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Analisi matematica. — Age-dependent population dynamics.
Nota @ di GasrieLLA D1 Brasio ® e LAMBERTO LAMBERTI 9,
presentata dal Corrisp. G. STAMPACCHIA.

R1AsSUNTO. — Si studia il problema di Cauchy per una equazione differenziale deri-
vante dallo studio della diffusione di una singola specie biologica. Si dimostra V’esistenza e
P'unicita della soluzione di tale problema e la dipendenza continua dai dati.

1. INTRODUCTION

This paper is concerned with the study of the following partial differential
equation

+00
2 2
(1) yu(z‘,a,x)—l—-g-u(z‘,a,x)=—(J,(a)u—i—fé(a,cz')Auda'
0
t,a=o , z€Q

which has been proposed by Gurtin as a model for diffusion of a single species
population [4].

Here % (¢, @, x) represents the density per unit volume and age of some
biological population at time # at the location x in Q and w is the age-dependent
mortality rate so that — pz represents the death process.

We shall study equation (1) together with the following additional con-
ditions .

(i) an initial space and age distribution % (0, @, x) = u, (a, %);

(ii) an age boundary condition representing the birth process
w(@,0,x)=06(t,x);

(iii) a spatial boundary condition % # = 0 where —;— is the exterior

normal derivative at the boundary 2Q.

2. PRELIMINAR:ES

In this section we collect some known results concerning dissipative
functions (see [2] and [3]).

Let H be a real Hilbert space; a function A: D (A) € H — H is said to
be dissipative if for each »,ve D (A) we have (Aw —Av, 2z —v) <o. A
dissipative A is said to be Ayper-dissipative if (\I — A) (D (A)) = H for each
A > o.

(*) Pervenuta all’Accademia il 17 settembre 1977.
(**) Istituto Matematico «G. Castelnuovo» dell’Universitd (Roma).

12. — RENDICONTI 1977, vol. LXIII, fasc. 3-4.
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If A is hyper-dissipative we can consider the Yosida approximating
functions A, : H — H , (z€ N)-defined by

Ay,=nnl —Ay*'n—nl =A@l —A)'n.
The following Lemma collects some known properties of the functions A,
LEMMA 1. If A is hyper-dissipative then:
() A, 7s a Lipschitz continuous function,
Gi) A, is hyper-dissipative;

(iii) of u, is such that w, —u and A, u, —v (weak convergence) then
ue D (A) and Au = v.

3
3. PROPERTIES OF THE FUNCTIONS 7 + pl AND f £A

Let w:fo, +oo[ -R,a—>p(@) =0 and K:[o, f-00[X[o, + oo
—~R, (a,a) — K (a, a") be measurable functions; we shall study equation (1)
under the following hypotheses

(m) we Lk ([0, + 00D |
(£) there exists a constant ¢; such that for each e L*(Jo, 4 co) we have

+00

(f (fooK (a,ad)ua) da')ada)i <q (ftﬁ dcz)&

0
(k) for each ne L*([o, + oo [) we have
+00 400

f f K(a,a)u@u(@)ds da>o.

0

Now let Q@ < R™ be an open bounded set with smooth boundary 2Q and
set H=12 (Jo, -+ co[ X Q); we denote by Ag, T and B the operators defined by

%GH:aéu(an)er’z([o’+°°D and #(0,x) =
‘D(Aﬂ)zzfor ae x€Q; (a,x)—»—g—u(a,x)eH
(‘ da

2

where e L2 (Q) is a given function and
' D(T)=H

+00
Tu =f K(a,a)u(d,x)dd
) :
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ue H; for ae. aefo, +oo[x—u(a,x)e W“(Q)(‘
DB)= 3
) Jand —5%=0 for a.e. 2€9Q ; (a,x) >Auec H 5
'Bu = Au.

The following theorems are well known

THEOREM 2. Ag — pl is hyper-dissipative and we have (Mg u — yu , u) <

<i[pax
THEOREM 3. B is hyper-dissipative.
The following Lemmas collect some further properties of Ag, T and B.

LEMMA 2. The operator TB is dissipative.

Proof. Let ue D (B) from (4,) we have
oo 400

. m :
(TBu,u):-—J J fK(a,a’) D (@, %) uy; (a, %) da’ da dx <o .
@ o o =
LEMMA 3. Let Be D (B) then for eack ue D (Ag — ul) D (B) we Aave
) ———(Agu——y.u,’Bu)S%f{VBde

m 3 Q
where | VB | = (Z {3:'.) .
=1

Proof. 1t suffices to prove (i) with ue CSFO (QX%Jo, + oo). We have

+00
——(Ag%—p.%,B%):ff(i—Z——l—p.u)AudxdaS
0 o

+00
m 3
T8 (s
1] Q Q

LEMMA 4. The operator TB, is continuwous and dissipative.

Proof. The first assertion follows from Lemma 1 (i) and condition (4,).
The second assertion follows from Lemma 2, condition (&) and the identity

(TB, %, u) = (TB @l —B)'nu,(n]l — B) L nu) —1/n (TB,u, B, u).
Finally the following Lemma is a consequence of Lemma 3 and Theorem 2.

LEMMA 5. For eack ue D (Ag — pl) we have

—(Agu;@u,Bhﬁj $%f|V(nI,——B)"1nB [ dx —{~'I/2Anf!BnB|2dx.:
Q : S n :
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4. EXISTENCE AND UNIQUENESS RESULTS

For each ¢ >0 and #n€ N we shall consider the following regularized
problem

400
on un ’ ’
—97+“a—a=—uu+fK(a,d)Anuda +€A”%+w
0
2) u(t,0,%) =b(t,x)
%((0,a,x)=1uy(a,x)
wel?(, T;H) , 6eCO,T;L*(Q) , wuecH O

where A, 2 = B, # (¥) with B, defined as in section 3.

To study problem (2) it is convenient to introduce the following defi-
nition.

We say that a function #e C (o, T ; H) is a strong solution of (2) if there
exists {#;} such that

(s) we W (0,T;H) ; puel?(©,T;H) ; a—u(t,a,x)e
eW"? (Jo, + oo]) for ae. (¢,%)€ [0,T]XQ and t—»;{leue L:(0,T; H)

(s,) we have #, —# in C(,T;H)
+o0

oy, +iui + pay efKAnuda'—l— Ay +w in L?(0,T; H)
0

ot oa

up(¢,0,x) >b(,x) in C(,T;L2(Q)

u,(0,a,x) >us(a,x) in H.

It is not difficult to prove the following result

LEMMA 6. Let K=o0,c=0,w = 0 and uy, =0 then there exists a unique
strong solution u, of (2) and we have

{ a

u, (¢,a,x) = 5(t_;“’x)exp(~jp-(o‘)do') t>a

0
[e) ) t<a.

(1) If E is a Hilbert space we denote by C (o, T ; E) the Banach space of all continuous
functions #: [0, T] > E; by L2(o, T ; E) the Hilbert space of square integrable functions
#%:[0,T] > E and by W.2(0,T;E) the space of all absolutely continuous functions
#:[0,T] - E such that (d/df)zeL?(0,T;E).
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+00

LEMMA 7. Let b=0 and w = fK (a,a) Ay, da’ + eA, u, then
0

there exists a unigue i, strong solution of (2).

By Theorem 2 and Lemma 4 we have that Ay — pl is hyper-dissipative
and that TB, 4+ €B,, is continuous and dissipative so that (see [1, Theorem 1])
Ay —ul +TB, + B, is hyper-dissipative and the result follows (see [2]
and [3]).

Summarizing we have

THEOREM 4. Let u, and big y be the functions defined as in Lemmas 6, 7;
then the function ten = tt, + e n i a strong solution of (2) with w = o.

The following Lemma collects some a-priori estimates for the solutions

of (2).

LEMMA 8. Let uoe D (B) and let u.,, be the strong solution of (2) given
by Theorem 4. Then for each te [o,T) we have:

® | 22 () llr < | %0 |l + |l 6 ”C(O.T;LZ(Q))
t
(ii) e f Ay e nltds < C (T, u,,6)
0

where C (T, u,, b) is a constant depending on T, uy and b.

Moreover if wy,ige D (B), 6,beC(0,T;L2(Q)) and if u,ti., are
the corresponding strong solutions then

(iii) ” ﬂe,n (l‘) - ﬁa,n(t) ”H S ” Uy — 720 ”H ‘|‘ || b— 5 |IC(0,T;L2(Q)) .

Proof. To prove (i) it suffices to take the scalar product of (s,) with 2,
integrate over [0, ¢] and use Theorem 2. Assertion (ii) follows from Lemma g

by taking the scalar product of (s,) with A, #;. Finally the proof of (iii) is
similar to that of (i).

Finally using Lemma 8 (i1) and Lemma 1 (iii) we get the following exi-
stence result for the solutions of (2) in the generalized sense specified below

THEOREM 5. Let uye D (B) and be C (o, T ;L2 (Q)) then there exists u
and {u.} verifying the following properties

(&) *—u.(t,a,xr)e W*(Q) for ae. (¢,a)e [0,T]x[o, + oof

2
and —~a—v—u=o a.e. x€ 0
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(g,) ue 1is the strong solution of the problem

; « 400
|

8% a% 7 ’
\ _6)7+§+pu_fK(a,a)Au,da + @
) 0

Iu(z‘,o,x)zb(z‘,x)

L% (0,a,%) =1u,(a,x)

(gs) we have ue —>u in C(0,T;H) and ¢s—o in 1*(o,T;H).

Moreover if #,,#,e D (B),4,bcC (0, T ;L () and %,z aré the
corresponding generalized solutions then

(@) —a@)lla <lvo—alu+116—>bllcor:Lay -
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