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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta del 18 novembre 1977 

Presiede i l  Socio Anziano A ntonio Carrelli

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

M atem atica. — On the rational cohomology of the spaces of 
unparametrized closed curves. Nota di F rancesco  M ercuri {*>, pre­
sentata <**) dal Socio G. Zappa.

R ia s s u n t o .  — Sia M una varietà liscia e chiusa contenuta in uno spazio euclideo Rs. 
Siano poi H1 (S1, R*) (S1 =  circonferenza) lo spazio di Sobolev delle curve assolutamente 
continue f : S 1->R J tali che c (t) , e L2 (S1). Sia AM la sottovarietà di H1 (S1, R*) delle 
curve di M. Su AM opera S1 per rotazioni; sia IIM lo spazio quoziente. In questa Nota si 
studia la coomologia razionale di IIM; più precisamente posto n 0M =  A ° M = M  per il 
sottospazio delle curve costanti si studia la struttura dell’accoppiamento (« cap » prodotto):

H* (IIM , n°M ) ®  H* (IIM — n° M) -̂ U H* (IIM , II0 M) 

I n t r o d u c t io n

Let M be a closed smooth manifold that we think of, for simplicity, as 
being embedded in some euclidean space R*.

Let S1 — R/Z be the unit circle parametrized between o and I.
Let H 1 (S1, Rfc) be the Sobolev space of absolutely continuous curves 

c : S1 —► RÄ such that || c (t) || e L2 (S1), with the standard norm, and AM =  
=  {c e H 1 (S1, Rfe) : c (t) e M , W e S1}. Then AM has the structure of a smooth 
riemannian submanifold of H 1 (S1 , R^) (strictly infinite-dimensional if 
dim (M) =  n >  o). If we indicate by C° (S1, M) the space of continuous 
maps from S1 to M with the compact-open topology, the inclusion AM -> 
—>G°(SX, M) is a homotopy equivalence (see [9]).

(*) Part of this work was done while the Author was an SFB-40 guest at the 
University of Bonn.

(**) Nella seduta del 18 novembre 1977.

19. — RENDICONTI 1977, vol. LXIII, fase. 5.
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S1 acts continuously on AM by rotations, and we denote by I I M the 
quotient space.

The spaces AM and IIM have been studied for a long time, especially 
in order to prove the existence of closed extremals of variational problems 
via critical point theory.

M. Morse noticed that for a variational problem L : AM -> R invariant 
under the action of S1, the now standard methods of critical point theory can 
be extended to the induced function Ln : n  M R, with the advantage that 
the topology on IIM  is richer than the one AM (i.e., the invariance of L under 
S1 forces L to have more critical points). We notice that the action of S1 is 
not always smooth and IIM  is not necessarily a manifold.

The purpose of this paper is to study the rational cohomology of IIM . 
More precisely, if we indicate by IP  M =  A°M the subspace of constant 
curves, there is a cap product pairing (see [6])

H* (IIM  , IP  M) (g) H* (IIM  — IP  M) H* (IIM  , IP  M) ,

and we will be interested in the structure of this pairing.
If ^ , 52G H * ( n M , n o M) and z1 =  z2n'(, with Ç e H * ( I I M , I P M )  

(* >  o) , we will say that zx and z2 are subordinated. We shall prove the 
existence of at least two such classes for any compact simple-connected M, 
and the existence of infinitely m any such classes for a large class of manifolds, 
and we shall give applications to the existence of closed extremals for certain 
variational problems.

We want to thank W. Klingenberg and R. K. Lashof for helpful conver­
sations and encouragement.

N o ta tio n s  a n d  k n o w n  fac ts

Let X be a countable CW-complex with nilpotent fundamental group. 
A minimal model for X is a graded differential algebra over the rationals 
(or reals) which is graded commutative and associative,

^  (X) =  (X) , d* : (X) - ^ * +1 (X)}*>0 ,
such that:

1) J i  (X) is free except for the associativity and graded commutativity 
relations;

2) The subspace of (X) spanned by the ^-dimensional generators 
of d t  (X) is isomorphic to (7^ (X) ® Q)* ;

3) The differential of a ié-dimensional generator is either zero or a 
polynomial in lower degree generators;

4) H* (J (  (X)) ~  H* (X ; Q).

Thus a minimal model is a tensor product of polynomial algebras on 
even-dimensional generators and exterior algebras on odd-dimensional gene-
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rators. Such minimal models exist and are unique up to isomorphism (see 
[6] and [11 ]).

For the rest of this paper, M will be a closed, simply-connected manifold, 
and homology and cohomology will always be with rational coefficients.

The following is an easy consequence of the existence of minimal models 
and the fact that the rational cohomology of an H-space is a free algebra 
generated by its rational homotop y :

I. Lemma, (a) (M) ® Q Is non-trivial in some odd dimension\

(b) H* (QM ; Q) contains a polynomial sub-algebra.

Given a minimal model for M , J l  (M), a minimal model for AM can 
be constructed as follows (see [12]):

Since the fibration Q M - ^ A M - ^ M  has a section, 7r* (AM) ~  
~  7r* (M) © tu* (ÛM). So, for any generator y e  (M) we have two gene­
rators y e  J ik  (AM) and y e  (AM). This defines J t  (AM) as a graded 
commutative and associative free algebra. We extend the “ bar operator ” 
to all J t  (AM) as a derivation, that is,

xÿ — xy  +  (— 1)^ x ÿ  ( \x  \ =  degree of x)

and we define the diferential dA : «/#* (AM) -* (AM) by

and
dAy  — dy on .the unbarred generators 

dA y  = ' — dy on the barred generators.

Using this model, Sullivan (see U2]) constructed many classes in H*(AM ) 
which restrict non-trivially to classes in H* (DM). Naturally, as soon as one 
of those classes is even-dimensional it generates a polynomial algebra inside 
H* (AM). As a consequence of the existence of those classes Sullivan proved 
that the sequpnce of betti numbers of AM is unbounded if and only if H*(M) 
is not generated by only one element. This last fact is of great importance 
in the theory of closed geodesics, since a theorem of Gromoll and Meyer ensures 
the existence of infinitely m any closed geodesics for any riemannian metric 
on a closed manifold M such that the sequence of betti numbers of AM is 
unbounded (notice that the last condition depends only on the homotop y 
type of M).

The following is again an immediate consequence of Sullivan’s con­
struction:

2. Lem m a. I f  one the following two conditions is satisfied, then H* (AM) 
contains a polynomial subalgebra\

(a) the first non-vanishing rational homotopy group of M is odd- 
dimensional ;

(b) M has the homotopy type of the product of two closed manifolds 
(of positive dimension).
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Unfortunately, is some interesting cases H*(AM) is not (multiplicatively) 
rich enough. In fact, if H* (M) ~ Q [x]l(xn+1) with x e  H 2* (M), then H* (AM) 
is the tensor product of a polynomial algebra on a 2 (k (n +  ,1) — ^-dim en­
sional generator and the ring A+ (x , x)/(xn+1, x n x), where A+ (x , x) is ideal 
in the free algebra on x  and x  of the elements of positive degree. Notice that 
in this case the product of n +  1 elements of positive degree in H* (AM) is 
always zero (see [12]).

This justifies the idea of looking for subordinated cohomology classes 
in IIM .

Remark. Since AM is a smooth Hilbert (stricly infinite-dimensional) 
manifold and M ~ A0 M a compact submanifold, the inclusion AM — A°M —► 
-> AM is a homotopy equivalence (see [3]), and therefore the existence of 
a polynomial algebra in H* (AM) implies the existence of infinitely m any 
subordinated cohomology classes.

T h e  cohomology  of E M

If G is a topological group acting on a space X and G -> EG -> BG is 
the universal bundle, we will denote by Xq the balanced product EGXg X. 
We have the diagram

X

X G— ^  X/G 

BG

wherfe 7ux and 7u2 are the obvious maps. Moreover, 7ux is a fibre bundle and, 
if [ y ]  e X/G is the orbit oi y e  X  under G, 7û “1([<y]) — B (Gy) , where Gy is 
the isotropy subgroup of y  (see [2]).

3. Lem m a. tcJ : H*((AM — A°M)/S1) -> H*((AM — A0M )/S1) is an iso­
morphism.

Proof. Since S1 acts without fixed points on AM — A°M, all the isotropy 
subgroups are finite, so, for [y\ e (A M — A°M)/S1, tû "1 ([y]) is rationally 
acyclic. Since S1 is compact, the projection map

7c : (AM ■— A0 M) -* (E M  — ÏÏM ) =  (AM — A0 M )^ 1

is a closed. For any n , consider the ^-universal bundle S1 EÂ S1 Bn S1 
and the relative situation

: En S1 X si (AM — A° M) -> (n° M — n °  M) .
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Since Ew S1 is compact and n is closed, it follows that 7 ^  is closed and, for 
all [y ]e  (I1M — II0 M) , H* (7c^([jy])) =  o for * <  n. It follows then, from 
the Vietoris mapping Theorem (1) (see [10]), that n ttn is an isomorphism for 
* <  n and, therefore, letting n grow, tu£ is an isomorphism.

4. Lem m a. The inclusion is 1 : (AM — A0 M)si — AMgi is a homotopy 
equivalence.

Proof. As already remarked, the inclusion A M — A°M ->A M  is a 
homotopy equivalence. The lemma follows looking at the bundle map

(AM — A0 M )------> (A M — A° M)si ---- BS1

* V  1

A M ------► AMsi ------  ̂BS1

We notice, in particular, that, since S1 acts with fixed points on AM , 
7t2 : AMgi —* BS1 has a section, and therefore H* ( I I M — H 0 M) contains a 
polynomial algebra generated by w 2 =  n t (cf) , where c1 is the generator of 
H* (BS1).

Let E  : AM -> R  be the energy integral

È(c) =  l j \ \ c \ f d t .
SI

Since E is S1-invariant, it induces a continuous map

En • n  M —>■ R .

for a e  R we set

A“ M =  È“ 1 ([o , «]) ; n a M =  Ë51 ([o , a]) ;

A“-  M =  Ë “ 1 ([o , a)) ; II“-  M =  ËH1 ( [o , a)) .

E is a C°° map and, since the induced riemannian metric on AM is SM nvariant, 
the vector field Ç =  — grad E is S^equivariant. 4 ' Going down ” along
the integral lines of £ we can define a semigroup of E-decreasing transfor­
mations

<j> : [o , 00) x  AM —> A M ,

and, since everything is respected by the S1-action, a semigroup of E n decre­
asing transformations

<j>n : [o , 00) x  IIM  —► TIM .

(1) Since AM and IIM are locally contractable, the Alexander cohomology coincides 
with the singular one.
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5. THEOREM. For z small enough, ([> and <j>n define strong deformation 
retractions

<}>£ : A£ M A0 M and ^  : IIs M 11° M .

Proof'. see [6].

6. T h e o r e m . H* (AMsi , A0 Msi) -  H* (IlM  , IP  M ) .

Proof . Using the same arguments as in 3. and 4. applied to the pair 
(AM — A0 M , As M — A0 M) (s small), we have

H* (AMsi , As Msi) ~  H* (IIM  — II0 M , IT M — n° M)

By 5 we have
H* (AMsi , A0 Msi) -  H* (AMgi, Ae Msi) , 

and an excision gives

h *  ( iim  — n° m  , ns m  — n° M) -  h *  (H m  , n° m ) .

putting the three isomorphisms together, we have the theorem.

7. COROLLARY. There is an exact sequence'.

-► H r+1 (AM , A° M) -> H f (IlM  , IP  M) H r+2 (IÏM  , n °  M) 

- » H « ( M , A # M ) ^ ' "

with w2e H 2 (IIM  — II0 M).

Proof. Using 6, this is just the Gysin sequence of the fibration 

S1 (ES1 X AM , ES1 x A° M) -> (AMsi , A0 Msi) .

8J C o r o l l a r y .  The first non-vanishing cohomology groups of ( A M , A0 M) 
and  (IIM  , II0 M) occur in  the same dimensions and are isomorphic.

Proof. Immediate from 7.

9. THEOREM. A t least one of the following two assertions holds'.

(1) H* (AM) contains a polynomial algebra)

(2) H *(IIM  , IP  M) contains at least two subordinated classes.

Proof. Consider the minimal models for M and AM: 

o o J t h+1 (M) (M)

o > • • • o >■ A tk (AM) > A t _̂j_i (AM) > ^ tc+z (M) > * * *

and suppose J ?.k+1 (M) is generated by xx , • • •, x Q and J t k+f M) by y x , • • *, y v . 
We can assume k odd; otherwise, by 3., H*(AM) contains a polynomial al-
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gebra and the theorem will follow. Let us notice that (M) — H fe+1 (M), 
JKfs (AM) ~  H* (AM) and ^ ( A M )  is generated by {x1 , • • - , xq , ÿ 1 , • • • yp}. 
Now H fe+1 (AM) — (AM) because, since x i e J t  (AM) are exterior 
elements and k  is odd, dy  cannot be a non-zero polynomial in lower degree 
generators. But, on the other hand, if (M) 7^ o, the ÿ4 would restrict 
to non-trivial even-dimensional elements in H* (QM) and therefore would 
generate a polynomial algebra in H* (AM) and again the theorem follows. 
If J £k+2 (M) =  o, looking at the exact sequence of the pair (AM , A°M) it 
follows that H k+1 (AM , A0 M) — o. From 7 we have

o - * H * ( I I M  , n ° M ) ~  H* (AM , A0 M) — H i+2 (IIM  , n ° M )

and therefore there exist two subordinated classes in H* (Il M , IT0 M).

10. P r o p o s i t io n .  H* ( n e M , n °  M) -  H* (M) 0  H* (BS1) . 

Proof. By the same argument as in 3,

7UÎ : H* ( n e M —  n° M) -> H* ((As M — A0 M)si)

is an isomorphism. A£M has the structure of an infinite-dimensional disk 
bundle over A0 M with 3ASM =  ASM — AS~M  (see [6]) and SM nvariant 
projection p  : AeM -> A°M. Therefore we have a bundle map:

(As M — A0 M) 

P

(As M — A0 M)si ----- ► BS1

Ps1 I

A° M ------ > A °M  ------►■BS1 .

Since p  is a homotopy equivalence, so is ps 1, and the proposition follows.
Looking at the inclusion (IIsM — FT0 M) -> (ÜM — II0 M) we can con­

struct another exact sequence that will help in an explicit computation of 
H* (ÜM , IP  M). In fact, the exact sequence of the pair can be written as:

11. H r ( i i M , n #M ) - > H f ( n M - n ° M ) - * H r ( i r M  — n°M )

12. -*_► n r (n M  , IP  M) -Ü+ IP  (AMs1) J U  IP  (A® Msi) -►•••,' where 
j*  is induced the inclusions j  : A0 Mgi —► AMsi .

Now Sullivan has a general formula for computing the minimal model 
of AMgi (see [11]; really the theorem is stated there for S e c tio n s  on com­
pact manifolds, but it works in this more general context). Since AM 
-^-AMgi—̂ BS1 has a cross-section, it follows that the homotopy of AM §i 
is the direct sum of the homotopies of AM and BS1. So J t  (AMsi) is generated 
by a two-dimensional class w 2  e t z 2  (BS1) 0  Q and the rational homotopy of 
AM. The differential d' of J  (AMgi) is given by

13-
d f w2 =  o and 

d! x  =  dx  +  xw2 ,
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where d is the differential in / ( A M )  and “ bar ” is the derivation in /  (AM) 
defined at the beginning.

In particular, j*  sends the two-dimensional class w2 in to the correspon­
ding generator of H* (A0 Mgi) =  H* (M X BS1), kills the “ barred ” generators 
and acts as the identity on the others.

So 12 and 13 give the cohomology of (DM , II0 M) .

E x a m pl e s  a n d  a p p l ic a t io n s

In view of Katok’s example of a (non-symmetric) Finsler metric on S2 
with only two closed geodesics, the case in which M has the rational cohomology 
of a symmetric space of rank one is of great interest.

14. T h e o r e m . I f  M  is a closed simply-connected manifold with the rational 
cohomology of a symmetric space of rank one, then there are infinitely many 
subordinated classes in  H* (TIM , IP  M ),

Proof. For simplicity, we shall do explicit computations for the case 
H* (M) ~  H* (Sw) , n =  2 k, the other cases being similar. An easy com­
putation shows that the minimal model of (ASw)gi is generated by:

w ^e M 2 ((ASn)si) with

x e  J (n_x ((AS»)si) with

x e  J£n ((ASn)si) with

p e  ((ASn)gi) with

y e  -^än-i ((AS*)gi) with

d ' w 2 =  o ; 

d ' x  =  o ; 

d ' x  — xw2 ; 

d ' ÿ  =  xx  ; 

d ' y  =  x 2 +  y w 2 .

Then H* (TlSn — IT0 Sn) is generated by w 2e  H 2 (ITS” — II0 Sw) and x e  LP*1 
(n S n — IT0 Sn) with the relation xw2 — o and contains elements of the type 
y* x, where y  is the class of the 2 (n — i)-dimensional generator of ^#((ASn)gi).

From 7 it follows that H* (ITSW — IP  Sn) — o for * even. Let Ç be 
the generator of I P “1 (IISW, II0 Sn), so Ç U w 2 fi=o; by 12 there exists 
7j e FP (BS1 XS'*) such that 8 ( r ) ) = Ç U w 2. But Y) U w 2 does not belong 
to the image of j*  (again looking at 12), so 8 (y j U wf)  =  S (fi) ze/f =  
=  £Uze/f+1 f i o  , VS, and the theorem follows.

We notice that the rational Poincaré polynomial of (IISr, I I0 Sr) was 
already computed by Svarc (see [13]):

tr+1
I — t2

p(nsr, n® so (0--
f - 1

+  ■I _  t^r-1) ’

t r+l

if r  is even

I — tr~x + if r  is odd.
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From this, the multiplicative structures of H*(IISr, 11° Sr) and H *(IISr — II0 S r) 
can be recovered by a purely dimensional argument (really we recover 13 
without using Sullivan’s formula, the generators of the minimal model being 
obvious).

Remark. We notice explicitly that H* (IIS2*, IT0 S2Jc) cannot contain a 
polynomial element, since it is always zero in even dimensions.

We now give an application to closed extremals of certain variational 
problems. Let M be a closed simply-connected manifold with the rational 
cohomology of a symmetric space of rank one. Let L : TM  -> R be an “ al- 
most-Finsler variational problem ” (see [7]). We call a closed extremal 
c : S1 — M of L a winding extremal if there exists a sequence of natural num­
bers kn -> 00 such that the curves cn : S1 —>M given by cn (f) =  c (kn t) are 
extremals of L.

15. THEOREM. Under above condition, L admits infinitely many closed 
extremals or at least one winding one.

Proof. This is an immediate consequence of 14 and the immediate gener­
alization of Theorem of 5.2 of [7] to the almost-Finsler case.
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