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Equazioni differenziali ordinarie. — /ntegral stability of differential
systems and perturbation of Lyapunov functions. Nota @ di OLusoLa
AXINYELE, presentata dal Socio G. SANSONE.

RIASSUNTO. — L’Autore con I’impiego di funzioni di Lyapunov di criteri sufficienti
abbastanza generali per ottenere proprieta di stabilita integrale non uniforme delle soluzioni
di un sistema differenziale.

§ 1. INTRODUCTION

Results of non-uniform properties of differential systems under'r\very
weak hypotheses are not easy to obtain and one useful and important tool
recently introduced in [2] is to perturb the Lyapunov functions involved.
The importance of this technique in the study of non-uniform properties of
differential systems was demonstrated in connection with equiboundedness
and equistability results under considerably relaxed assumptions. This method
was also utilized in [1] to give a treatment of perfect equistability, perfect
equi-asymptotic stability and strong equistability of solutions of differential
systems under relaxed conditions.

To obtain results on non-uniform integral stability properties of dif-
ferential systems by means of Lyapunov functions, one must generally assume
conditions everywhere in R”[3]. In this paper, we investigate the non-uniform
integral stability properties of differential systems under weaker assumptions,
by means of Lyapunov functions and the theory of differential inequalities.
We do not wish to require that our Lyapunov functions be defined every-
where in R”, iso we perturb the Lyapunov functions suitably to obtain the
desired result. Our results also strengthen the belief that the technique of
perturbing Lyapunov functions is destined to pl‘ay an increasingly important
role in the study of non-uniform properties of solutions of differential system
as well as the preservation of such properties under constantly acting per-
turbations.

§ 2. PRELIMINARIES

Let R* be the z-dimensional Euclidean space and E any subset of R”.
Denote by E, E° and 3E the closure, the complement and the boundary of E
respectively. For any p > o0, define S(p) ={x€R":||x|| < p} where ||| is
any convenient norm. Let R+ = jo, oco).

(*) Pervenuta all’Accademia il 18 ottobre 1977.
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Consider a system of ordinary differential equations of the form
dx
® T=SCn) w2 =,

where f € C (R+xR" R?) and C(R+ X R?* R?) is the space of continuous func-
tions with domain R*XR"” and range R? and the perturbed system

dx

@ 3 =S TRE, %), x() =%,

where f, R e C (R+XR? R").

The following are the definitions which we need in this paper.

DEFINITION 2.1. A function ¢ is said to belong to the class ¢ if
peC([o, p), RY),d (0) =0 and ¢ (») is strictly monotone increasing in 7.

DEFINITION 2.2. The trivial solution of (1) is:

I,: Equi-integrally stable if for every « > o and #, € R* there exists
a positive function B = B (%, «) which is continuous in #, for each « and
Be A" for each ¢, such that for every solution x (¢, ¢4, x,) of the perturbed
system (2). x (¢, 2%,,%0) €S (B) £ = ¢,, holds provided that x, €S («) and for
every T > o0,
to+T
sup | R (s, x ()l ds <.
zeS@)

I,: Uniformly-integrally stable if B in I, is independent of #,.

I3: Equi-asymptotically integrally stable if I, holds and for every
e>o0 a=>0 and #,€Rt there exist positive numbers T =T (¢, «,¢) and
y =¥ (%, «, €) such that for every solutions of the system (2) x (¢,%,,%,) €S (g)
for ffZ 2o + T holds provided that xoegﬁ and

(o]

[ s IRG x@ e <.

zeS@

I,: Uniformly-asymptotically integrally stable if the T and vy in I,
are independent of #, and I, holds. Consider the scalar differential equation
3 Y wl) =
together with the perturbed differential equation
@ Lomg 6@ w) =

where g €C (R*XR¥, R) and ¢ eC (R+, R¥).
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Corresponding to the integral stability definitions for the system (1) we
have similar concepts of integral stability for the system (3). We give one
such definition since the remaining can be formulated accordingly.

DEFINITION 2.3. The trivial solution of (3) is said to be Equi-integrally
stable if for every «; = 0,#,€R* there exists a positive function §; = 8, (%), o)
which is continuous in ¢, for each «, and B,e€X for each %, such that which
ever be the function ¢ € C (R+, R+¥) with

to+T

[0 a<a,

for every T > o, every solution % (¢, %, , #,) of the perturbed scalar equation
(4) satisfies the inequality = (¢, ¢, , #,) < 8 for # > ¢, provided that z, < o,.
We now give a theorem which permits us to study equi-integral stability

properties of the differential system (1) under assumptions weaker than known
result [3].

THEOREM 2.4. Assume that
i) EcR® is compact, V,€C (R*XE’, RY), V, (¢, x) is locally Lips-
chitzian in x bounded for (t,x)€ R*XOE and

D*Vy (¢, By = Bim - Vi (b, 2+ A (0, 2) — Vi €, ] <

Sgl(t’vl(t:x)) f07' (t)x)ER-FXEB
where gy €C (R*XR*, R); g (#,0) = 0;
(i) V,eCR+t+XS°(p), RY),V,(¢,%) is locally Lipschitzian in x,
bUx)< Vo, ) <a(lxl) for (z,%)€R*XS(p)

where a,beb([p,w),R+) such that b(uw) — o0 as u-—>oo and for
(¢, x) € R* X5 (p),
D*V, (¢, %)w +DY Vo (&, 2)y S £ ¢, V1 (¢, %) + Vo (2, %))

where g, € C(RTXRY R); g,(2,0) = 0; g, (¢,v) is monotone nonincreasing
in v for ecackh t;
(iil) the trivial solution of the scalar differential equation
: du
) “cvzéﬁ(fy%) y #(tg) =g =0
is equi-integrally stable and every solution of the scalar differential equation

dy

©) —Cg=gz(fa'”) y v(l) =0y =0

is uniformly bounded.
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Then the trivial solution of (1) is equi-integrally stable.
Proof. There exist M; >0, and M, > o such that
@) Vi@, 2) = Vi, )| <Mllx—yll and [V,(,x)—
— Vo, ) | < M|lx —y].

Suppose x (¢, %, xo) is any solution of (2), then by assumption (ii) and (7),
we have

6] DtVi(t, %)@ + Dt Vo, ) < £ ¢ Vi) + Vo (&, 2) + 2 ()
for (¢,x) e R*xE°NS°(p), where A() =M+ M)|R#,2)].

Let py>o0 and define S(E, po) = {x€ R*: d(x, E)< po} where d (x,E) =
= inf|lx —y|. E is compact therefore we can find p> o such that
yeE

SR, p0)=S(p)-
Given #,€ R+ and « > p, define

ay =max {V; (¢, ¥o) : %o € S() N E} and o*>V,(#,x)

for (¢, x)e Rt X2E.

Let o, = oy (%, @) = max {«,, «*, (M; + M,) «} and assume that the
trivial solution of (5) is equi-integrally stable, then given &, > 0, and #,€ R*
there exists B; = B, (4, , ®,) continuous in #, for each «; and B,€ 4" for each #,
such that for every solution # (¢, #,, #,) of

©) B0, w ) =,

with g, €C (R*XR* R) and ¢ €C (R+, R¥),
(10) , u(t,ty,u)) <Br2 =4

holds whenever %, << o, and for every T > o
to+T

(11) f d()ds <oy .

Set a, = max {B; + @ («) , (M; + M,) o}, then given &, = o the uniform bound-
-edness of solutions of (6) implies the existence of B, = B, (x,) such that

(12), v (£, 2, v) < P2 (a) for t>+#, provided v, <o,

where v (7, #, , v,) is any solution of (6). Moreover since & (%) — co as % — oo
there exists a 8 = f (%, «) such that

(13) 6B > Be(w) + oo
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With B, every solution x (¢, % , %o) of (2) satisfies x (¢, %, %,) €S (R) for 2z > %
provided x, €S (o) and for every T > o,

to+T

f sup [[R{s,2(@)|ds <a.
2eS(B)

Suppose not; then there exists a solution x (¢, %, , x,) of (2) such that for some
tl > z‘0 ’

(14) lx @, %, 20l =8,
and either
(1%) x(t,t,%)€E° for z€ [, 4]
or
(16) % there exists #* > z‘9 such that x(#*,#,, x,) €3E
and x(¢,%,%)€E® for te[#,#] since S(E,p)<=S (a).

If (13) holds,v then there exists £, > #, such that

x (fys b0y %) €35 (0) , x (41, 45, %5) €3S (B) and
(7 %

x (2,4, %) €S () for te[2,4].
Set o =V (ty, %) and v =V, (%, x (%)) + Vy (%, x (%)) and define

m @)=V, 2) (¢, t, %)) + V, (¢, 22, b, %)) —

¢

— L+ M) [IRG, 2@ lds

4
to

for t€[z,,t]. Then by (8) and the monotone non-increasing property of g,
we obtain, for £ € [%, 4]

Dtm () < DT Vit D)y + DV, (2, 2) 0y — My + M) [ R, ()| <

<&@V (t,x) +Valt, ) <0, m@).
Theorem 1.4.1 of [3] gives for €[4, 4],

(18> Vl(t:x(t’lO’x0>>+\72(t,x<t,toyxo))S”z(t'fz,'vo)+
+ My My [ R Ge, 2 () ds

where 7, (7, %, , 7o) is the maximal solution of (6) such that 7, (%, % , 7s) = 7,-
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Also by assumption (i) and Theorem 1.4.1 of [3]

(19) Vi@, x (2, by, ) <7 (Z, %, 2 for ¢t >4,

where 7, (#,¢,, %,) is the maximal solution of (5) such that 7 (z,, Ly, te) = 4.
For zels,,2] set ¢ () = My + M) | R(#,x ()], then

31

Jowas= [ s OLAEMIIRG, 2 (@)1 < M+ Mo <oy,

Y zeSE@)
ta

Take £ > #, such that

2 (ocl — fh(b ) ds)
I 4?4) ®)

and set ¢ (f) =0, ¢ (#) to be linear on [#,%] and $(¥) =0 for £>f Then ¢
has a continuous extension for all #>>#. Suppose 7*(¢,%,,%,) is the maximal
solution of the perturbed differential equation (9), then by equi-integral
stability of (5) it follows from #, = V, (¢, %o) < o; and (11) that »* (520, 25) < By
for 2>1¢, and since A(H)=6¢ () on [f,#] we have »*(z ¢ ) =
=71(¢,4,u, on [t,#4]. Clearly by (19),

Vil 20, Vilte, x0) < B

P—y <

Assumption (ii) and (17) imply V, (&, (%, %o » %0)) < a (o), so that
Vo=V, (&, x5, %) + Valte, 2, %) <Bi +a(®) <a,.

Finally since V; >0, (12), (13), (17) and assumption (ii) imply

5B Sr2<t1,z2,vo>+<M1+M2>fnR<s,x<s>>ndss

1

1
< By (@) +<M1+M2>] sup | R (s, 2) | ds
2]

teS®

SBeo) g <6(B).

which is a contraction.

If (16) holds, where #, > ¢, satisfies (17) and % = V, (#*, x (#*, ¢, , %,))
then since x (#*,%,,x,)€ 0E and V, (#*,x (#*, 7, %) < o* < &, (19) im-
plies 7, (&, t*, up) < B; and again v, <8, + 2 (2) < a, and in this case

bR =7(a,t, ) + (M, +M2)f|IR (s, 2 (DN ds < Po(ag) + oy < &(B).
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If « < p, then set B (%, @) = B (%, p) and proceed in a similar way. Hence
the theorem.

Remarks. Our result shows that to obtain equi-integral stability of dif-
ferential equations it is sufficient to assume conditions on our Lyapunov
functions in the complement of a compact set in R® This has been achieved
by perturbing the Lyapunov functions suitably. The proofs of known results
on equi-integral stability of differential equations require that assumptions
hold everywhere in R” so our result improves the result of Theorem 3.9.1
of [3]. Moreover in the special case g = 0, g, = 0, we also have an impro-
vement on the result of Corollary 3.9.2 of [3].

The following theorem gives a set of sufficient conditions for the equi-
asymptotic integral stability of (1) under assumptions weaker than known
results [3].

THEOREM 2.5. Assume that (i) and (ii) of Theorem 2.4 hold. Let the trivial
solution of (85) be equi-asymptotically integrally stable and the trivial solution
of (6) be uniform Lagrange stable. Then the trivial solution of (1) is equi-asymp-
totically integrally stable.

Proof. By Theorem 2.4 the equi-integral stability of (1) follows. Let
« and B =R (%,«) be as in Theorem 2.4. Then equi-asymptotic integral
stability of (5) implies given 6 () > o0, a >0 and #e€ R* there exist
Yi="v; ({p, 0,8 and T,=T,(, % ,c) such that ¢e C (R+, R*) with

(20) [e@ds <,

every solution # (¢, ¢,, #,) of the perturbed scalar differential equation (9)
satisfies

(21) u (¢, ty, ) < b(€) for ¢t =>¢4+T,.

Set a3 = b (e) + a (o), then given a3 >0 and %€ R*, uniform Lagrange
stability implies the existence of T, =T, (a3, ¢) such that v, < oy implies

(22) zz(z‘,z‘o,vo)<b—(:)e for ¢>1¢ + Ty,

where v (¢, #,, vy) is any solution of the scalar differential equation (6). Let

T = max {T,,T,} and choose a positive number ¥ (#,a,c) so that
6 (& Y1

2(My+M,) " (M + M)

numbers for the equi-asymptotic stability of (1). Suppose not; then there exists

a sequence {#} such that # > ¢, + T, # — oo as £ — co such that for any

(o]

Y = min } . Then T and ¥y are the required positive

solution x (2, 4y , ) of (2) with ||, <a and j sup || R (s, x ()l ds <,
llz[[<B
11

(23) N2ty 20, 2o) | =€
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Define for #>4¢ + T,

t
m(t)‘=vl(t: x(t: to, xo)) +V2(t’ x(t:tvao)) _(M1+M2)f” R(s,x(s))“ ds
’ to+T
and set v =Vi(lo + T, 2t + T, %, %) + Valto + T, 2@ + T, 2, ).

Then by (8), the monotone nonincreasing property of g, and Theorem
1.4.1 of [3] yields,

(24) m@) <r,¢,to+T,m(@+T) for t=¢ 4T,

where 7, (#,% + T, v) is the maximal solution of (6) such that
73t + T, 0 +T,v) =v,. Set wuyg=V,( +T,x( +T,4,%)), then
assumption (i) and Theorem 1.4.1 of [3] imply

Vi, 2 (2,250, %0) <n (2,4, 1) for t>=>t¢to4T.

Now set & () = (M, + MR ¢, @)l then
Jo@as <ot +M) s IRG 2O I0 =00 4 Myy <,

therefore », (¢, ¢y, 1) < 6 () for ¢ > ¢, +T. Moreover,

Vet + T2t + T, %0, %) <a(lxl) <a(w,
so that
vo=Vy(to -+ T, 2t +T,t, %)) + Valte + T, 2 (ts + T, 2, 7)) <
<b6(E)+a(w)=ua;s.

Assumption (ii), (22), and (23) with V; > o imply,

6(3) §V1<zkyx(tk)t0)xo)) +V2(tk’x<tk’t0’x0))"

o0

<rt, % +T,v) + M, +Mz)f||R(S,x(S))|ldS<

to+T

<28 o MYy =150,

which is a contradiction. The proof is complete.

Remarks. 1f instead of uniform boundedness of (6) we assume uniform
integral stability of (6) and require g€ C(R*XR*,R);g:(#,0) =0, in
Theorem 2.4, the conclusion of that theorem remains valid. However if instead
of uniform Lagrange stability of (6) we assume uniform integral stability in
Theorem 2.5 the proof breaks down. The assumption of uniform asymptotic
integral stability of (6) along with the above conditions on g, in Theorem 2.5
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makes the conclusion of that Theorem to remain valid. The proof in that
case may be constructed as in Theorem 2.5 with appropriate changes.
The following corollaries follow immediately from our theorems.

COROLLARY 2.6. With the assumptions of Theorem 2.4, the uniform integral
stability of the trivial solution of (3) and the uniform boundedness of (6) imply
the uniform integral stability of the trivial solution of (I).

COROLLARY 2.7. If gy = 0,g, = 0 in Corollary 2.6, then the same con-
clusion holds.

COROLLARY 2.8. With the assumption of Theorem 2.4, the uniform asymp-
totic integral stability of (5) and the uniform Lagrange stability of (6) imply
the uniform asymptotic integral stability of (1).
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