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Geometria differenziale. — On concircular Bianchi and V eblen
tdentities. Nota® di CuanDrRA MaNI Prasap e Ravinpra Kumar
Sr1vasTAva, presentata dal Socio B. SEGRE.

RIASSUNTO. — Si ottengono delle identita fra le componenti del tensore di curvatura
concircolare (introdotto in [1] da K. Yano).

1. INTRODUCTION

Let V, be a Riemannian space of class of any required order. The
dimension # is greater than two, unless specifically mentioned. Let R,
R;; and R denote the curvature tensor, Ricci tensor and scalar curvature
respectively. The concircular curvature tensor Z’{jk is given by

R

st
wn—1) ) (8"&] &) -

(r.1) Z”k— Ry —

This tensor Z}; may be contracted in two ways giving

(I.Z) Z;luk =0,
and

R
(1.3) th =Ry — 75’@‘]‘ .

def . I
Let us call Z;; = Z%;, the concircular Ricci tensor.

2. CONCIRCULAR BIANCHI IDENTITY

The Bianchi identities in a V,, are defined by

def

(2.1) Al =R, + Ry + Ry =

where, comma (,) denotes the covariant differentiation with respect to «’s.
Differentiating (1.1) covariantly with respect to x! we have
R,;
ICE=))
On the analogy of the Bianchi identities for the curvature tensor of V,,

we define the corresponding expression for the concircular curvature tensor
of V, as follows

(2.2) Zwk 1= ka 1 (Shgu 8?’8’%) .

def

(2.3) Kiw = Zp, +Zha; + 205 .

(*) Pervenuta all’Accademia il 6 luglio 1977.
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With the help of (z.1) and (2.2), equation (2.3) becomes

(2.4) Kl = Al — {R,; (O gij — 8 gu) +

I
n(n—1)
+R,; Olgi — Shga) + Ri Ygi— 8 g} -

Contracting (2.4) for Z and / and then multiplying the resulting expression
by g% and on some simplifications, we have

(2.9) R;= (n;n—)—g (Kz]kh };'ljkh) .

Substituting (2.5) in (2.4) and replacing & by g"™ g,.. etc. in the equation
obtained, we have

Kh gpqghm KT 0
(2.6) i =D — ){(gmlcgm —&m; &ir) Kpgr

+ (Gm&in — & &) Kpgir + (Emi&a—&mLij) K;W}

q ghm

Iz T
A+ —— C 1)(% {<gmkgw —&m&ik) Bpar +

+ (Gmi&in — & &i1) Bpgir + (Gmi&i1 — Em1&i5) Aopgiry -

Since the Bianchi identities in a V,, are satisfied, the right-hand side of
the equation (2.6) is identically zero. We, therefore, have

gpq ghm

(2.7) Kiw +— G (i—2) {(gmkgw —&m; &) Kpgir +

+ (gmi&ir — &mr &i1) qujr + (gmi&it—&mi&i;) Kpgir) = O

Consequently, this equation can be written as

Pq
(2.8) kal = wkl + szl it Zm o ( 1>§7 {(gmkgn —Emifix) *

(qul r “l“ Z;lr,q "I’ Z;;rq,l> + (gmlgik _'gmkgia (Z;Qi,r + Z;;r,q + Z;)rq,j) _l“
+ (gmjgil —gmlgij) (Z;qk,r + Z;kr,q + Z;Jrq,k>} =0.

We call (2.8), the concircular Bianchi identity and the tensor T the
concircular Bianchi Tensor.

LEMMA (2.1). If the covariant derivative of the Ricci tensor z's'symmetm'c,
the scalar curvature R is constant.

Proof. From the given condition, we have,

Rije = Ry
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Multiplying this equation by g%, we have

gUR; v =g9Ry; or Rp=Rj,.
But

: I 1 2R
R’L, ‘:——R =, 2
%y 2 yk 2 ax’“ [ ]

SO
R,k:O.

THEOREM (2.1). The concircular Bianchi identities and the Bianchi
identities in a N, are identical, if the covariant devivative of the Ricci tensor
is Symmeltric.

Progf. From the Lemma (2.1) and the equation (2.4), the proof follows.

3. CONCIRCULAR VEBLEN IDENTITY
The Veblen identities in a V,, are given by
def ,p r n n
G-1) Vi = Rl + Rha; + Rikgs + Rl =0.

Similarly, we define the concircular Veblen identities for the concircular
curvature tensor of V, as follows

(3-.2) Wi = Ziea + Ziat; + Zigi + L

From the equation (2.2) substituting the values of Z};, etc., we have

(3.3) Why = Vi — ~ (ﬂ {R Bhgiy— dgw) +R,; Ol ga— &) +

+R; (ngm—‘ &) + ROt — g} -

Contracting for 2 and / and on some simplifications, we have

(3-4) Ri= (& Whipn — &9 Vi) -

Substituting from (3.4) in (3.3) and replacing 8 by g™ g, etc. and
considering (1.2) whe have

(3.5) Zhy 7 42D "—}_Zh"k_l—__g%i—’{(gmkgi‘—‘
ijk, il,j kj, 1 jli, (%»—I)(%——Z) J

‘ —gm3g1k> (qulr+zlprq+z7‘pl>+
+ (G &ri — Emi &) Zpgir + Liprig + Zipp, 1) + (Gmi v — &uie 813) *
( DY, 7 ?i.pr,q + Zgrp,i> + (gmigi —Emi £ii) (ka r kar ¢t qu’¢>}

P phm
= Viu + (7% {(Gmr &5 —&ni&iw) Viar + (&m &ki — Emi&n) *

pq./r + (gmjglk '_gmkgly) pqzr ‘l" (gmigjl ——gmlgﬁ> qukf} .
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Since the Veblen identities in a V,, are satisfied, the right hand side of
the above equation is identically zero. Let us put the left hand side of (3.5)
equal to ngkl) thus

det g phm.
(3-6) Plw iyt Zhas + Zhis + Zhin + ge!

(n—1)(n—2)
{<gmkg'ij — &mi&ik) (Z;)ql,r + Z;m,q + Z;rp,l) + (gmi&ri — Emi&u) *
“Zogir + Liprg + Zarp, ) + (&ms &1 — Emi &15) s, pair + Zipr,a + Zyep, 1) +
+ (gmi&in —gm &) Zoger T Ziprg + Zimp)} =0

DEFINITION (3.1). We call equation (3.6) the conc1rcu1ar Veblen iden-
tities and the tensor P”kl the concircular Veblen tensor.

From (3.6), we have the following

THEOREM (3.1). [ any Riemannian space V, (n > 2), the following con-
civcular Veblen identities

3-7) zgkl = W”Icl + kaz

hold, where Q,’,fj,d is the sum of all the terms in the right hand side of (3.6)
excluding the first four terms.

We observe that the right hand side of (3.5) is also an identity; we call
it the second form of the concircular Veblen identity and state the following

THEOREM (3.2). [n amy Riemannian space V, (n > 2), the following
concivcular Veblen identities in terms of the tensor

(3-8) Ph = =V} im T Smu
hold, where S?jk, is the right-hand side of (3.5) excluding the first term.

THEOREM (3.3). If the covariant derivative of the Ricci tensor is symmetric,
the concivcular Veblen identities and the Veblen identities ave identical.

Proof. From Lemma (2.1) and equation (3.2), the proof follows.
From the equations (3.6) and (2.8) we have
(39> Hkl + Ptklj + P@lﬂc = Tukl + lej':, + T]C’Ll] + T jlik -+ Bwkl
where
g g
1) (n—2)
{(gmi&a—8mi&i) Lpgyr + Zptr,g + Zprg.1) + (Zmi &1t — &mr Lit)
(Z;qi,f _l_ Z Jor.q + Z(Iﬂ) J) —I_ (gm;gkl —gmkg]l) (quz,r + Z;nr,q —I" prq,z)} .

THEOREM (3.4). (3.9) is the relation between the concircular Bianchi and
Veblen identities defined in (2.8) and (3.6) respectively.

B A h A
Biju =2 Zhiju +Zhip + Zin,: + Zlkw
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THEOREM (3.5). The necessary and sufficient condition that the concircular
Bianchi and Veblen identities can be expressed explicitly in terms of one another
is that the temsor. B’,?m is equal to zero.

4. APPLICATION TO AN EINSTEIN SPACE

In this section, we shall study the ,properties of the concircular Bianchi
and Veblen identities in an Einstein space V,,. It is well known that every V,
is an Einstein space. An Einstein space V; is a spherical space of constant
Riemannian curvature [4]. Therefore, we shall consider the case #» =4.
Let us suppose that V,, is an Einstein space, therefore we have

R .
(41) Rij:7gij'

It is obvious that the concircular Ricci tensor vanishes identically for an
Einstein space according to equations (4.1) and (1.3).

For # > 2, equation (4.1) holds only if R is constant [3]. Therefore,
R being constant, equations (2.4) and (3.3) give

(4.2) K,iljlcl = A’ia‘kl
"~ and .
4-3) W’;jkl = V"Ejkl-

From (4.2) and (2.6) we have
gpqghm
=1 (1—2)
+ (gm &k — Emk &it) (Z;q}',r + Z;;jr,q + Z;Jrq,j) +
H (gmi&u —8&m &ir) Loghr T Zpkr,g T Zprg)y = O -
Accordingly, from (4.3) and (3.5) we have
m oDq
@—;g—hl)—fm {(gmkgij _gmjgik) (Z;;ql,r + Z;pr,q + Zer,z) +
+ (gm &ri — &mi &) Zpgir + Liprg + Zpp,) +
r

+ (gmi & — &mr £1) Cpgivr + Liprg + Zorp,t) + (Emi &t — Em £3)
(er’qk,r + ercrr,q + Z:mn,k>} =0.

(4-4) {(gmr&i; — &mi &) Zoat,r + Zgirg + Zpwg,)) +

4-5)

In a Riemannian space V, the ordinary Bianchi and Veblen identities
are satisfied, therefore from equations (4.2) and (4.3) we have

(4.6) Kby = o,

(4.7) W'zjkl =0.
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From (4.2) and (4.6) we establish the following

THEOREM (4.1). The concircular Bianchi identities in an Einstein space
and in a Riemannian space V, are identical.

THEOREM (4.2). For an Einstein space (4.4) and (4.6) are identities and
these are equivalent to the concircular Bianchi identities.

Consequently, from (4.3) and (4.7) we have,

THEOREM (4.3). The concircular Veblen identities in an Einstein space
and in a Riemannian space arve identical.

THEOREM (4.4). For an Einstein space (4.5) and (4.7) are identities and
these are equivalent to the concircular Veblen identities.
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