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Geodesia. —  Connection in the actual gravity fie ld  of the Earth 
in terms of the disturbing potential. Nota di E v a n g e l o s  L i v i e r a ­

t o s  (#), presentata (**> dal Socio A. M a r u s s i .

R iassu n to . — Nella presente Nota si ottengono i simboli di Christoffel di seconda 
specie riferiti al campo attuale di gravità terrestre come somma dei corrispondenti simboli 
riferiti ad un campo normale e delle « connessioni di perturbazione » causate dal potenziale 
anomalo terrestre.

L is t  of S ym bols

<D , A astronomie latitude and longitude;
W actual potential of the Earth;
9 , X normal latitude and longitude;
U normal potential;
xi intrinsic coordinates (x1 =  <D , x2 =  A , a?- — W);
f  normal coordinates (y 1 == 9 , y 2 — X , y z =  U);
6* coordinate disturbancies (01 =  £ , Ô2 =  s , 03 =  T);
v* co variant vector frame referred to the actual field.
v i covariant vector frame referred to the normal field;
v l contra variant vector frame referred to the actual field.
vl contravariant vector frame referred to the normal field.
Ç , ï) =  e cos 9 deflection of the vertical components, in the meridian and in the parallel 

respectively, 
disturbing potential;
astronomic orthonormal base: i± , i î  towards the actual North and East 
respectively; is towards the actual Zenith, (clockwise);
normal orthonormal base: ^ , i2 towards the normal north and east respect­
ively; I3 towards the normal zenith, (clockwise).
radius of curvature of the normal meridian and of prime vertical section 
Respectively;
normal gravity and actual gravity respectively;
Kronecker’s symbol;

Christoffel’s symbols of the second kind referred to the actual gravity field 
of the Earth.

n  = 1

h  -  *•*

p ,N

( h \*
\r s]

\ h \
\r  s\ Christoffel’s symbols of the second kind referred to the normal field; 

connection disturbancies;

Sit
g'ij

/ = (  igr)» = 
m;
Üfi.tfyJyk

components of the metric tensor concerning the actual
reciprocal components of the metric tensor ;

Mg Y ,
dtp
a 3 x 3  matrix with i rows and j  columns.

1 j . d& a2 0* partial derivatives . , ———  •* dyj dyJdy*

field.

(*) Technical University, Athens.
(**) Nella seduta del 16 aprile 1977.
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Dealing with problems in Intrinsic Geodesy (Marussi, 1949, 1951, 1952, 
1976), it is many times necessary to connect, or displace local vectors or local 
reference vector-frames in the actual gravity field of the Earth. In the present 
paper we derive the Christoffel’s symbols of the second kind referred to the 
actual gravity field of the Earth, as a sum of the corresponding Christoffel’s 
symbols of the second kind referred to a model gravity field (e.g. a Somi- 
gliana-Pizzetti type of model field or a model field derived, for instance, from 
a satellite solution), and of the “ connection disturbancies ” caused by the 
disturbing potential of the Earth.

I. Any point P in the actual 3-dimensional space can be described by 
an ordered set of intrinsic coordinates x* and/or an ordered set of normal coor­
dinates y*t where and from now on all upper and lower indices run from 1 to 3 
and the index summation convention holds. By definition xh — y h +  0Ä, 
where dh are quantities related between them, as it will be shown.

The elementary displacement d .P of P in terms of x* and y j is given by 
the relations d P — dx1 v* =  dyi Vj ; the ■xi and y* being scalar quantities, have 
gradients given by v*$ =  grad x s and v t =  grad yK

Recalling the relation between x i , y \  0fc we obtain:

(1.1) v** =  +  grad 0*

Referring the vector-triad v* to the base t8 we have the relation:

(1.2) vi = K )is

where the matrix-elements AJ are given by Marussi 195.2,. p. 83, eq. V-27 
for a Somigliana-Pizzetti type of normal field. The matrix could be as well 
computed for any normal field, e.g. for a field derived from a satellite solu­
tion ^iven in terms of spherical harmonics.

Furthermore the following relation holds:

(1.3) gra d 0* =  B*»‘

where are the elements of the Jacobian matrix 9 (6\ 02, 0s)/3 (jy \y 2, y 3)-

2, Introducing (1.2) into (1.3) and ignoring the second order terms in 
the quantities 0* and / ,  we obtain the relation:

(2.1) grad 0* =  B,* A, i =  Cf *s.

Combining (x.i), (1.2) and (2.1):

(2.2) v*  = A Ì i° + C t is ^
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the elements of the matrix D being:

■pvi  ̂ Cr \ £ \ sec cpDi =  — (1 +  ?tp) ; Ds = - ^ - DI • y£» +  ^rP

D? =

Dl =  —  T,

2 sec (p / , \
Di =  (I +  «0

n s sec<p D2 =  - ^ — lx

D3 =  — Y£i>

D® =  Y (1 +T„).

Noting that in the first approximation the determinant of D is always non­
zero, (Livieratos 1976), we can invert the matrix D obtaining v* :

(2.3) v * = E U s.

(2.2) and (2.3) are satisfying the condition v*l X v*=  §}, with the help of which 
we derive the elements of the matrix E:

Ei =  p (1 — £q>) ; Eg =  — N Sep COS 9 e ! =  | t 9

Ei =  —■ pl;x

/

E| =  N cos cp (1 — ex) ; E g =  — Tx

E'i =
Y

EÎ =  — Ns:v cos 9 Es =  _ - _ ( i ~ T „ ) .

3. The transformation of the is into base is given by the rotational 
relation:

ls — 1
the elements of the orthonormal matrix R being, (see for instance Livieratos 
1976, Appendix 1):

R} =  R| =  R |= I  ; Rj =  _.R * =  _ e s in (p  ; R3 =  — RÎ =  —  ̂;

Rs =  — R | =  — s cos cp
Obviously:

(3-1) =
Introducili (3.1) into (2.2), we obtain:

(3.2) o*‘ =  D‘ Rî i*k =  MÎ i*h

the elements of the matrix M being:

M: =  ± ( .  +  W  ; ; m ; =  1 + Z - tÇ,
P P

(3.3.1) M î ^ y e * — ; M i = i ^ ( i + Sx) ;

Mï =  — Tç+ ïÇ  ; MS =  - ^ - T v + f rco sç  ; M* =  ~ y (1+T„).
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The matrix M* is the first order approximation in therms of the disturbing 
quantities, of the corresponding general matrix J t\  given by Marussi 1951, 
p. 27, eq. 22.3, the elements of which, written in terms of the North and East 
normal curvatures (x^,x^) of the North and East geodetic torsions (t^, t^) 
and of the components of the curvature of the line of force {kx, k2), are the 
following:

JK\ =

fc ?=• 
* I! f =  tn ] J i  ̂ — k\

(3.3.2) J ï \  == --  Tg sec <D 5 J (  1 E=  x̂  sec 0  ; J t 2 =  k2 sec O

,#1 == Jfi, =  0 J =  — g

where — M* 4 - o 2 and r= - E
~ xg ■

Comparing the elements of J t  and M we obtain the relations:

xN — — (1 +  Z?)
p

> E
^ ( ï +  sx) ;

P P
— iZv ; — Ys*>) cos<P

N 1( I s )I
SS 1\ P e<p 1 cos 9

and

(34) Tcp ^  — YpS ; Tx ^  — yNs cos2 9 ; £A ^  (cos 9)  ̂ .

The equations (3.4) show that the quantities 0* are not independent, the last 
equation being the Villarceau condition. These equations verify the conditions 
derived by Marussi (1973, P- 5> 6)> using another approach.

4. From the relations (2.2), (2.3) and (3.1) we can easily compute the
metric! of the actual gravity field g*5 as well as its reciprocal elements g*Vf 
ignoring second order terms:

£11 =  P2 0  — 2 £<p) ; =  *̂1 =  — p2 lx +  N2 s,, cos2 9

gt3 = g t i = Y ~  ; g%2 =  N2cos2 <p (1— 2 Sx)

^•*3=^23 =  — N2e„cos29 — — Tx ; g%g =  ^  (i — 2 T„)

V 11 =  y  (' +  2 W  ; -* * » = ./“  =  -  « Ì + - ^ 4  !U

g** =  g** =  -  J  i f  +  5) +  T2 Z, ; g*22 =  +  2 £x)

g** = / “  =  — ^  '* +  Y2 ; . Z 33 =  Y2 (I +  2 T„) .
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5. The Christoffel’s symbols of the second kind, concerning the actual 
gravity field, can be written in the following form:

(4-0
h j h 

r  \r  s +  ® hrs

whre 3)%rs are the “ connection disturbancies ” which added to the Christoffel’s 
symbols of the second kind referred to any normal field, provide the corre-

{ h )sponding symbols of the actual field. The j J  referred to a Somigliana-Piz-
zetti ellipsoidal type of normal field are given by Marussi (1952, p. 82, eq. 
V - 2 4 ).

Here we derive the first approximation of the “ connection disturbances ” 
!3>hrs in terms of the deflections of the vertical and of the disturbing potential:

a>n =  ~ l +  YpS» —

@\* =  @\l =  — —  (s +  s , tg <p) cos2 9 — -A Zx tg 9 —p IN

YP
1 N

^22 ----------- [s COS 9 — (£cp — 2 ex) tg 9 — Y p y cos2 9 — Çxx
P

^23 =  ^32 =  — —  ®® cos 9 sin 9 ----- -- 14 f ----- - K x  — £x„
P Y \ w P /

9 ln  =  - Z ,  —  Zn
YP

0 £ tg 0
=  TP ~h Pep £cpcp

^  =  <  =  - | ( ? - U ï ) - ^ x

^  S„tg9 — A- || i -----— (1 + / t g  9)j e* —

^22 =  — (z  — s* tg 9 — yNs»^ COS2 9 — Sxx 

^23 =  =  A ^ t g 9 + - L t „  — Sx„

^ 33=  y  +  ( r +/*§■ ?)] £» +  tg 9 —

^11 =  YPE — T<pq>

^12 =  ^21 =  Y (ps tg 9 — Ne<p) cos2 9 — Yp£x — Tçx 

^13 =  ^31 =  o =   ̂— yp^0 — T,,,,

^22 =  —  YN ( I  tg 9 -  2 s;. —  T„) cos2 9 —  Txx

^23 =  ^32 =  o =  (s —  yN c0) cos2 9 —  T x„ • ; ^33 =  —  T ot •
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