  I .

The demonstration of (3.i)i is somehow lengthier but straightforward. 
First of all one can observe that (3.1)! can be integrated by parts to

give

(3.6) F i(* ,T ;e )  =
—St / \ -e (7tt)

- .0  ^  — e z2lie2T) + m 1( z ,T ,e )  — n1( z , T; e )
I ---- £‘
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with

(3-7) ^  =  — — /  ^ 22<aU+1)2/4T [« (2 -  «)]“ä II [« (2 -  ̂ )]è} àu

(3-8) _  £*« 8T( ^ t )  i f  „ _ 2 W i ) 2Mt 
F - ?  / e [*/(2 — «)]* Ix {Ç* [« (2 — u) f }  du .

Substituting v =  <m i in m1 and putting

(3-9) [J-i (> , T , w ; s) == ( i +  s)-2 (i —  s)“1 e~ rK1+E)2 (i —  z v ) ~ l

•lx {[2*/(i - s 2)] [0  — 0  (i - « # }

then
e

(3.ï°) [L1 =  e ~ T l i { 2 z ( v — i ) i } +  j  —  [%(>•, T , » ; ^ ) d y
0

where, from (2.9), the integrand is subject to the bound

(3-10 dy
<

4 g-T/a+»o* (j _ ^ ) - i  
( l _ y )3

[T +  2 +  -S'2 ( t f ---- i ) ]  I 2
2 Z

I •— y L — y v)]^

and finally through (3.7), (3.9), (3-IO)> (3-11) one has

l /s

mx — ze t (7ut) ^ j  e z2v2^ x ( y — 1)  ̂ Ix {2  z ( y  — 1)*} dv +  p x (js , t  ; e)

with such that

lA l  =

l /e  s

£  (tct)*”  ̂J r z¥/4T (v —  1)” * dz; j  dy <

S 1/2/

<  #  ( tc t )   ̂ j  dy  j  e z2v2̂ x . (y —  1) »

0 1
dy dv .



3 8 8 Lincei -  Rend. Se. fis. mat. e nat. — Vol. LXIII -  novembre 1977

A t this point, if one puts

(3.12) eR, (*, T ; e) =  ( e ~ ^  —  e ~ ^ )  (i [e~Sz -  (i - e * ) * - ]  -

—  n-i +  px —  ze T ( tit)  1 j  e zV!/4'r (v — i )  1 Ij {2 z (v — i)*} dv
I/«

taking into account (2.5) the expression (3.1)1 is obtained.
However, the limitation (3.2) on the remainder is still to be established. 

To this purpose, from the definition of p x and from (3.11) and (2.9) through 
(2.13), via simple calculations one has

00

(3-!3) j  I A  0  , T ; e) I d r <  8 (5 +  2 z) (i — s)“1 s*r.
0

For the other terms in R*, one has from (2.11)

00

(3.14) J  I (z » T ; s) I dT <  2 s (1 — s)"1 (1 — e~z/e)
0

while (3.3) leads to

00

(3.15) j  (I -  e2)“ 1 (tct)“ * [*~8t — (i — s2) e~z] dx <
0

<  [12 e/(i -  e)] ( . - z8l/2 -  , - 28l,2/£ +  z) 

and from (2.9) it is

00 00

(3 .1 6 )  j z e ~T ( t c t ) ”"* d r  J  e~z2u2/4r (u —  1 )“ *' I j  {2 z  (u —  1)*} du  <

0 l/e

00

< z 2 J  e-*»+^~-V1'2 dv <  6 ,*-*/* . 

1/8

Therefore if one writes 

P iO , s) =  [12/(1 — e)] [1 — e~zle +  e~zSl'Z — e~zSlßle 4- (^/s) e~ẑ z +  -j- 2 / ]

then Px (o , s) =  o and (3.2) is verified for Rx. A similar procedure enables 
one to prove (3.1)3 and Lemma 3.1 is demonstrated.
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4. Lemma 3.1 is now applied to the solution of problem Let

- T - 2 2/4e2T/ N - I
(4.1) b  =  i f ----------------------* v* +  (WT)-* * h*

2 ST

(4.2) r  =  R2 * v* —  Rx * /**

(4 .3) s  =  R 8 * A* —  [Gj —  (tct)-*  ^ t - 22/462t +  sR ,]  * » * .

Recalling the solution of s f Q (2.7) one has

Vs =  v 0 +  b +  t r  , 

hs =  h0 +  es .

On the other hand : lim {X (t) * \fye~y2̂ x\2 t)  (tct)“ *]} =  X (t) , V t >  o and 
y-*o

taking into account Comment 2.1 one has

lim [v 0 (s , t )  +  b (z , t  ; s)] =■ v* ( t )  ; V t  >  o .
z—»-0

In order to complete the demonstration of the Theorem, it is necessary to 
prove the relation (1.7). If v* and h* are bounded as t  -^0 0  and one puts

\  =  sup I Ä* ( t )  I , 9 =  sup I v* ( t )  I
T > 0 T > 0

(3.2) leads to

Ri (#. t  ; s) I dx <  £px +  <pp2 .
0 0

If one recalls (3.13) the following relation is easily obtained

00

o  <  j  [G x (z  , t )  -—  ( t t t ) “  ̂ ^ - t - 22/4s2t] — t —  é?~2/e

0

and for s one has

I * (* , t  ; e) I <  ip 9 +  9 (1 — e~z'z) +  £9Pi •

As for p4 (o ,: s) =  o , (z =  I , 2 , 3) ,  if one puts

a 0  ; s) =  I (Pi +  p8) +  9 (P2 +  ©Pi +  1 — e~zl&) 

the demonstration has been completed.

!*•(>,  t ; s ) |  < 9  J R2(,
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5. The function b ( z , t  ; s), as defined by (4^1), is a classic B.L. function 
whose contribution is appreciable only around z  =  o. The case where v* ( t )  

and h* (t)  reduce to two constant vectors, V and H, is next considered as an 
application of the preceding results.

It is simple to evaluate

H * [(7tt) -  ̂ e— z2l ^ ]  =  |H  [e~zl& erfc (z\2 s t * — t *) —

— erfc (z\2 s t  ̂ +  t ^)] ;

[ ^ _t-z2/4s2t 12 s t]  * V — i  V [e~ẑ  erfc (zj2 — t*) +

+  £z/s erfc (zj2 st^ +  t^)] .

Therefore the B.L. function b ( z , t  ; s) is given by

(5.1) b (z , T ; s) =  \  (H +  V) e~zlt erfc (z/2 er* —- Tè) +

+  è (V — H) ez,e erfc (z/2 s 4  +  t})  .

It is now v 0 (p , t)  =  — H erf t*, while b  (o , t  ; e) =  V +  H erf and one 
finally has

6 (o , T ; s )  +  »0 (o , t)  =  V .

It is simple to show that (5.1) leads to evaluations of the B.L. thickness 
that correspond to the partial results already available in the literature.
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