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Geometria differenziale. — Submanifolds of a manifold with 
areal metric, I. N ota di S u resh  C h an d ra  R a s to g i ,  p re se n ta ta ^  dal 
Socio B. S eg re .

RIASSUNTO. — Nel 19Ò6 LL. Rund [4] ha esaminato la possibilità di introdurre un ten­
sore metrico a quattro indici in luogo di quello usuale a due indici; nel 1968 egli [5] ha poi 
definiti spazi areolari dipendenti da un intero l  che, rispettivamente per /  — 1 ed l  =  n — 1, 
si riducono a spazi di Finsler e di Cartan. L’Autore ha quindi studiato [2, 3] le sottovarietà 
di quegli spazi introducendo per esse dei coefficienti di connessione. Nel presente lavoro si 
sviluppa la teoria della curvatura indotta su di una sotto varietà di una varietà a metrica 
areolare, e si definisce la derivata di Lie di un campo di vettori facendone applicazioni alle 
suddette sotto varietà.

Let X n be a differentiable manifold referred to local coordinates 
x % =  x % (f  ) ; (i — I , • • •, n ; a =  1 , • • • , / ) ,  f  denoting a system of inde­
pendent parameters of an /-dimensional subspace Gz of Xn (/ <  n)\ then we 
have — dxl/d f .

Let L (x% , ±1) be a function of n +  nl  variables x %> xla satisfying all 
the conditions of Rund [5]; then, for a® =  d/dxlai the metric tensor of X w is 
defined by

Let uA (A =  I , • • •, m) and g f |  (z/D, wf) be the coordinates and metric 
tensor of Xm, imbedded in X n and parameterized by Q ; then we have [2]:

where =  9A x % , (9 a — 9/ 9z/A) •
Let N® (p. — m  +  1 n) be the /  (n — m) linearly independent unit

I . Introduction

( i . i )

(1.2) Æ  («D, * £ ) = * £  ( A  *£) B i b ;>k. >C >

vectors normal to Xm; then they satisfy [2]:

( i-3)

(1.4)

(1-5)

where5 Bf =  fa  BdAD a(8

(*) Nella seduta del 23 giugno 1977.
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We have also

(1-6) Bf Be =  Sc ,

( i-7)

where

B lB ,A=  S j - N } G A, 4 ) ,

(1.8) N j ( ^ , 4 ) =  2  n *n j :
fx=m+l ^

The covariant differential of a vector field X* is given by [3]

( I -9) 

where

d x ;  =  x U  àxh +  x U  d«*t i

(1.10)

and

X U  =  d , X i -  (dl Xi) M*f 4  +  Xi m £

c i . i o

The terms used in (1.10) and (1.11) are given by

( 1 . 1 2 ) M ^ M ^ - C Ï M ‘ 4 ,

( 1 - 1 3 ) A U  -  -  U i  M S  .

( 1 . 1 4 ) m ? ! + m  * = d h é * ,

( 1 - 1 5 )

w h e r e

A Ì Y  ___  T  1/2 / 1 /2  / - " Ì Y  ,
n - l h  —  L j  1 ^ Ih  f

( 1 . 1 6 )  

a n d

r Jc { ___ r
i j h  ö o e ß

p a ß y  _ _  A Y  a ß  
2  ^ 0 7 * —  •

Here represents a unit vector in Xn equivalent to L 1,11 1/2 .

2. Induced connection  co e ff ic ien ts  

Let DX^ be the covariant differential of X^ with respect to Xw; then
we have

(2.1)

where

u x A b - i.)x ; ,

(2.2) D X i =  dX i +  CiYXÎ d4  +  Mk XÌ dxl .
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Let dx* and duc be the corresponding displacements in X n and X m respec­
tively and B^c =  3>c B^; then on differentiating X\  =  X^, we obtain

(2.3) dX* =  (dX^) B l +  Blc X^ Auc .

Using a similar relation for the corresponding change in di^ of (2.2) and 
applying (2.1) in the resulting equation we get

(2.4) DX^ =  dX^ +  CàS X* dii? +  M&>X? d^D ,

where

(2.5) MqD =  (Bcd +  CH Be Bed Bcd) B f .

Similarly for another covariant differential defined by

(2.6) D* X* =  dX* +  M% X i  dxk

we have

(2-7) M*t  =  B t (BjD +  Mtì Bcd)

such that
m Sc «£ =  m $ « ® .

Let Y« be a vector attached to X n and normal to Xm ; then Y* =  2  ,
M- M-

([i, =  m  +  I , • • •, n). Since the co variant differential DY^ of Y^ is defined by

(2.8) DY'1 =  gf- Nfi DY* ,
M-

writing

(2.9) DY“ =  dY'1 +  e!“  Yv d t£  +  xIa Yv duA

and using (2.8) we obtain 

(2.10)

and

(2 .11) Xva =  g t  Ni (Sa N* +  Mg Bi NJ +  Cg N* BkDA «?) ,
[X V V V

where we have assumed 

Putting

gtj N« Sa N | =  o .

■vA ~  AvA V vB ^ D A  >
>a i\/rB ad

in (2.9) we get

(2.12) DY11 =  dY11 +  Ä5S Yv Dot® +  X“A Yv d^A ,

where A“b is a term  in Xm corresponding to AIt in XB.
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3. Normal curvature

Consider a curve C : x i — x i (s) of Xm referred to its arc length as para­
meter. We define the normal curvature vector on X m at a point P of the curve 
C in the direction x la (dashes denoting differentiation with respect to the arc 
length of the curve C), tansrent to the curve C, by the vector D i«  — Ba D û t , 
normal to Xw.

One can easily observe that

(3-1) Thn* -  BÎ Dmt =  duA ,

where

(3-2) H*Â =  (B‘a -  Bq M?a) m l  +  B* Mj* mha .

Using the co variant differentials (2.2) and (2.4) in terms of the co variant 
differential Dn i t , we have

(3.3) D X j -  B l DX« =  (Llß K  X i  +  AH X*) Dm\ +  X*,A d J

— ÇLvl 11/2 di X? -1- Acb Xi) Dm \ B Ì — Bj, X° c duc,
where

(3.4) x £ c  =  de X t  —  (3| X£) Mgc M? +  MSc X° .

Solving the right hand side of equation (3.3) term by term and making 
use of

Mdc =  Mdc — Ade Mac m t , 

we obtain on simplification

(3.6) D X l - B l D X i  =  (Bdc _  B l MSê +  Mjg B& +  K l  K  H*ßc) X£ duc

+  n $a & b & x ? d » £ .

From equation (3.6) for a vector tangent to the curve C, we can obtain 

(3-7) D 4  — B ÌD 4  =  H ic t% duc ,

where

(3.8) H ÌD =  B Ì c - B Ì M ^  +  (M l|B ^  +  A l |H Ìc )B Ì ,

is called the normal curvature tensor at the point considered in the direction 
of üa .

M ultiplying equation (3.8) by m« we can easily obtain

H cd — Hie •

m Ia =  M £ B Ì + A £ HLhk
kaA f

By defining 

(3 9)
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we can write (3.8) as

(3-IO) Hcd =  Bdc +  Mìe BhD —  Mj& BÌ ,

which represents a mixed covariant derivative of .
Defining

(3-10  Da X* -  B l Xi.» +  H |a X « J

and

(3-12) D X X * = B i X * J ,

equation (1.9) can be expressed as

(3-13) DX* =  DA X ' d « A +  D I X * D ^ -
o  t a  ^

The D-differentiation of X« , and is expressible as 

(3-14) Da X * -  aA X i  -  V 1 111112 ( $  Xi)  M?a +  M2a X* ,

(3-15) Db X^ -  aB X£ -  (£  x£) MgB +  M& X?

and

(3.16) 6 a  V* -  aA Y11 -  (dl Y") mSa «? +  ^ a  Y \

Using equations (2.5), (2.7) and (3.2) together with 

(T U ) Acd =  Bf Bcd >

in (3.5) we get on simplification

(3.18) Mot =  Mjg +  Bf AS B* H*D .

From equations (3.8) and (3.18) we get

(3-19) HfAC] =  N } A S H L B i,< Y

Multiplying equation (3.19) by N“ and using
m-

fYla Tjr i AT«
Id AC —  id  AC yM

we find on simplification

(3-2°) . HfAC] =  N} N“ All  H«[a Bq,..li

(1) The square and round brackets are used to denote the skew-symmetric and sym­
metric parts respectively of the object with respect to the indices enclosed therein. The index 
with a bold face is rree from these properties.
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Observing that

Da yrC   t>C Tyh y i  aA — Î5i OA Ay >ä ,

D I Y U

def .
D l Bh =  Hac =  B* B}c (Bd B ° ) J

(3-21)

(3-22)

and defining

(3-23)

we can easily get 

(3-24)

Multiplying equation (3.24) by and using
! I

H £ = H i ac i&c and A & = A

H[ac] — N} B l B* Af^.j .

we obtain

(3-25) H ’m  — N } A[ßY] .

Now we shall define the second normal curvature tensor of X m at a point 
of Xm in a given direction as follows:

(3.26) l L  =  Da N* =  aA N* -  (à£ Ni) m £a -  i ; A Ni +  m*a Ni .
|x ix jx |x v |x

Defining

/ T5 A T)A T* i(3-27) Lßa =  Bi Lßan [X
°

and applying the DA-derivative to the equation (1.5) we obtain, by virtue 
of (3.10) and ■ (3.26), that the two normal curvature tensor are related as 
follows:

(3-28) Lßa =  — ̂ E H g | .

4. Gauss-C odazzi and Kühne equations

o #
Applying the DA-derivative to (3.10), interchanging A and C and sub- 

stracting the second equation from the first we obtain on simplification

(4-0  2 D [A Hc]d =  Bq R^ca — Bp Rdca +  2 Hed M*Ac] ,

where

(4.2) Räba =  2 {%a M^B] — (3d M^[B) Mea] +  M^[a Miß]}
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and

(4.3) Rcba =  2 {3[a M*c% -  (âo Mcfß) MEA] «8e +  M &  M S ,} .

Similarly we can also find

(4-4) 2 D[a Lb]a ~  N^R^ba — N* Rjaba 2 Ld<x M[bA]
u. JX V Ji,

— L1/z A 2 (àsD Nl) R ebars ,
P

where

(4 *5) L-̂ BA =  2 { [̂A ^MB] ---  ($E ^ [b ) M pA] tig +  K[A ^MB] } .

o ■ dcf o *
Differentiating H ie =  H 1̂  N* and using (3-26) we get

P

D b H ic  =  B*, £&  H ac +  N’ DB H ac ,
(X P

which when substituted in (4.1) yields

(4*6) 2 { Bd hfAa HB]C 4" N« D[A Hbjc}
P jx

=  Bi RÌba -  BÌ r £ ba +  2 Hdc B° A il  B[a H* b, •

Multiplying equation (4.6) by B f  and N“ respectively we get on sim­
plification

(4-7) 2 L[a« HB]c =  RIba SÉ B? — Rcba

and

(4.8) D[a H gc -  Ôdc B? A ll  H |[B BÄA] N? ,
V

which are the equations of Gauss and Codazzi respectively.
Again applying D-operator to L Aol =  LAa Bq and using .(3-IO) we obtain

P P

D b Le« =  Ng H bd L?a +  BÌ, DB L & ,
P y  jx (.i

which when substituted in (4.4) gives

(4 -9) 2 {BÎ) D[a LB]a +  Np H[AD LB]a +  Loa M[BA]}
P v jx jx

=  N* RÌba -  N i R;ìba -  L 1'111/2 (ài, Ni) R£ba m  ■
P V P

M ultiplying equation (4.9) by Bf and N“ respectively we get on 
simplification

(4-IO) ; 2 {D[a LB]ot +  Bf U ß B? A i  Hf[A Bb]}
P [X

=  R*ba NÌ Bf — V 11l1’2 (ài, Ni) Rcba ^
P JX
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and

(4-1 0  2 H[Âd Lg]a =  RIba l 4  N? -  R ;Ba ,
M” M- v

which are the equations of Codazzi and Kühne respectively.

5. L ie- differentiation

Let v% (xh, x hf) be a vector field of class C2 defined over a region R of X n 
such that with it we can associate an infinitesimal transformation of the type

(S-I) 4  = 4  +  4 (4 , 4 ) d x ,

where dv is an infinitesimal constant.
From equation (5.1) we obtain

(S-2) x \  =  x l  +  {{^h v%) +  0Ä v%) tfßa} dx .

Let Xg(;rA, 4 ) be a vector field defined over a region R of the space X ny 
whose value at x l is given by X l (xhy x%); then the variation in Xg arising 
from (5.1) and (5.2) will be

(5.3) xi (4, 4 )  -  xi (4, 4 )  = {4 3k X l +  (fh xi) ( 4  a* 4 + 4  tk 4)} dT.

If (5.1) is an infinitesimal coordinate transformation then the variation 
in Xg arising from such a transformation which takes X* to 'X l  (xh, x%) 
will be

(s -4) . ' ' x ;  4 ) — x* (4 ,4 ) =  xi & 4 ) d x .

The Lie-derivàtive of a vector field X®, represented by 3?X \y can be expres­
sed as

<?xi (4 , 4 ) -  {x i  (4 , 4 ) -  ' x j  (4 , 4 )} I d x ,

which on simplification leads to

(5.5) jspxJ (4,4) = 4  a, Xi -  xi a, 4 + (ôg xi) (4 a, 4  + th 4).

Using equation ( i . io) in (5.5) we obtain

(5.6) £>Xi ( x \  4 )  -  Vk X U  -  X \ (vU +  M S 4  «  ^  +  2 j  MJ&) +

+  (<S XD {4 * -̂ a +  (âf Vh) (4 a +  M*| 4  4 ) +  2 ^  M*4 ] 4 } *

Remark. One can observe that if we use X* M%î in place of the last term 
of (i.io ), then the last term of equation (5.6) vanishes.
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Formula (5.6) can be extended to an arbitrary tensor in the usual way. 
To find the Lie-derivative of the coefficients of connection M*/î we use the 
original definition.

For M*! we have

(5-7) M S  (x \ xt) -  Mjk (xn, 4 )  = {vr dr +  (fh MS) «  t/ 4 «  €  vh)} dT

and

(5.8) 'M g  (x \  4 ) — Mg  {x \  4 ) =  — dr {M g  3,  i f  +  M g  dj vr +

+  3j  d k V% ----  M g  d r V*} .

From  (5.7) an(i ( 5 -8) we define the L ie-derivative of the coefficients of 
connection M*^ as follows:

(5.9) =  W  dr M g  +  M « df, Vr +  M g  dj vr +

+  dj dk Vx — M*/f dr V% +  (ßh'Mg) ( 4  dr vh 4- Xfra 3, vh)} . 

Differentiating (5.1) with respect to uA we find 

(S-io) BX =  B i + ; ( 3A^ ) d T ,

which gives

(5.11) B l (x \  4 )  -  B i ( x \  4 )  =  B l (3, z/) dT

and

(5.12) ,b 1 ( 4  4 ) - b 1 (4 4 ) =  B i c s ^ ó d T .

Thus, defining a further operator J^dr =  B l — B1 , we observe that for the 
entities of X n , ££ ~  and

(5.13) Ì ® Ì  =  o .

Now equation (1.2) together with (5.13) reduces to

=  B Î B é ,

wich by virtue of g$y =  §1 gives

( 5 •14) =  — goLY gU* ;

therefore we have

(5-15)

and

(5 .16)

= ^ 4  — ■ BÌ Nf (ß ’glj)

^ N [  =  —  g%  B | B Ì N? W g )  .
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Since we can find 

(5 •17) "B f(x h, —  =  - B £ ( 3^ ) d T ,

therefore from (1.7) and (5.17) we get

(5 • I B) B t 4 )  -  B t (x \ 4 )  =  {i^N} +  (N* a, A -  N | a,- vk)} dx .

Since we know that Hac is normal to X m) we can observe that H«c is also 
normal to X m; hence from equations (1.5) and (3.2) we obtain

(5-19) H*A =  N i ( B n + M $ B £ B i ) ^ .

Now from equations (5.11), (5.18) and (5.19) we obtain on simplification

(5.20) H jA (x \  4 ) —  HA ( x \  4 ) =  (i*N! H*a +  dk A H*A +

+  N | Ba Bé J?Mfh} dx .

Hence we have

(5.21) ÌPHÀ =  sew k H«a +  Nl (SCMf) b£ B i mca ,

which by virtue of (5.13) gives

(5.22) B l +  (iSfA**) H À  +  Hf, ÌPHÀ •

From equatibn (2.7) we can find

(5.23) Ä  =  i? B t (BR +  Mìe Bad) +  (J?ML)  Bad B? .

Using (3.10) and (5.15) in (5.23) we get

(5.24) JfM oc =  H cd f  +  ( . m ì e )  BÎ, B t ,

which by virtue of (5.13) and (5.16) leads to

(5.25) =  ^N }  H ie +  N$ B* .

Let Xg and be the corresponding vectors in X^ and Xm and let the 
vectors obtained by parallel displacements be given by rX \  and 'X^\  then 
for V g = 'Xî*— Ba 'X f ,  by virtue of equations (3.9), (3.10) and (3.23) we 
find on simplification

(5-26) V  =  — — 0 k ' X®d«fc,

which gives the geometrical interpretation of the two quadratic forms.
Substituting the values on the right hand side of (5.14) and simplifying 

we can write

(5.27) & &  =  2 {B(a Dc, vh -  Hp(C B{, A fr vk +  B& Afr m\) & .
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If the displacement (5.1) is such that v% is normal to XOT then we can easily 
obtain

(5 -2.8) gfu B Ì Dc vh =  -  g f  Hca vh,

which by virtue of (5.27) leads to

(5.29) cèÿ*Ac — — 2 v* {H^ao +  B^a U ßC)} -f- 2 A*]* vht1c Bac >
o •

which is the second geometrical interpretation of the coefficients H lc and is 
a generalisation of the result of Davies [1].
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