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Topologia. — On pairwise s-regular spaces. Nota di TARASHI
Noiri, presentata ® dal Socio B. SEGRE.

RIASSUNTO. — In questa Nota si ottengono proprieta degli spazi di cui nel titolo, recen-
temente introdotti da Maheshwari ¢ Prasad [3].

1. - INTRODUCTION

In 1963, J.C. Kelly [1] has defined a bitopological space (X, T, T})
to be pairwise regular if for each point x€ X and each I';-closed set F not
containing z, there exist a [';-open set U and a I';-open set V such that
xeU,FecVand UNV = g, where 7 %/,7,7 =1, 2. On the other hand,
N. Levine [2] introduced the concept of semi-open sets in a topological space.
Recently, by using the semi-open set S. N. Maheshwari and R. Prasad [3]
have introduced the concept of pairwise s-regularity as a generalization of
pairwise regularity. The purpose of the present note is to give some properties
of pairwise s-regularity.

Let S be a subset of a topological space (X , I'). We will denote the closure
of S and the interior of S by Clx (S) and Intx (S), respectively.” The subset
S is said to be semi-open [2] if there exists an open set U such that
UcScClk (U). The family of all semi-open sets of (X, I") will be denoted
by SO (X, I') (simply, SO (I')). The complement of a semi-open set is said
to be semi-closed. The intersection of all semi-closed sets containing the subset
S is called the semi-closure of S and is denoted by sCI(S).

2. PAIRWISE s-REGULAR SPACES

DEFINITION 1. A bitopological space (X, I'; , I';) is said to be pairwise
s-regular [3] if for each I';-closed set F and each point x ¢ F, there exist a
I';-semi-open set U and a I';-semi-open set V such that Fc U,xeV and
UNV =g, where i 47,7,/ =1,2.

DEFINITION 2. A subset S of a topological space (X, I') is called an
a-set [4] if S < Intg (Clg (Intx (S))).

Remark 1. Every open set is an a-set and every «-set is semi-open.

LEMMA 1 (Njastad [4]). If A s an a-set of a topological space (X ,T)
and U eSO (X, T), then UNA eSO (X, D).

Remark 2. 1In [4], O.Njastad called semi-open sets B-sets.

(*) Nella seduta del 23 giugno 1977.
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THEOREM 1.. If (X, Iy, y) is @ pairwise s-regualy space and A is a bi-
a-set of (X, Ty, 1y), then the subspace (A, I\JA T,/A) is pairwise s-regular.

Proof. Let Fu be a I';/A-closed set and x ¢« A — F,. Then there exists
a [';-closed set F such that Fy =F NA. Since (X, Iy, T},) is pairwise s-regular
and x ¢ F, there exist U eSO (I';) and VeSO (T';) such that Fc U ,xeV
and UNV =g. Now put Uy =UMNA and V, = VNA, then Fyc U,,
x€V,y and UyNV, =g@. Since A is a bi-a-set, by Lemma 1 we have
U,e SO (I';) and V,e SO (I'). Moreover, it follows from Theorem 6 of [2]
that U, € SO (I';/A) and V, €SO (I';/A). This shows that (A, I/A, TL/A)

is pairwise s-regular.

COROLLARY. Every bi-open subspace of a pairwise s-regular space is pair-
wise s-regular.

We shall give a characterization of pairwise s-regular spaces.

THEOREM 2. A bitopological space (X , T, 1y) is pairwise s-regular if
and only if for eack point x€X and each Ui-open set V containing x,
there exists a Ui-semi-open set U such that xe Uc I'; —sClL(U)< V, where
tEj, i, =1,2.

Proof. Necessity. Let x€X and V be a [';-open set containing x.  Then
X —V is a I'i-closed set not containing x. Since (X, T, I is pairwise
s-regular, there exist We SO (T;) and U eSO (T';) such that X —V< W,
xe€U and UN'W = g. Therefore, we obtain ‘

xeUc [;—sClU) e I;—sClI(X—W) =X —Wc V.

Supficiency. Let F be a I'ji-closed set not containing x. Then, there
exists a VeSO(I;) such that xeVcT;—sCl(V)c X —F.  Put
U=X—TI;,—sCI(V), then we have Fc UeSO[;) and UNV =g.
This shows that (X, I'), I'y) is pairwise s-regular.

Let {(X,, T, |axeV} be a family of bitopological spaces. By X,T
and I'" we shall denote the product set J[ X,, the product topologies

xeV
TI T and T Ty, respectively.
xeV aeV

LeEmMMA 2 (Noiri [5]). ZLet {(X,,Ty) | axe V} be any family of topological
spaces, where NV is non-empty. If Sg is @ nom-empty subset of X, for each
weV, then

T —sCl (H su) c I T.—sClSy.

«eV aecV

THEOREM 3. If X, Ty, Ty is pairwise s-regular for each o€ N, then
X,r,r ) is pairwise s-regular.

Progf. Let x = (x,)€ X and V be a T-open set containing x. Then
there exists a basic open set ITV, such that xe IIV,<=V, where V, is
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I'y-open for each «eV and V, = X, for all except for a finite number
of V, say oy, 0, -, 0,. Since (X,,I,,I}) is pairwise s-regular and
x,€Vyel, for each aeV, by Theorem 2, there exists a UajeSO (l"aj)
such that

%y €Uy, Ty —sCl (U, )< V,
7 7 7 J 7

where j=1,2,---,2. Let us put

U = T Uy x T Xa,
j=1

oc:|:ocj

then Ue SO (I') [6, Theorem 2]. Moreover, by Lemma 2, we have

n
reUc I —sCl(UW < [T I‘Z:jfsCl(Uaj) XTI Xe< V.
i=1 oc#_aj
In the case that V is I'*-open, the above facts are established quite similarly.
Therefore, it follows from Theorem 2 that (X, T, I'*) is pairwise s-regular.

DEFINITION 3. A function /: (X, I — (Y, ™) is éaid to be semi-closed
[7] if the image f (F) of each closed set F of (X, I') is semi-closed in (Y, I'*).

Remark 3. Every closed function is semi-closed, but the converse does
not hold [7, Example].

THEQREM 4. Let f be a pairwise continuous and pairwise semi-closed
Jfunction of a bitopological space (X ,T'y,1's) onto a bitopological space (Y ,I'},Ty),
that is, f:(X, ) =Y, 0)) and f:(X,Ty) (Y, T} both are continuous
and semi-closed. If (X, Ty, 1) is pairwise regular and [~ (y) is Uy-compact
and Vy-compact for cach yeY, then (Y, %, T%) is pairwise s-regular.

Proof. Liet F* be a I'f-closed set and y € Y — F*. Then f1(F*) is I';-
closed and /* (F¥) N f~'(y) = @. Since (X, I}, T}) is pairwise regular, for
each x €71 (y) there exists a I';-open set U, and a I'-open set V, such that
fTEH<cU,,xeV, and U, NV, =g. The family {V,|xef1(y)} is a I';-
open cover of f~' (¥). Since /1 (y) is I';-compact, there exists a finite number
of points xy, %, -+, 4, in /71 () such that /()= UV, |/=1,2, -, 2}
Now put

n n
V=V, and U=(U,,

j=1 j=1
then V is I'i-open and U is I';-open. Moreover, we have f~1(y)c 'V, f~1(F*)cU
and UNV = g. Since f is pairwise semi-closed, there exist V*e& SO (I'})
and U*e& SO'(F}) such that ye V¥ F*xc U*,f~1(V¥)<V and [ (U< U
[7, Theorem 5]. Since U and V are disjoint, we have U* N V* = . This
shows that (Y, Ty, I'}) is pairwise s-regular.

52. — RENDICONTI 1977, vol. LXII, fasc. 6.
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