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Geodesia. — Connection in the actual gravity field of the Earth
in terms of the disturbing potential. Nota di EvaNGELOS LIVIERA-
Tos ), presentata ™ dal Socio A. MaArussI.

RIASSUNTO. — Nella presente Nota si ottengono i simboli di Christoffel di seconda
specie riferiti al campo attuale di gravitd terrestre come somma dei corrispondenti simboli
riferiti ad un campo normale e delle « connessioni di perturbazione » causate dal potenziale
anomalo terrestre.
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LIsT OF SYMBOLS

astronomic latitude and lbngitude;

actual potential of the Earth;

normal latitude and longitude;

normal potential;

intrinsic coordinates (#1 = ®,22 = A, 1% = W);

normal coordinates (' = ¢,y =%, = U);

coordinate disturbancies (B! =£,62=¢, 6 = T);

covariant vector frame referred to the actual field.

covariant vector frame referred to the normal field;

contravariant vector frame referred to the actual field.

contravariant vector frame referred to the normal field.

deflection of the vertical components, in the meridian and in the parallel
respectively.

disturbing potential;

astronomic orthonormal base: 41 , 43 towards the actual North and East
respectively; 45 towards the actual Zenith. (clockwise);

normal orthonormal base: #;, ¢, towards the normal north and east respect-
ively; #; towards the normal zenith. (clockwise).

radius of curvature of the normal meridian and of prime vertical section
respectively;

normal gravity and actual gravity respectlvely,

Kronecker’s symbol;

Christoffel’s symbols of the second kind referred to the actual gravity field
of the Earth.

Christoffel’s symbols of the second kind referred to the normal field; -

connection disturbancies;

components of the metric tensor concerning the actual field.
reciprocal components of the metric tensor;

dlg~y
o
a3x3 matrix with Z rows and 7 columns.
09 32 g
partial derivatives ——, .
oy “oyidyk

(*) Technical University, Athens.
(**) Nella seduta del 16 aprile 1977.
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Dealing with problems in Intrinsic Geodesy (Marussi, 1949, 1951, 1952,
1976), it is many times necessary to connect, or displace local vectors or local
reference vector-frames in the actual gravity field of the Earth. In the present
paper we derive the Christoffel’s symbols of the second kind referred to the
actual gravity field of the Earth, as a sum of the corresponding Christoffel’s
symbols of the second kind referred to a model gravity field (e.g. a Somi-
gliana-Pizzetti type of model field or a model field derived, for instance, from
a satellite solution), and of the ‘‘ connection disturbancies’ caused by the
disturbing potential of the Earth.

1. Any point P in the actual 3-dimensional space can be described by
an ordered set of intrinsic coordinates x? and/or an ordered set of normal coor-
dinates 3/, where and from now on all upper and lower indices run from 1 to 3
and the index summation convention holds. By definition x* = y* 4 6%
where 0% are quantities related between them, as it will be shown.

The elementary displacement P of P in terms of x¢ and 37 is given by
the relations dP = dxi v; = dy v;; the x% and 3’ being scalar quantities, have
gradients given by o* = grad 2* and o' =grad y%

Recalling the relation between x%, 37, 6% we obtain:

(r.1) v*t = o' - grad 0?
Referring the vector-triad o/ to the base #; we have the relation:
(1.2) o — AL,

where the matrix-elements Aj are given by Marussi 1952, p. 83, eq. V-27
for a Somigliana—Pizzetti type of normal field. The matrix could be as well
computed for any normal field, e.g. for a field derived from a satellite solu-
tion given in terms of spherical harmonics.

Furthermore the following relation holds:
(1.3) grad 0% = B} ot

where Bf are the elements of the Jacobian matrix 2 (6%, 62, 6%)/3 (31, 32, 4°).

2. Introducing (1.2) into (1.3) and ignoring the second order terms in
the quantities 0% and f, we obtain the relation:

(2.1) . grad 07 = BjAli* = Cl 4’
Combining (1.1), (1.2) and (2.1):

(2.2) V= AP Cl =D
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the elements of the matrix D being:

I S
Di= La+&) 5 Di=%Pa . Di——xtL
I
Di= o s ; Di= Selfrq) (1+e) ; Di=—rye,
sz%Tcp ; Di=PT, ; Di=—y(+T,.

Noting - that in the first approximation the determinant of D is always non-
zero, (Livieratos 1976), we can invert the matrix D obtaining w; :

(2.3) i = El 4

(2.2) and (2.3) are satisfying the condition v** X v} = 8%, with the help of which
we derive the elements of the matrix E:

I

El=p(1—%) ; Ey=-—Neg,cos¢ ; E§=7T@

2 2 i 9 I

Ey = — & ;7 Ez=Necosg(1—g) ; E3:7TA

s/ ; ? = o 3 __ I <
Ey —?_'Pav ) Es——-NE,UCOS(p ; Ea_._.__.}_ (I__’lv>_

3. The transformation of the 7, into #; base is given by the rotational
relation:
iy =R;d

the elements of the orthonormal matrix R being, (see for instance Livieratos
1976, Appendix 1):

Ri=Rj=Rj=1 ; Rj=—Ri=—csing ; Rj=-—R}=-—%¢;
R§=~—R§=——scoscp
Obviously:
(3.1) i, = R
Introducing (3.1) into (2.2), we obtain:
(3.2) v = D! R} ¢ =M} i**

the elements of the matrix M being:

M}=%(I+Z¢) ; Mp= ESI:(P+561\CT‘P & M:13=—2’+J"—ng

I t
@p)M%7%_€§ ;M%ﬁ?ﬁ%@;ﬁ%:i—m

M2=-;—-T¢+Ya D M= TCE Tipeyoosg 5 M=—y (1 4T,).
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The matrix M; is the first order approximation in therms of the disturbing
quantities, of the corresponding general matrix .#; given by Marussi 1951,
p- 27, eq. 22.3, the elements of which, written in terms of the North and East
normal curvatures (xy, ;) of the North and East geodetic torsions (zy, T?)
and of the components of the curvature of the line of force (4, , 4,), are the

following:
Jli:an ; %;:"C;\I s M=y
(3.3.2) J//f:—~*r§sec<b ; ./i'g:xfsec(l) s ME=hysec D
where #; = Mj 4 0, and *rg = ‘L‘E
Comparing the elements of .# and M we obtain the relations:
1 1
e (e 5 m e (b
gf"l'é—Yav ) E(“1\‘1“';"st) €os @
N 1 £
Ty =2 ?%—-—I\Ttgcp cos @
and
(3.4) Tox—yok ; Tazx—yNecosto ; & o (cosq),.

The equations (3.4) show that the quantities % are not independent, the last
equation being the Villarceau condition. These equations verify the conditions
derived by Marussi (1973, p. 5, 6), using another approach.

4. From the relations (2.2), (2 3) and (3.1) we can easily compute the
metrici of the actual gravity field gi; as well as its rec1procal elements g*¥,
ignoring second order terms:

gn=p(1—28) ; gh=gh=—0 +Nee,cos?op
* of '

1 .
g13—g31——Y—‘—PED—?2~T¢, i gw =N2cos?q (I —2¢))

1 1
g =gn=—Nlg,costp— Ty ; g@éz;(l——zT@)

.Y2

sec? @

=—;;(I+2‘i¢) ; -g*”='g*2‘=é%+—N2 Er

sec? @

g*“"‘=g*3l=——g—’(f+i)+vziv 5 g-xzz: N2 (1t +2e)

%23 *32 Y

gP=g =—T\T—8+Y2€v ; _g*33=y2(1—|—2Tp).
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§. The Christoffel's symbols of the second kind, concerning the actual
gravity field, can be written in the following form:

4.0 { g }*=‘ " }+-@’ig

ros \r s

whre 92", are the “ connection disturbancies "’ which added to the Christoffel’s
symbols of the second kind referred to any normal field, provide the corre-

sponding symbols of the actual field. The

» o referred to a Somigliana—Piz-

zetti ellipsoidal type of normal field are given by Marussi (1952, p. 82, eq.
V—-24).

Here we derive the first approximation of the ‘‘ connection disturbances ”
2", in terms of the deflections of the vertical and of the disturbing potential:

9}1 = '_"E _"Ypav—_ng
1 1 N 2 e
912=921='——é—(5+%tg<?)(305 qJ'—NE,,;\tqu'—Ecpx
: I
. @}3=9;1=§5Tv—gcpv
1 N »
Dy = — - [e cos ¢ — (E, — 2¢y) tg @ — vpE,] cos? ¢ — Exn
N . I I I
9§3=9§2=——b—svcoscpsmcp———§—(W——?)EA—EM
2
9;3' = 51; — Evv
TP
et
9§IZYP€v+—-§—-£P¢_E¢¢
932=9§1=—%(E’—E¢tgq’)_%k
| I I I
9f3=9§1=%81,‘rg<p-———y—[?-—ﬁ(l—}—ftg@] €p— g
@gz=-—(s——lg-s@tgcp——'{Ns,,)cosch——en

; I
T = To=hge +og oo

1

Dis = [% + (1 +ftg¢)] & +Yivatg<P——sw

P = 16T — To ,

s = Dy = v (pe tg ¢ — Neg) cos® ¢ — ypky — T

Dy = Dy =0 =E—vpk, — T

D3y = —yN Etg ¢ — 28, —T,) cos® ¢ — Ty,

Dy =Dy =0=(c—yNeycosPo—T, " ; D =—T,.
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