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Analisi matematica. —On A (R, ,£) summability methods. Nota®
di BABBAN Prasap MisHrRA e DingsH SingH, presentata dal Socio
G. SANSONE.

RIASSUNTO, — Gli Autori introducono la sommazione A (R,2,, £) e ne mettono in
evidenza alcune proprieta.
INTRODUCTION

As it is familiar that Amir [1] defined the (A, £) summability method by
considering the iteration product of two summability methods (A)and (C, £),
it is natural to define a summability method A (R, A, , £) by considering the
product of (A) and (R,},, £) methods. In this paper, we have introduced
the summability method A (R, 3,, £) and investigated some of its properties.

1. Let {\,} be an arbitrary sequence of numbers such that

O<Chg < <rer <y

A= ;<t Ay

We write, for # > o,

and
MO =T E—NFa
T
= [e—mramm,
where £ > o. '

We define
A =AM0.

o0
We say that the series 2 a, is summable

n=0

@ (R, M,, %) to the sum s provided the function
G =r"A@
tends to s as £ > oo,
(@) (A, \,) to the sum s provided
< A
(1.1) Jf@&@) = anne" "’”
Ne=

is convergent for all positive x and tends to s as x >0 +.

(*) Pervenuta all’Accademia il 26 luglio 1977.
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It is familiar that the (C, £), £ > — 1, summability of a series implies
the (A) summability to the same sum. The analogy breaks down in the case
of Riesz and Abel typical methods except in the case A, = #. The additional
condition that the series defining f (x) is convergent for all x > o is required
to overcome this problem. It can be readily shown that the convergence
of (1.1) for x > o implies the absolute convergence of

(1.2) x fAz (%) e due

and both tend to the same sum as x —o +, i.e. if we assume (1.2) as
A (R, A, ,0) mean, then

(1.3) (A,)xn)SA(R,?\n,o).

Suppose that, for £ > o,
(a) S = [ Gy e a.
1]

It is easy to show that the convergence of (1.1) implies the absolute

convergence of (1.4). We now define the A (R, ), ,£) summability method
as follows: :

oo
We say that the series ), @, is summable A (R,%,,4) 2 >0, to the

sum s provided the series (Iﬁ)o is convergent for all x > o and f; (x) tends
to a limit s as ¥ —o0 4. ‘
We shall use the f'ollowing relations in the sequel.-
If 2#>0,/>0,then

x

ARy = DEHIHD [ pitpb iy g

INCERS YY)

For 2 > 1, we have

. ;
T [AL ()] = 2AF1 (»)
and, for ,é >/ =0,
T (% F—é)_ll—: (1l)+ I) =l‘l+1f(p 4 £y k1. b1
; v

re = t"f pt-1e-*tdp .

0
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2. In this paper, we shall consider the proof of following theorems.

THEOREM 2.1. The A (R, 7\, , 4) meﬂwa’ is regular for £ > o.

THEQREM 2.2, If B>[>o0, then Z an=5A(R,},, £ w/;enever E a, =
=sA (R ,%,, 0.

THEOREM 2.3. If the series Za,, is summable (R, X, , k) to the sum s

n=0 oo
Jor some k =0, then the series Z ay, is summable A(R,N,,70) to the same
sum for any [ = o. n=0

THEOREM 2.4. If A =>1,k>=7>=0 and the series Z a, s summable

n=0
A (R Aoy D) to the sum s |, then a necessary and sufficient cona’ztzon that Z a,
is summable (R , Ay, k—1) to the sum s, is that
(2.1) cmm—-*AM@—-*EKu—AVIA%—nO>

Ap<u
as U —> 00,

3. The Proof of Theorem 2.1 follows immediately from the regularity
of the (A, 2,) method and Theorem 2.2, with /=0 and £ replaced by /.
To prove Theorem 2.2, we require the following lemma:

LEMMA 3.1. If £ > 120 and if the series (1.1) is convergent for all
x >0, then : '

[o o]

I'(k+ 1) I+ J b ()1 f (0 20) due
S

=T+

(3.1) fk(x)=‘r (%

Proof of the Lemma. The convergence of (1.1) for x > o justifies the
inversions in the right hand side of (3.1). Introducing the value of f;(+x) in
(3.1) and inverting the order of 1ntegrat10ns, the rlght hand side of (3. 1) becomes

(3.2) e r (f)_IIT(IZ)—l— oy f Al (p) p~ dp f w1 (o ) F P+ 4,

After the transformation
put+xn)=0@+u)x
in # integral of (3.2), this becomes

'+ 1)
Tr¢é¢—Hri+r

x fA';\ (P) d? J (%'—l— p)-k .%'k—l—l e—(IH-“')z d%’
0 0 o
o] uw!

- D¢+ 1) b W ,J S aal
F(k—-l)‘r(/-i—‘l) x6[u kev ‘ duo(u j’ ‘l.:'lAh(p)dP

= x [ ct (u') e du’ = f,, (%)

and hence the lemma is completely established.
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For the proof of Theorem 2.2, we observe that F;, (x) is convergent for
all x >0 and // >0 and with /' = / tends to s as ¥ =0 4. Furthermore,

(o2

'+ 1 j(u 4 oa) gk dy =1 .
0

FPr¢E—onry+r
It follows that

(5:9) fol0) =5 = e s ¥ [ e b (f o) —

But it can be easily shown that the expression on the right hand side of
(3.3) tends to zero as x —> o0 +. Thus, we get the desired result.

We now consider the proof of Theorem 2.3. It is known that if Z a,
n=0

is summable (R, 2, , £) and if the (A, X,) method is applicable, then Z a,
=0
is summable (A, 2,) ®.  Now Theorem 2.3 'is an immediate consequence
of Theorem 2.2. and (1.3).
We end this section with the proof of Theorem 2.4. The necessary
part of the theorem is an immediate consequence of the known identity

(3-4) Ch(w) =C5* () —C ().

For the sufficiency part of the theorem, we observe that

. “ ~k
(3.5) =t [ S ap 40,
Furthermore, 0
oo Y4
~k
(3.6) Fo(®) = kx f ePedp f Ckf‘) du
0 0 '

(-]

k[ prremBipap=4 [ emThR) .
0 0

It follows, from (3.5) and (3.6) that

Ciff’) (1 — e dp

G —Aw=*|

o
~

—k j p1CE(p) emdp.
Now ’

/ef—E%‘Q (1—e?)dp=0 [xfé’{(p) dp] = o (ux)

(1) This result is immediate from Theorem 24 of Hardy and Riesz (2).
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and o0

k fw e (pdp=o [ J prer dp] = o {(ua) ™ eue}

If we choose #x = 1, we see that

CE () —Fe () = 0 (1) .

o
Hence Zan is summable (R , A, , £) to the sum s. We now deduce the result
#=0

with the aid of (3.4) and Theorem 2.2.
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