ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

REKHA PANDA

A note on certain results involving the polynomials
Ly ()

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 63 (1977), n.5, p. 324-327.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1977_8_63_5_324_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1977_8_63_5_324_0
http://www.bdim.eu/

324 Lincet — Rend. Sc. fis. mat. e nat. ~ Vol. LXIII - novembre 1977

Funzioni speciali. — A4 note on certain results involving the
polynomials L&® (x). Nota di Rekua Panpa, presentata® dal
Socio G. SANSONE.

RIASSUNTO. — In questa Nota si estendono alcuni recenti risultati di T. R. Prabhakar—
Suman Rekha relativi ai polinomi di Konhauser Lﬁ"’e’) (x).

1. INTRODUCTION

In their recent paper Rekha and Prabhakar [4] proved the following
result:

ORI (u+1>nr‘(€i;+g+l> LEP@) Filp—A+150+n+1547
F+1)

=_f®__et1F§[(x,1);(p+1,@,(p+I,,>;__xt],

where L8P (x) is the generalized Konhauser polynomial defined by (see also

[2] and [5])

(1.2) L¢P () = [ (an + B + 1) ;‘ - F((:(:énjfg:‘ 5 Re () > —1

« is any complex number with Re (&) > o, and ,Fy [#] is Wright’s generalized
hypergeometric function (cf. [6]) '

(@, 00)5 00, (@, ap) ; f:[ F(aj+ajn) ,a
(13 HF z =§?5 i o
CNSHENONSTIE IR | S IORESS S

Formula (1.1) and its hitherto known special cases were proved by
applying certain differential operators including, for instance, the fractional
derivative operator D}, defined by

() DL = s o A

(*) Nella seduta del 18 novembre 1977.
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In this paper we first present an elementary derivation of the following gene-
ralization of (1.1):

o fIQj)n Mtn, - Nt+n;
(15) =1 - L&® (2 F, — |
n=? P(M”+B+I)]l_=_l;<“]>n V‘l"l_%""’“'q—}“n;
q
H (“’]) % O\l:l),°°"<)\p;1>;
:i: F‘I+1 — x|,
].;I O‘J) (B+I’“)’(EJ‘I’I>:"'1<“'Q)I>;

where, for convergence, p <¢ and |#|<oco, or p=g¢+1 and [Z|<1.

Evidently, in view of the familiar Kummer’s theorem [3, p. 125, Theo-
rem 42]

(1.6) WFila;6;2]=eF [6—a;b;—2],

the special case p = ¢ = 1 of (1.5) is essentially the same as the Rekha-Pra-
bhakar formula (1.1).

2. PROOF OF THE GENERAL RESULT (I.5)

Denoting the first member of (1.5) by A (x,2), if we replace the hyper-
geometric ,F, [—#] function by its series expansion and collect the powers
of ¢ in the resulting double summation, we shall obtain

( J’)m (__ t)m m (__ m)ﬂ

(2 AE,H= }: m! & T (an + B+ 1)

L&® ().

(U‘J)m

Tf,:]a ] :jﬁ

By using the definition (1.2), the inner sum in (2.1) can be written in the form

X (— 7 % _ @ % (— 1)ntk o
pX T(an+B+1) L@ = 2 2 n—m) (n—A AT @k +B+1)

m ok — £
:m'kz L (m—&)] Tk +B+ 1) £ Z< (mn )

and since it is easily verified that

SI, if N=o,

(2.2) i (— )n (l:) = ?O

if N=1,
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we at once have

C3) X s L0 =

pr
F(‘*’”‘FB—I—I)’ va{O,I,z,-..}.

Now substitute from (2.3) into the right-hand side of (2.1) and interpret
the resulting sum by means of (1.3). Thus we arrive at the desired result
(1.5) under the conditions stated already.

3. FURTHER GENERALIZATIONS

In order to give a further generalization of our result (1.5), we introduce
a general set of polynomials R, (x) defined by

G.1) Ro) = 3 CP i, asto,
k=0 :

where {c,} is a sequence of arbitrary complex numbers. Then, as a generali-
zation of (2.3), we have

(32) Z ( m)n Rn<x):£,"xm, Vme{O,I,Z,"'},

and by applying the proof of (1.5) mutatis mutandis we are led to our main
result contained in the following

THEOREM. Corresponding to a given sequence {Y}, let
— N Yntr & P -T
(3-3) Q»n(f)—rzo*j,—!‘*: 2] <T,.

Also let the polynomials R, (x) be defined by (3.1).
Then

(o]

(3.4) I N O

provided that each side has a meaning.

For ¢, = 1/I' (an 4+ B —l— 1),7n =0, (1.2) and (3.1) evidently yield the
relationship

(3-5) Re®) = T -f;a ™ LyP @),

and, in view of (3.3), the general formula (3.4) would reduce to our earlier
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result (1.5) if we further let
a
e

(3'6> Yn=i;-"—'—: Vne{o,l,z,-«-}.
11

Yet another interesting special case of (3.4) is the known result [1, p. 134,
Eq. (4.9)], which would follow if we set

ﬁ (aj)n
(3.7) o = = oy = _(_B(LB?_':')_I)& ,
(e + 1)y ]H=1 Bn "

Vm,nef{o,1,2,:++},

and apply Kummer’s theorem (1.6) to express the special Q,(—7) as a
Laguerre polynomial given by

@ o+ m :
(3.8 t@@ =" ") Films a1,
or equivalently,

o o -+ m
69 100=("1") e Rt et —a,

Finally, we remark that (by appropriately specializing the sequence {y,}
and using the definition (1.3) above) we can easily apply our result (3.4) to
deduce an interesting extension of (1.5) involving Wright’s generalized hyper-
geometric functions on éot/ sides.
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