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Geometria differenziale. -— Swubmanifolds of a manifold with
areal metric, 1. Nota di SUREsH CHANDRA RaAsToGI, presentata ) dal
Socio B. SeGrE.

RIASSUNTO. — Nel 1960 H. Rund [4] ha esaminato la possibilitd di introdurre un ten-
sore metrico a quattro indici in luogo di quello usuale a due indici; nel 1968 egli [5] ha poi
definiti spazi areolari dipendenti da un intero / che, rispettivamente per / =1¢ed / = n—1,
si riducono a spazi di Finsler ¢ di Cartan. L’Autore ha quindi studiato [2, 3] le sottovarieta
di quegli spazi introducendo per esse dei coefficienti di connessione. Nel presente lavoro si
sviluppa la teoria della curvatura indotta su di una sottovarietd di una varietd a metrica
areolare, e si definisce la derivata di Lie di un campo di vettori facendone applicazioni alle
suddette sottovarieta.

1. INTRODUCTION

Let X, be a differentiable manifold referred to local coordinates
=2 ;¢ =1, -, n;a=1,---,0),¢ denoting a system of inde-
pendent parameters of an /~dimensional subspace C; of X, (/ < #); then we
have #% = ax¥/ar™. .

Let L (x*,#) be a function of 2 -4 n/ variables x%, & satisfying all
the conditions of Rund [5]; then, for & = 3/24}, the metric tensor of X,, is
defined by

(1.1) &5 (" a0 = - S {L 2P
Let z* (A = 1,--+,m) and g% («°, 4)) be the coordinates and metric

tensor of X, , imbedded in X, and parameterized by C;; then we have [2}:
(12) &R (7, i) = £ (o, 22) BLBE

where Bi = 3, (3 = 3/au™) .

Let Nf (w=1m 4+ 1,---,%) be the /( —m) linearly independent unit
n :
vectors normal to X, ; then they satisfy [2]:
(1.3) ‘ _ Ni:gﬁf; (#", 2 Ng,
n "
(1.4) &5 2NN = 8y,
DAY

(1.5) Ni{Bi=o0 , BiN,=o,

' u n

‘A . AD a8 pl
where! Bi = Las £Lil BD .

(*) Nella seduta del 23 giugno 1977.
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We have also

@ BLB) = 8 —Nj (o, ),
where
(1.8) NG, Ay Y NENT,

w=m4+1 & I

The covariant differential of a vector field X{ is given by [3]:

(1.9) DX! = X!, d#" + X!} Dot
where

(1.10) La= o XE— @ XHMF 4 4+ XEMmy)
and

(1.11) XEr =L XE - XLAY.

The terms used in (1.10) and (1.11) are given by

(1.12) M = Mg; — Ci M, 2,
(1.13) MY, = gig M%,

(1.12) | M%, +M%, =5,
(1.13) Al =L/ Cl,
where

(1.16) Ch = Ct gl
and

(1.17) 2 O = o1 4% .

. . . -1 —1/2
Here s} represents a unit vector in X, equivalent to L~ /=3,

2. INDUCED CONNECTION COEFFICIENTS

Let DX2 be the covariant differential of X2 with respect to X,,; then
we have

(2.1) DX! = B} DX,
where

(2.2) DX! = dX! 4 Ciy Xbdat M, XEdat .
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Let d2* and dz° be the corresponding displacements in X, and X,, respec-
tively and Bic = 9c BY; then on differentiating X! = Bji X, we obtain

2.3) dX{ = (dX2) B} + Bjc X2 du’ .

Using a similar relation for the corresponding change in d#¥ of (2.2) and
applying (2.1) in the resulting equation we get

(2.4) DX = dX2 + % XP dul +M&p XS da®

where

(2.5) éDdf—f(BCD + Ci B¢ Bip 4y + My BE) B}
Similarly for another covariant differential defined by

(2.6) D* X! = dX{ + Mj; X]d+,

we have

7 Mcp = B7 (B -+ My Béh

such that

.B *A .B
MBC tly, = Mgc y -

Let Y¢ be a vector attached to X, and normal to X,,; then Y’ = Z Y*NE,

(u=m—+ 1, --,n). Since the covariant differential DY" of Y" is del;'lneduby
(2.8) DY" = g% N’ DY;,

writing

(2.9) DY" = dv* + C* v  di® + 2% Y do®

and using (2.8) we obtain

(2.10) Chs = g% N@ Nh I H

and

(2.11) N = &% Nb (o N§ + My, BANG + i No Bha d3) ,

where we have assumed
g” N 9A Ng = 0.

Putting

def n
n .D
)\vA = )\VA - CVB MDA U

in (2.9) we get
(2.12) DY" = dy* + A% V' Dm® -+ M, V" dud?

A b s . . . oL o
where Ayg is a term in X, corresponding to A in X,.
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3. NORMAL CURVATURE

Consider a curve C: x® = x% (5) of X,, referred to its arc length as para-
meter. We define the normal curvature vector on X,, at a point P of the curve
C in the direction #. (dashes denoting differentiation with respect to the arc
length of the curve C), tangent to the curve C, by the vector. Dz} — B} Dy? |
normal to X,,.

One can easily observe that

(3.1) Dml, — Bi Dy = Hiy do®
where

y def ,l: i i
(3-2) Hi, = (B — B) M) mg + BX My, wel

Using the covariant differentials (2.2) and (2.4) in terms of the covariant
differential Dm’ , we have

(3.3) DX} — BiDX2 = (LY M 5 Xb + Al X5 D + XE, da?
— @ PR XE + ARE X5) D Bb — Bp X o du,
where

(3.4) XA a0 XA — (35 X2) MEc a2 + MEA XD

Solving the right hand side of equation (3.3) term by term and making
use of :
M = Mpc — Api Mic 2z
we obtain on simplification
(3.6)  DXi— BiDX2 = (Bbc — Bi Mpe + My Bl + AR Bh Hio) X7 du’
+NjALBR XDl

From equation (3.6) for a vector tangent to the curve C, we can obtain

G7 DAl — BL Dut = Fbe 42 da®,
where
(3.8) Hip & Bic — B M52 + (M BE + AjZ HE) B,

is called the normal curvature tensor at the point considered in the direction
of 4. '
Multiplying equation (3.8) by mY> we can easily obtain
ISIED mo[c) = Hic .
By defining

. def . i
(3-9) . Mja = My Bi + A HE,
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we can write (3.8) as

(3.10) Hip = BDL 4 Mjc Bl — MES BA:

which represents a mixed covariant derivative of BY.
Defining

(3.11) Da Xi = B} Xaa + Hia X5 5

and

(3.12) DY X B XL,

equation (1.9) can be expressed as
(3.13) DX = D, Xi do™ - DY X Dm.

The D-differentiation of Xi, XA and Y* is expre551b1e as

(3.14) Da XE = 05 X — LY 2 (36 X5) ME, m§ + Miy X2,
e} def R ., J—
(3.15) Dp X§ = 25 Xo — & Xﬁ) MEg uE + Mo X(y:
and
D, v* PN VN wy \B D royv
(3.16) Y 9 <a Y)MDZ\uY_I_)\VAY'

Using equations (2.5), (2.7) and (3.2) together with
(17) A% = BY AL BE,
in (3.5) we get on simplification
(3.18) : ME = M& + Bf A B HES
From équations (3.8) and (3.18) we get
(3-19) H[AC] = Nj A Hoa BY .

Multiplying equation (3.19) by N7 and using
W

we find on simplification

O

(3-20) - Hilg = Nj I\ﬁ frHEa By

(1) The square and round brackets are used to denote the skew-symmetric and sym-
metric parts respectively of the object with respect to the indices enclosed therein. The index
with a bold face is “ree from these properties.
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Observing that

l ,
(3.21) D X§ = B B} Xi 2,
1 ,
(3.22) DI Y = g% B N Yi ¥

and defining
. def l

(3.23) DA Bc = HA(, = B’}a i (Bf) B?)Z
we can easily get

L . .
(3.24) Hiie; = Nj B} B¢ Aty -

Multiplying equation (3.24) by g‘g‘yc and using

1
1
i

|
def Al
HBY == HAC gBY and A l]z(;: &ey
we obtain

|
(3.23) it = Nj AR, .

Now we shall define the second normal curvature tensor of X, at a point
of X, in a given direction #y as follows:

(3.26) LAm = DA Nl = 34 Nl — (9c 2 Mba i) — Wi 1:13 + Mja 1:15; .

Defining

o 5 def

(3-27> Lch = B? I;lig“

and applying the D,-derivative to the equation (I1.5) we obtain, by virtue
of (3.10) and '’ (3.26), that the two normal curvature tensor are related as
follows:

=] ]
(3.28) £ = — gl Fiit

4. GAUSS-CoDAZZI AND KUHNE EQUATIONS

Applying the Da-derivative to (3.10), interchanging A and C and sub-
stracting the second equation from the first we obtain on simplification

(4.1) 2 f)[A ISIé]D = B} Rjca — B} Rica + 2 f'I}:ED Miac
where

def
(4-2) Ripa = 2 {914 Mjn — (3 Mim) MEa; 45 + M Mig}
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and
o def — . ) S —
(4-3) RICBA =2 {3 Mz}f;] — (9?) MéFB) MgA} ug + M%I;IEA Méllja] .

Similarly we can also find

(4-4) 2D I‘;%]a = 1:7@ Ripa — I\VTZ Ripa —2 I;f)a M
— LM M2 (3 NE) Ripa 725
w
where
def X E .
(4-5) Ripa = 2 {91a Aup; — (38 Aus) MEar 4L+ Aoa Ages } -

Differentiating ﬁgc‘ﬁﬁ%‘é If; and using (3.26) we get
Ds Hic = B}, L3, FfE + NG Dy I,
which when substituted in (4.1) yields
(4.6) 2{Bjp I;B\a Iflﬁﬁxc + 1:& ]o)[A ISI%?C}
= B]é RIZ;BA - BIZ;: RE'BA + 2 IO‘IIZ)C B? Ai]&‘ B’[LA HﬁcBl .

Multiplying equation (4.6) by B} and Nj respectively we get on sim-
plification '

4.7 2 Lixe }?I%?c — Ripa Bl Bf — Répa
and
(4-8) Dia Hiffe = Hic B} Aff Hgs Bl N7,

which are the equations of Gauss and Codazzi respectively.

Again applying Io)—operator to Ti, o IS, BL and using (3.10) we obtain
W 18

| By L = N i 12, + B Dy L2,
which when substituted in (4.4) gives
(4-9) 2 {Bf) Dia E']g]cc + 1:Té Hiio ]Efg]a + I:J]i)a Mipar}
=N % Ripa — NI Rypy — LY 2 (&) N RBsa 725 -

Multiplying equation (4.9) by B? and NY respectively we get on
simplification b

(4.10) 2 {Dpa Il-;%]a + B 1:4115;3 B} A} Hia By}

P k D . i C
= Rina No Bf — L' /¥ (3} N) Rius 5
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and

orve °D ; %
(4.11) 2 Hiap %B]o: = Riga I:Ia y?—RLBA’

which are the equations of Codazzi and Kiihne respectively.

5. LIE-DIFFERENTIATION

Let o' («", %) be a vector field of class C* defined over a region R of X,
such that with it we can associate an infinitesimal transformation of the type

(5.1) =2t 4ot (& 2l dr,

where dr is an infinitesimal constant.

From equation (5.1) we obtain
(5.2) 7o = 25+ {3, 2" & + (& o) &)} dr

Let X! (#", #% be a vector field defined over a region R of the space X,,
whose value at #' is given by X: (ﬁh, ?Z); then the variation in X; arising
from (5.1) and (5.2) will be

(5:3)  Xe(@, ) — X (o 4) = {08, Xi+ (8 XD (@60, 0" + g 8 o)) e
If (5.1) is an infinitesimal coordinate transformation then the variation

in X! arising from such a transformation which takes X! to Xi (a_vh, X
will be

(5.4) CXE@, ) — XL ) = XLy o) dr
The Lie-derivative of a vector field X3, represented by #X{, can be expres-
sed as
LX) #) = (X @, 7) — ' Xe @, 7w} | dr,

which on simplification leads to
(5.3)  ZXI@M A = o, XE—XEa o + (& XD (# ap o + 5 8.
Using equation (1.10) in (5.5) we obtain
(5.6) LXE (2 = o Xip — XE @+ Myt 2,8 o' + 2 o' M) +

+ @ X9 {2 + @F o) (W + M #p #h) + 20 Mgy 20} -

Remark. One can observe that if we use X! M}/ in place of the last term
of (1.10), then the last term of equation (5.6) vanishes.
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Formula (5.6) can be extended to an arbitrary tensor in the usual way.
To find the Lie-derivative of the coefficients of connection M’ we use the
gk
original definition.

For M} we have
(5.7) My @, %) — My (", 46) = {3, M + (& M) (452, 0" 4 &, & )} de
and
(5.8) M3 @, %) — My (o, ) = — de {M}} 0, " + MK 9,7/ +
+ 9,8, ' — M 9,0} .

From (5.7) and (5.8) we define the Lie-derivative of the coefficients of
connection Mj as follows:

(5.9) FMY = {0 0, MY 4+ MY 0,0 + M 3,9 +

+ 0,9, 0" — MY o, 0' + (M) (4% 8, "+ &, & M}
Differentiating (5.1) with respect to #* we find
(5.10) . Bi = Bi 4 (022" dr,

which gives

(5.11) BL (@', %) — BL (¢, 46) = B (3, o) dr
and
(5.12) ‘B (@, ”’l) — Bi (#", #h) = Bh (3, 9" dr .

Thus, defining a further operator Zdr = Bi — 'Bi, we observe that for the
entities of X, , & = % and

(5.13) PBL =o.
Now equation (1.2)’together with (5.‘1 3) reduces to
Lt = (Zgi7) B} B,
“wich by virtue of g% goe = 8% 37 gives
(5-14) Poas = — gix &3 Lebr;
therefore we have
(5.15) IBY — giF BLN! (Zai¥)
and |

(5.16) PN = — g25 BE BN (Zehd) -
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Since we can find
(5.17) "B} (&, ¥4) — BS («", #) = — Bp (3;7") dr,
therefore from (1.7) and (5.17) we get
(5.18) B4 (@, xh) — B (h 4h) = (&N + (Nt o, o' —Nia,; b)) dr.

. O - i .
Since we know that Hj¢ is normal to X,,, we can observe that H;c is also
normal to X,,; hence from equations (1.5) and (3.2) we obtain

(5.19) aa = N (Bea -+ M3 B BY) meg

Now from equations (5.11), (5.18) and (5.19) we obtain on simplification

(5.20) Hix (@, 24) — Hix (o, %) = {#N{ Hiy + 0, 0" Hiy +
+ Ni Bi B mg M dr .

Hence we have

(5.21) ZH, = 2N} Hi, + Ni (£M}) BL B m,

which by virtue of (5.13) gives

(5.22) ,?VI]A = (M) B + (ZAM HL, + HY ZH, .

From equatibn (2.7) we can find

(5-23) PMIE = #B; (Bic + Mjc Bp) + (¥Mjo) B) B} .

Using (3.10) and (5.15) in (5.23) we get

(5-24) FMie = Hip B} + (¥Mj0) B} B,

which by virtue of (5.13) and (5.16) leads to

(5.25) b = PN Hic + Ni (#Mip) BL.

Let X} and X2 be the corresponding vectors in X, and X,, and let the
vectors obtained by parallel displacements be given by X! and 'X%; then

for Vi= = 'Xi—BL ‘X2, by virtue of equations (3.9), (3.10) and (3.23) we
find on simplification

: , | . — o .
(5.26) Vi = — Hi& X2 DS — Hie XB da®,

which gives the geometrical interpretation of the two quadratic forms.

Substituting the values on the right hand side of (5.14) and simplifying
we can write

(5-27) :?gﬁ: =2 {B{A IO)C) o — Htra(c Bf;) A;f-,‘% o + fojc Aff Wfk m’é} 5’37{ .
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If the displacement (5.1) is such that #* is normal to X,, then we can easily
obtain

(5-28) £ BADc o = — g Fily o/,
which by virtue of (5.27) leads to
(5.29) Fg = — 29 {Hixo + AL Bl HQ&J)} + 2 A% o mik BiL,

. . ] . o . .
which is the second geometrical interpretation of the coefficients Hjc and is
a generalisation of the result of Davies [1].
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